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Introduction

A multi-phase composite with periodic distributed inclusions with a smooth bound-
ary is considered in this contribution. The composite component materials are
supposed to be linear viscoelastic and aging (of the non-convolution integral type,
for which the Laplace transform with respect to time is not effectively applicable)
and are subjected to isotropic shrinkage. The free shrinkage deformation can be
considered as a fictitious temperature deformation in the behavior law.

The procedure presented in this paper proposes a way to determine average (ef-
fective homogenized) viscoelastic and shrinkage (temperature) composite properties
and the homogenized stress-field from known properties of the components. This is
done by the extension of the asymptotic homogenization technique known for pure
elastic non-homogeneous bodies to the non-homogeneous thermo-viscoelasticity of
the integral non-convolution type.

Up to now, the homogenization theory has not covered viscoelasticity of the integral
type. Sanchez-Palencia (1980), Francfort & Suquet (1987) (see [2], [9]) have consid-
ered homogenization for viscoelasticity of the differential form and only up to the
first derivative order. The integral-modeled viscoelasticity is more general then the
differential one and includes almost all known differential models.

The homogenization procedure is based on the construction of an asymptotic solu-
tion with respect to a period of the composite structure. This reduces the original
problem to some auxiliary boundary value problems of elasticity and viscoelasticity
on the unit periodic cell, of the same type as the original non-homogeneous problem.
The existence and uniqueness results for such problems were obtained for kernels
satisfying some constrain conditions. This is done by the extension of the Volterra
integral operator theory to the Volterra operators with respect to the time, whose



kernels are space linear operators for any fixed time variables. Some ideas of such
approach were proposed in [11] and [12], where the Volterra operators with kernels
depending additionally on parameter were considered. This manuscript delivers re-
sults of the same nature for the case of the space-operator kernels.

Notations and definitions

First of all we want to introduce some sets, spaces and classes used in the
work.

IR™ is the eucledean space of n-dimensional column vectors.

IR™*™ is the set of (n x m)-dimensional matrices with real entries and a
norm associated with the corresponding norms in R™ and IR".

Y  is a periodicity cell in R"”, Y :=]0, Yp1[X...x]0, Yon[, Yo1, ..., Yon €]0, 00|
J  is areal axis segment [t1, 5], 0 <t <ty < o0

<F> = ﬁ Jy Fd\, where )\ is a measure on Y.

C§ ()  is the set of infinitely differentiable functions with a compact support
in Q

H'(Q,v) is the closure with respect to the H'-norm of the subspace C*°(Q)
formed by all functions vanishing in a neighbourhood of -y, where v C 0f2.
This space is associated with the Dirichlet boundary conditions: H(Q,~) :=
{ue H(Q): u|, =0}

We will use here some non-standard notations for periodical functions spaces,
which were proposed in [7]:

FY  is the set of all Y-periodic functions.

per
Cr.(Y) ={¢: Y—=R: 3If € C*(R")NF,.,| ¢ = f restricted to Y}.
Coor(Y) = Mieny, Cper(Y).

CL(Y) :={¢:Y =R, ¢ is uniformly continuous and differentiable on Y}.

H! (V) is the closure in H(Y) of C%, . (Y)NCx(Y)

per per



Ly(Y) ={fel(Y): <f>=0}

HY(Y) = HY(Y) ALY (Y).
H;er[ ](Y) = H;er( )nH[l()](Y)

Definition 1 Let X, Z be Banach spaces. L(X,Z) is the space of all linear
continuous operators from X to Z, K : X — Z, with the norm

1Kz == sup ||Kz||z.

||l x <1

IfX =2, L(X):=L(X,2)

Definition 2 C(J; X) is a space of functions f(t) mapping the real azxis seg-
ment J into a Banach space X :

f: J=X,
which are || - ||x-continuous:

||f(t+ At) — f(t)]|x — 0 as At -0 Vte J

and are bounded with respect to their norm in C(J; X):
| Flloqx) = sup [[f(#)]|x < oo.
teJ
Definition 3 V(C; J;IR™™) is the class of Volterra integral operators
Ax: (Axg)(t /AtT T)dr, t,7 € J, A(t,7)=0 V1 >t,

such that
(i) the kernels A :  J* — R™" are matriz-functions A(t, 7) = {A"*(t,7)}, h,k =
1,...,n and g(t) is a vector-function.
(i)

t

/ JA(t + At,7) — A(t,7)|dr — 0 as At — 0 Yt € J
0

(iii) the kernel norm is bounded:

t
AN (curmeeny = Sup/ A(t, 7)|dr < 0.
teJ J0



Here |A| denotes a matrix norm.

Example 4 Often, the kernels A(t,T) are of the convolution type and taken
in the exponential form:

A(t, 7.) — Z aie_ﬂi(t—T)’
i=1

where «;, B; are constants.
Ax € V(C; J;R™™) may have also kernels of the Abel type (typical example
for the relazation kernels of concrete and cement [13], [14]):

Aty 1) = Aclt, 7)(t = 1) + Be(t, 7)(1) P + Al 7), 0< 0, B <1,

A., B, and A} are bounded continuous function with respect to t, .

Let us define a class of matrix operators parametrically dependent on the space
coordinate x € ).

Definition 5 V(C;Q; J;R™ ™)  is the class of Volterra integral operators
Ax: (Axg)(z,t) = / Az, t,7)g(z,7)dT, ©€Q, t, 7€ J,
J

|A(z,t, 7)| =0 V7 > t,Vo € Q,

such that
(i) the kernels A : QxJ* — R™™ are matriz-functions A(z,t,7) = (A™(2,t,7))nxn,
g(x,t) is a vector-function,
(i)
¢
/ sup |[A(z,t + At,7) — A(z,t,7)|dT — 0 as At — 0 Vt € J,
0 zeQ

(iii) the kernel norm is finite

t
|| Al|v(c;0505mnxny :=sup [ sup|A(z,t,7)|dT < 0.
teJ JO zeQ

Here |A| denotes a matriz norm.

Example 6 For concrete or cement composites the relaxation operator A(z)* €

V(C; Q; J; R™™) may have kernels of the type:
Az, t,7) = Ac(z, t, 7)(t — 7) % 4+ B(x,t,7)(1) P + AX(2,t,7), 0< a, B < 1,

A., B. and A% are bounded continuous functions with respect to t, T and piece-
wise continuous with respect to the space variable x.
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Now we define a class of Banach-valued operators.

Definition 7 V(C; J; L(X,Z)) is the class of Volterra integral operators

Kyx: (Ky*xg)(t /K (t,7)g(r)dr, t, 7€ J, K, (t,7)=0 V1 >t,

such that

(1) with operator kernels K, : J* — L(X,Z), and K,(t,7)g(t) € BY(J,2)
(Bochner integrable, see Yosida [16] for definition),

(i) Kox are || - ||z(x,2)-continuous, i.e.,
¢
/ 1 Ka(t + AL, 7) — Kot, 7)||cix.pdr — 0 as At —0 Vt € J,
0

(1ii) and K * have finite kernel norms:

t
Ellvicseozy = sup [ 11Kt 7)llecezdr < co.
€

Non-homogeneous problem

As said before, the non-homogeneous solid under consideration is composed of
n isotropic viscoelastic materials. It occupies a bounded domain Q C R?® with
a Lipschitz boundary 02 = 0€; U 0§25 and such that 0€2;, 02 are mutually
disjoint subsets of 9€). We assume that this solid has a periodic structure
(figure below) with a period ¢ (a scaling parameter). Let us consider the
equilibrium equations:
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8 hkE hkE au; ("I:? t) o 8fih5(a:’ t)
8—%[(% o(@, 1) + aj; (x)*)Txk] —fio(xat)+87xh» €Q (1)
t,7,h,k=1,2,3
with boundary conditions:
ui(z,t) =0 Vte[0;T] on 0y, (2)
€ € ou; l’,t €

[(al (z,t) + ali¥* (x) *)%}g)]nh = f°(z, t)ny, on O, (3)

where .
(@) xe)(8) = [ ¥ (2,8, 7) - €l (@, 7)dr, (4)

0

us(-,t) € HY(Q, (9(21) Volterra integral operators a#°(z)x € V(C;Q; [0, T]; R™*")

i
and their kernels a/*°(z,t, 7), like elastic coefficients aijk;(a:, t) of the free term,
belong to F, ﬂL"O( ) with respect to z for almost all fixed t,7 € [0, T, fi,
is a vector of the external forces, fi,(+,t) € L3(Q), f° is a so-called shrinkage
stress tensor, f°(-,t)) € Fg;rﬂL2( ). All functions are supposed to be in
C([0,T]) with respect to the time variable ¢ a.e. in Q.

Let us introduce a notation ai‘]k (z, t) = af]k;(x t)+ a’”‘e( )*. We will refer to

a unit cell ¥ =J0, 1. aff"(2,2) := af(§,1), £ (,1) = f1(2,6,0), (€:= 2).

Dependence on z describes outer (macro-) effects, while dependence on £ de-
scribes effects related to the composite structure.

The whole coefficient tensor (af'f(¢,t)) is assumed to be symmetric at each
point £ € YV

—z] (§ t) —]z (§ t) —h] (§ t) - sz (f t) vt € [0) T] (5)

and tensor (a}f (€,t)) is additionally positive-definite, with elements bounded
at each point £ € Y ([2], Ch.6):

comimt < aif (&, t)mhmh. < Conl, (6)

for all 77{; where the constants 0 < ¢y < Cj < oo are independent of &.

kS ifx e
o (z) = { S o )
i M i e Q\UT, Q

where s = 1,...,m, m is the number of inclusions from the different materials.
For isotropic materials

QZkE = A Onilpj + " 050k + 15 0ikOn;- (8)



Existence and uniqueness in inhomogenious viscoelastic-
ity of the integral type

Now we want to prove the existence and uniqueness for the solution to the
system of equations:

0 0 0 ;
o[ (Af w0 + 4@ ) 20D < e+ BB e ()
with boundary conditions:
u(z,t) =0 on 9y, Vit e [0;T] (10)
[(AlF(z, 1) + AP () *)%]nh = fa(z, t)ny on 8y, (11)
k

where 2 C IR™. We use the following notation in this section: A" (z,t) :=
(al(2, 1) and fu(z, 1) = (fH(a, %, 1),

Let us assume u(t) € C([0,T]; H*(Q,00)), fu(t) € C([0,T]; L*(Q)), h =
0,..,n.

Further, we introduce the following notation:

0

Aot = 5 (444,070 0), (12)
Ag(t, T)u = %(Ahk(x,m)%zﬂ). (13)

Agy(t), Ag(t,7) : HY(Q,00Q,) — H7'(Q,09,) for each fixed ¢t and 7. Here by
~1(Q, 09Q,) is denoted the space dual to H(Q, 9Q;).
Now, let us rewrite the equation (9) with respect to the notation above:

Ofn(t
Aos(Bpult) + [ At Pyu(r)ar = fot) + 220, (14)
8xh
or, if we refer to the x-notation:
Ofn(t
(Aoa(t) + Ao % Ju(t) = foft) + 229, (15)
ZTh
A variational equality for (9)-(11) has the following form:
/ (Aggc + Ag )uvda:
Q
Ou Ov Ju
_ hk hk hk hk
= —‘/Q (AO -+ A )8—$k8—xhd$ Aﬂz (AO —+ A *)0—$kvnhd8 (16)

—/ fov—fh da:—i—/ fronpds,
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Vo € C([0, T); HM(Q, 00,)).

If we take in the consideration condition (11) the variational identity can be
rewritten as

/Q(AngrAhk*)a—ua—vdx:/Q(—f0v+fhaa7v)dx, (17)

a.’l,’k 8xh h
Vv € C([0, T); H' (2, 0)).

Theorem 8 Let 2 be a domain with an inhomogeneous structure and let the
coefficient matriz of the operator Ao,(t) satisfies the positivity and continuity
condition (6) with constants cy, Cy > 0. Furthermore, let f, € C([0,T]; L*(Q2)),
h = 0,....,n. Then, if the operator A,x belongs to V(C;[0,T]; L(H' (L, 0),
HY(Q,005))), there exists a unique global weak solution of the problem (9)-
(11) in C([0,T]; HY(Q, 0Q)).

Proof
Due to the Theorem 2.7 [3] (Chap.1) Korn’s inequality
|ol[1@) < Clle(0)]] @), (18)

] ] ov v

where e(v) := (€(v))nxn, €5(v) = ((%; +2 ") and
1 0v; 8Uk
2 2 ov;
||e(”)||L2(Q) = §||VU||L2(Q) 9 o Oz (933] €,

holds for all v € Hl(Q 0€). Since conditions (18) and (6) are satisfied, the

hk Jj — hk Ov; Ovj _ Ahk Ou Ov :
i oChEk = 4 A in (17) satisfies all assump-

bilinear form a ij 00z 9mr = A0 ey Doy
tions of the Lax-Milgram theorem for H' ({2, 891) and hence Ay, is invertible

with

1
|40z ()|l < Co and IIAong(t)IISa (19)

uniformly with respect to ¢.
We can rewrite the equation (1) with respect to the notations introduced in
the following way:

- Ofn(t)
1
£) + Aozt /A (t,r)u(r)dr = Ao (O(fo0) + 522 (20)
Observe that Ay, '(t) does not depend on 7.
fn(t)

£ + [0 " AT () Au(t TYu(r)dr = Ag= (&) folt) + (1)

a.’L’h



The following new notation is
Ky(t,7) = Aoy (1) Au(t, 7), (22)

where K, (t,7) : H*(Q,0Q;) — H'(Q, 9Q;) for each fixed t and 7, or K,(z,t,7) :
HY(Q,00) x [0;T]? — HY(Q,09;). We are looking for a resolvent (and its
existence) for the following equation:

u(t) + /Ot K (t, T u(r)dr = Ao, (t)(fol(t) + (9(];;;(]125) ), (23)
or by using the x -notation
u(t) + Ky *xu(t,7) = F(t). (24)

Here
Ofn(t)

8xh

F(t) := Ao, (1) (fo(t) +

F(t):[0,T] — H*(Q,00).
Let us suppose, there exists a solution to (24) and that it is represented formal
by a Neumann series

); (25)

u(t) = (1+Kw*> i_oj Y |(Kox) F(2). (26)

Now, our aim is to show, that this series converges. We are working in the Ba-
nach space. Banach spaces are complete, it means that each Cauchy sequence
converges. Hence, it is enough to show that

n

Sp 1= (1) [(Ko) F| (t) (27)

J=0

is a Cauchy sequence, i.e. that for any ¢ > 0 there exists a number N such
that ||Sp, — Sm||m1(,00,) < € for allm,n > N.
We can estimate

1Sn = Smllm(0,00:) = || Z 17 [(Kox) F| ()| @.000)

< S 1P [Ear P F] @l rony + 3 117 (K F] Ol

j=m

Z [ )]F}( e @e0,) for N <m, n.



If we will be able to find such a N that >3 v [|(—1) [(Kx*)jF} (O mr0.00:) <
£/2 we are in business. The last statement is valid if the function series

X520 |l [(Kw*)j F] (t)||#1(0,00,) converges.
We formulate the following lemma now, which we will need later.

Lemma 9 Let us denote ¢(t) = [{ K,(t,7)f(7)dr. Then
t
16| 7r:(0) < 2{/0 1Kot 7)1 ()] @ dr }

< 2{|||1 Kz lv(csjo,m;cmmy) sup f ()| (0}

where .
K-y = sup [ 11Kt ey

and

|Ke(t, )|y == sup  |[Ke(t, 7)f(T)||m o)
1507 |1 gy <1

Proof of Lemma:
On the basis of Minkowski inequality

16Oy = [ 16 do+ [ 1D.o()ds

—/|/Kt7‘ dT|da:+//DKtT)(T)dT|2daz

<{/ [ 1Kt 7)f |dx]1/2dr}2+{/ [ 1Dt 7)1 (7) Pda] 2dr)?
<{/ [ VKol r) () Pdal 2 + [ [ |DLE (8 7)f () Pda)/?)dr )
<2{/ [ VKt 7)F (1) Pdo + [ |DoKalt, 7)f(7) Pda]/?)dr)?

t
< 2 [ It )l < 2 [ 127 lemal £l mdr
< 2 llv oy (sup ()

Lemma is proven.
We should remark, that ||K,(t,7)||z(a1(0,00,)) can be estimated by the norm
product of the operators Ay, (t) and A,(t,7) in corresponding spaces:

1
Ko (t, 7)||ca @,000) < C—0||Az(t, ) e (@,000),1-1(2,002)) (28)

10



Let us show the convergence of the series 377 || [(Kx*)jF] ()| z1(0,60,) ma-
jorizing the Banach-valued Neumann'’s series for u(t) in (26):

NE

[u@®llm@ony = 112 (=1V[(Eer) F|(#)]li0,00)

0

[ (KarV F] ()]l 10,00,

<.
Il

IA
NE

0

<.
I

Il
M8

: | [Kw * [Kx * [---[K:c*F”H(t)||H1(Q,691)

0
t ti—1
= ||‘/0 Kﬂv(tvt]fl)/o Kx(tjfl,tj72)...
=0

j=

t1
A Kw(tl, T)F(T)dT...dtj,thj,ﬂ|H1(Q,391)

- i || [ K+ [(Bex) ™ F || ()| 2 0.000)

Lemma i .

< V2Kl e .00 * | [(Kw*)]le} (®)[|z(2,001)
=0
w .

< (V2K | e .00 || F @) 120,00, (29)
=0

Since f, € C([0,T]; L3(R)), h = 0,...,n, the second factor in (29) is bounded
(see, e.g. [3] (Chap.1, Th.5.1)):

afh (T)
8xh

< C X fn(T)llz2e),
h=0

E ()| 1,000 = Aoz (folT) + N a1 (,00.) (30)

where C is a positive constant.

We have obtained the result, that the series 372 || [(Kx*)jF] ()] z1(0,600) to
be shown convergent is majorized by the Neumann’s series for an operator
\/§||Kw||E(H1(Qvagl))* € V(C; [0, T); R**) with the scalar kernel || K, (¢, 7)|| z(a1(0,00,))

11



[0,T]* — R:

Z||[(K$*)j} Wi @o0) < (V21K e @007 [|1F )| @.001)-
j=0 Jj=0

(31)
According to the theorem 9.5.5 (ii) [6], if || K || c(m2(0,000))% € V(C; [0, T]; IRF*F)
and [0,7] is bounded, i.e. T < oo, the majorizing Neumann’s series in the
righthandside of (31) converges. Hence the function series 372 || [(Kx*)jF} ()| (0,00,
converges and hence the Banach-valued Neumann’s series for u(t) in (26) also
converges.
It remains only to remark that ||K,||zar(o,00.)* € V(C;[0,T]; R™!) since
K. € V(C;[0,T); L(H'(R2,00,))) and that is true as soon as A,(t) € V(C;[0,T7;
L(HY(Q,00,), H(Q,09,))) and condition (19) is satisfied.

Remark 10 We just remind that actually, the solution u interpreted as u(t) :
[0, T] — H*(Q,09,) can be a real valued vector-function of two variables x €
and t € [0,T], i.e. u(x,t) : Q x [0,T] — R, with u(-,t) € H(Q,00,;)
vVt € [0,T] and u(z,-) € C([0,T]) a.e. in €.

2-scale Homogenization. Formal asymptotic expansion.

Now, we study the asymptotic behavior of u®(z) with respect to any small
fixed . We are looking for asymptotics of the solution of (1) of the form

D=3 Pue,61), eV, zen (32)

p=0

where u,(z,§,t) are vector-functions 1-periodic with respect to { = £. After
the substitution of (32) into the equilibrium equations and after using these
equations for the terms of orders £72,e71 &0 separately, we get the following

conditions

s (460 TSy — 0, wn(t) € Hlg() (59

1 0 bk hk Oug(z,t)  Ouy(z, &t

et A [(ALR(E 1) + AM () ) ( 85% ) 4 E%k ))] (34)
IS0 () € L (1)

o (4l 0+ e o) (Rget) o SBT3

12



= fulo, ) + S LERE0 2
In the standard homogenization procedure, the equation (34) is being used
for the first asymptotic approximation uq(z, £, t) expression in the term of the
homogeneous function wug(z,t). The following substitution is known ([1], [2])

for pure elastical case :

. uo(+,t) € HY(Q,090,)

OQug(x)

Ul(ﬂf,f) = _NOp(g) (9371,

+y(z,8), (36)
where Ny, (£), y(z, §) are auxiliary unknown 1-periodic with respect to £ tensor-
functions.

Let us try to find a similar substitution for our case. First, consider (34) with
a homogeneous right-handside. The weak formulation for such a problem has
a form

[ (At 0+ g o) (Pt CE Oy B8 ge o (a1)

Vv e H (V).

per

We introduce the following scalar product in the space H;er[ E

du(£,1) §
= [ A& ua(gt) “(,;Zt)dg, Yo(,t) € Hiyg (38

which is associated to the original norm in H*!.
Moreover, since AR* satisfy the condition (6) and if B is a linear continu-
ous operator from H} o to H! | for each fixed pair ¢, 7 and Non(€,t) €

per p87‘

C([0,T]; Hy,,[g), then we define them by
(B(t, T)u(r),o(T )z,
aU(é, T) av(é-? T) 1
= [ APR(g t 1) d¢, Yo(, 7)€ Hypoor (39)
Y/ 0 06 perlt
(o) o0, = [ 4E.) Pelde, olt) € Hiay (40

Now we can rewrite equation (37) in the terms of the new notation:

t

(wr (&), vy, + [ (Bt T)un(r), 0(7))

per|[0]
0

Qug(z, t) "

dr -+ (Now(t) =5,

13



/ auo(xa T)

+ [ BN (7)1 T ()

per|[0 per
0

1
]dTZO Vv(,t) eH [0]-

If we put out v(¢) in this equation, and keep in mind commutation of the inte-
gration concerning time with a space scalar product, linearity of this product

and arbitrarity of v, we obtain that the following condition has to be equal to
Zero:

OQug(x) B Qug(z) _9 (42)

uy + Bxuy + N,
1 1 0h on ozn

It is known from the resolvent theory, if the operator Bx is bounded in some
sense (this was already discussed in the previous section), then there exists a
resolvent Rx to the integral operator Bx such that the solution of (42) can be
found as

duo(z) Ba Oug(x)

= —N,
“ 0h 8xh a.’L’h

Juy(z) B« auo(x)) (43)

+ Rex (NOh 8xh a.’L’h

By taking into account, that the class of kernels in the consideration forms a
Banach algebra with product x (according to the Theoremb from the previous
section) and applying the multiplication rule:

OQug(x)

a.’L’h

u; = —Nop

Qug(x)
+(— B+ RNoy+ R+ B) x T (44)

we can extract the following structure for the substitution we are looking for:

Jug(z, t)

ui(z,€,t) := (—Nop(&, ) + Na(€)*) Oz,

, (45)
where Ny, (&,t) and Np(&,t, 7) are auxiliary functions, which are 1-periodic in
space coordinate. Ny, (&, ) is the solution of the equation (40). Now remember

the non-homogeneous right-handside of (34). The total solution of (34) can be
found as

Juyg(z, t)

uy(w, &, t) == (—Nop(§, ) + Np(§)*) oz,

+y(z, & 1), (46)

where auxiliary function y(z, &, t), which is 1-periodic in space coordinate, is
responsible for the righthandside of (34). By substituting (46) into the equation
(34), we get the following cell-problems for determining the auxiliary periodic
functions:

0 :
(9—&1 [Agk (5’ t)

9 (Nop(é,1) — spE)] Lo ey @)

OEk

14



% [(Agk(f, t)+ A" (&) * ) 8](\9[255) (t, 7')} (48)
O Nop(&,t) — EE
:%[A’”“(f,t,f)< (532 § )}, Eey,
ag; (48160 + 49 ) 220) < 8D, ey o

+ periodicity conditions on the cell boundary

+ continuity conditions for displacements and total tractions on the interface
inclusion-matrix.

Remark 11 The existence and uniqueness of the solution to the equations
(48), (49) is given by the Theorem 8 by replacing in its statement H* (2, 0O )
by H;er[o](Y). The proof remains. The existence and uniqueness of the solution
to (47) in H;er[o} (Y) forV fixedt € [0; T] can be proven by Laz-Milgram theorem
(see Proof of the Theorem 8, (19) or rigorous [1] (Supplement, The.1), or [3]
(Chap.1, The. 6.1):

Theorem 12 Consider the following equations system

O 1 his o Ow(E) 0F,(§)
ae 14 ()5 5,

23
<w>=0,

} = Fy(§) +

we FY

per)

EeY, (50)

where the vector valued functions F(§) € LA(Y)NFEY,, h = 1,...,n, the family

per’

of matrices AR*(€) satisfies the condition (6) and their elements al'f(€) € F,,

per*
Let <F0> = 0. Then the problem (50) has a unique solution w(§) € Hy(Y),
and this solution satisfies the estimate

wl|gyy < COFall2)), (51)
h=0

where the constant C' depends only on the constants cy, Cy from the condition
(6) and the cell geometry.
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Homogenized boundary value problem

The average equation system for ug(z,t) is the following:

d 1/ X ) "
o (A0 + A% %) 28 @, 1) = fulw )] = fole, 1), we@ (52)
ug(z,t) =0 Vt e [0;T] on O (53)
aUO

on(z, t)ny == [(Ag’”(t) + Ahk *) (z,t) — falz, t)]nh =0 on 00y, (54)

Oz,

where the averaged coefficients and averaged shrinkage stresses are given by
the following expressions:

0(Noy(&,1) — &) >

AP (t) == (AM (¢, 1) 5, : (55)
A= —((AM (&, 1) + AR (E) *)a%(f) (56)
8(N°P(§’ t) - ng) hk
- 5, AM(E) )
Fales0) = (fula 1) = (4%(e,0) + A7) 0) 2EED) o)

We use here the notation
1
<F(§)> = m/YF('f)dé-

Let us show, that A (t) satisfies condition (6), A™ (¢, 7)« € V/(C; [0, T]; L(HY(Q,
0),H(Q,09;))), where A® (¢, 7) is defined in the same way as in (13), and
fu € O(l0,T]; (@)

Tensor A"*y(t) is calculated exactly in the same way as the one for the pure
elastic case and also possesses the conditions of positivity and continuity (6).

This proof is given for the pure elastic problem, e.g. in [1] (Chap.4), [2] (Chap.
6). And AP*(t) belongs obviously to the C([0,77]).

Since No,(&,t), Np(&,t) and y(z,&,t) are uniformly bounded in H} [o}(Y)

per

vVt € [0;T] (see Remark.11 or [3], [4]), 6Ng’é§’t), 81\35(5,0 and %é;t) are uni-

formly bounded for all ¢ € [0; 7] in L*(Y).
It is easy to show, that the Lemma 9 can be replayed for L?-norm:
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Lemma 13 Let us denote ¢(x,t) = [§ K(t,7)f(x,7)dr. Then

t
16 Dllzz@ < [ DI z2@dr

< v sup [1£C m)llzz@)-

Proof of Lemma:
On the basis of Minkowski inequality

||¢('at)||L2(Q) = (/Q | /OtK(t,T)f(az,T)dT|2da:)1/2
< [ 1K) 5w, )P 2

= [ K@) |@dr
< v (sup [I£( 7ll2(@)

By applying Lemma 13 to the expressions (56),(??) we obviously obtain, that
Ahv(t 1) is bounded in the norm in V/(C;[0; T); L(H'(R, 0%%), H1(Q,8Q5)))
and f(t) € C([0,T; L*(9)).

Let us show now, that (52)-(54) possess a unique solution in C([0, T]; H*(£2, 0%2;)).
For this purpose we only have to reformulate the Theorem 8 for such a problem:

Theorem 14 Let ) be a domain with a Lipschitz boundary and let the coef-
ficient matriz AM*(t) satisfies the positivity and continuity condition (6). Fur-
thermore, let fh(t) e C([0,T]; L*(Q)), h = 0,...,n. Then, if the operator
Agx belongs to V(C;[0,T); L(HY(Q, 00), H 1(Q,005))), there exists a unique
global weak solution of the problem (52)-(54) in C([0,T]; H*(Q, 0Q1)).

The proof of the theorem can be given in a completely analogous way as the

one of Theorem §&.

Conclusion

e Homogenization algorithms and estimates known for the pure elastic non-
homogeneous body were obtained for the thermo-elastic problem and for
the elastic problem with the additional shrinkage deformation.
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e Up to now, the homogenization theory has not covered viscoelasticity of
the integral type, but has dealt with viscoelasticity of a rather particular
differential form (see [2], [9], [10]).

Just remind that all viscoelastic differential models of the form

YD (1) =3B ¢ ),
=0 =0

where D;, B; are constants and ® denotes i-th times-derivative (see [13],
[14]), can be rewritten in the equivalent integral form

o(t) = A(O)e(t) + | CAt — T)e(r)dr

with exponential kernels A(s), as shown in the Example 4 (first expres-
sion).

We have proposed the substitution and delivered the homogenization
technique for the integral viscoelasticity of the non-convolution type with
additional temperature term.

e The existence and uniqueness of the solution of Volterra integral equa-
tions concerning the time-variable, with space-operator kernels in Banach
spaces was proven. This was done by extension of the classical Volterra
integral operator theory with applying the Neumann’s series.
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