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Abstract

In this paper domain decomposition methods for radiative transfer
problems including conductive heat transfer are treated. The paper fo-
cuses on semi-transparent materials, like glass, and the associated condi-
tions at the interface between the materials. Using asymptotic analysis
we derive conditions for the coupling of the radiative transfer equations
and a diffusion approximation. Several test cases are treated and a prob-
lem appearing in glass manufacturing processes is computed. The results
clearly show the advantages of a domain decomposition approach. Accu-
racy equivalent to the solution of the global radiative transfer solution is
achieved, whereas computation time is strongly reduced.

1 Introduction

Simulations of heat transfer in semitransparent materials such as, for example,
glass are usually done on the basis of the radiative transfer equations or, using
a diffusion approximation, on the basis of a nonlinear diffusion equation. We
refer to [8], [11], [14], [15], [16], [17] for a detailed description of the equations
and further references.

In many applications it is not necessary to model the whole computational
region by the computationally-expensive radiative transfer equation. Only in
particularly sensitive regions, where the solution is far from equilibrium, as
for example in boundary layers, do these equations have to be employed. In
the remaining regions of the domain the diffusion approximation is valid, and
will lead to sufficiently accurate results. Domain decomposition methods are
thus a natural design tool in this case leading to accurate numerical codes with
reasonable computation times.

The general aim of these methods is to approximate the global solution of
the radiative transfer equation by the solution computed with the hybrid code.



In this way a considerable amount of computing time is saved. The locations
of the radiative transfer and diffusion domains are often given a priori by the
physical situation: in the present problem the radiative transfer equations are
used in a layer near the boundaries and the diffusion equation in the interior
of the domain. The layer region is chosen as small as possible in order to save
CPU time. The remaining problem is to obtain the correct coupling conditions
at the interface between the two regions. This will be investigated together
with the derivation of boundary conditions in the present work.

In Section 2 we state the equations and boundary conditions under consid-
eration. In Section 3 the asymptotic procedures to derive the diffusion equation
and associated boundary conditions are described. We concentrate on the de-
scription of the boundary layers. In Section 4 we state coupling conditions
for the domain decomposition problem at the interface. These conditions are
derived by an analysis of the interface layer between the two domains, using
asymptotic analysis similiar to boundary layer analysis to obtain half-space
problems. To solve these problems approximately, methods as in [6], [8], [12]
can be used. Simpler but less accurate approximations are given as well. In
Section 5 we show some numerical results for one-dimensional model problems.
As one observes in the simulations the developed coupling conditions lead to a
very accurate approximation of the radiative transfer solution by the solution of
the domain decomposition problem even for anisotropic situations. In Section
6 a problem in glass manufacturing processes is considered, namely the cooling
down of a cylindrical piece of glass. This is an example for a problem with
a very sensitive layer region near the boundaries where the process has to be
computed in an accurate way using the radiative transfer equations, and an
outer region, where it is sufficient to use a diffusion approximation.

2 The Equations

In a domain D € R® we consider the radiative transfer equations including
conductive heat transfer but without photon scattering. The space variable is
dentoted by r € D, the direction by the unit vector 2 € S, S the unit sphere,
v € R" denotes the frequency, ¢ € RT the time and M the number of spectral
bands. For the absorption cross-section & = k(v) we assume &(v) = k(k) =
const,k = 1,--- .M for v € [vg,vk11), where k(k) is the absorption cross-
section for band k. This assumption is justified in many cases, for example, in
the case of radiative heat transfer in glass. The interval [v1,00) is called the
transparent region and [0,2) the opaque region of the frequency. We denote
by I = I(r,Q,t,k) the radiative intensities at r in the direction Q in band k
and by T'(r,t) the temperature. We consider the transport equation for the
radiative intensity

Q-V, I(r,Qt k) =r(k)[B(T(rt), k) —I(r,Q,t, k)], (1)

where the spectral black body intensity for the k-th band is defined by

Vk+1 ~

B(T(r,1), k) :/ B(T(r, 1), v))dv

VE



with the spectral black body intensity

- 2h 3 hpv
B(T,v) = 227 (%7 — 1),
C

where hy,c, kp are Planck’s constant, the speed of light and the Boltzmann
constant, respectively. The total intensity is

/0 Y BT, v)dy = o, (2)

where o is the Stefan-Boltzmann constant.
This equation is considered together with the temperature equation

CmpmatT('ra t) = V,- (khvrT(lr’ t)) (3)
= wlh) [ B0, F) - 1,21, )]s
5
k
Here ¢y, pm, kn, are the specific heat, the density and the thermal conductivity,
respectively. Initial conditions have to be imposed on the temperature:
T(r,0) =Ty(r),r € D. (4)

Boundary conditions for I can be of absorbing, reflecting or mixed type. For
example, for 7 € JD, whose inward-pointing normal is n, one can use the
boundary condition

I(#,Q,t, k) = R(7,Q, k), where Q-n > 0, (5)
or a semitransparent boundary condition
I(7,Q,t,k) = p(Q)I(7 Q' t, k) + [1 — p(Q)]R(#,Q, k), where Q-n > 0;  (6)
here €' is the reflection of {2 in the tangent plane to dD:
Q' =0-2n(n-Q),

and p is the reflectivity and R denotes the radiative intensity transmitted into
the medium from the outside. The reflectivity p is given by the Fresnel and
Snell law. This means for incident angle ®; with cos®; = n - Q2 we have

1 tan?(0; — Oy)  sin?(0; — Oy)
P= §[tcm2(®1 +09)  sin?(0 + @2)]
with
n9sin®q = nqsinOq,
if |sin(©1)] < 72 and p = 1 otherwise. Here n; is the refractive index for the

material and ngy the coefficient for the surroundings. We assume n; > ns.
If k£, is not equal to 0, boundary conditions for the heat transfer equation
(3) are needed as well. One can prescribe either the temperature or the heat



flux at the boundary. The heat flux is given by the total (convective plus
radiative) heat input at the boundary. For example, the following conditions
can be imposed at 7 € 9D, see [17]:

T(7,t) = h(#,1), (7)
where h is a given function, or
knpn -V, T(7,t) = —q(T(f,1)) (8)
with ¢ given by
(T (7,t) = h(Tew(?,t) = T(7,1))
+an [ BTl 8),0) — BEG 0.0l

where T,z is a fixed exterior temperature. The last equation models the heat
transfer at the boundary resulting from a convective term due to the tempera-
ture difference at the boundary and a term due to the surface radiation of the
body, h denoting the convective heat transfer coefficient and « the emissivity.
The integration is only over the opaque frequencies, v € [0,v1).

From the point of view of numerical simulations the full radiative transfer
equations give a very accurate descriptions of the physical situation; however,
to solve them is in general extremely time-consuming. If certain parameters in
(1) and (3) are small (see Section 3.1.), the approximation that is usually used
is a diffusion approximation, the Rosseland approximation, [8, 11]:

mPmO T =V, - [(kn + k- (T))V,T] 9)

with

Equation (9) has to be supplemented with suitable initial and boundary condi-
tions. The equation and the associated initial and boundary conditions will be
derived in the next section.

In order to simplify the notation we do not write in the following the explicit
dependence of the functions on the number k of the frequency band. Moreover,
for f = f(k) the notation

<f>=> f(k)
k
is used.
3 Asymptotic Analysis and the Boundary Layer Prob-
lem

In this section we describe the derivation of the diffusion approximation (the
outer solution) and the boundary layer equations (the inner solution). The



matching of inner and outer solution is discussed, leading to boundary condi-
tions for the diffusion equation. For the case k;, = 0 we refer to [8, 12].

An important parameter in radiative transfer is the mean free path a photon
can travel before being absorbed; it is proportional to the inverse absorption
cross section. The general assumptions needed for the asymptotic analysis in
the next sections are the following: the physical system is large compared to
the mean free path, the curvature of the boundary is small and the boundary
conditions for the radiative transfer equations are assumed to vary slowly with
respect to 7 and t.

We denote by e the dimensionless parameter given by the mean free path
divided by a characteristic length scale and assume this parameter to be small.

To obtain the dimensionless form of the above equations we introduce the
notations

z = r/lyef
T = t/tres
K = K/Eres
I' = I/I,nef
T = T/Tref

(B(T))" = (B(T)/(B(T))res

where lyef,trefs Krefs Irefs Trefs (B(T))res denote the reference scales and
z,7 and the primed quantities denote the nondimensional quantities.
Due to the above the quantity

1
Hreflref

is assumed to be small. Moreover, we have the condition (B(T')),ef = Iref and

tref = cmpmh"reflzefTref/Iref-
This is the so called diffusion scaling, see [9, 8].
If kp, is not equal to 0 we need additionally
khﬁref = Iref/Tref-
Neglecting the primed notation for the dimensionless variables one obtains
from (1) and (3) the following equations for I(z,Q,7) and T'(x, 7):
eQ-V,I =xr(B(T)—1) (10)
€20, T = €’V - (b, V,T)— < m/ [B(T) — IdQ >
S

with 2 € D, where the scaled spatial domain is here again denoted by D. The
parameter kj, is in the dimensionless formulation either k;, = 1 or kp = 0.

Equation (10) is considered together with the boundary conditions (5) or
(6). Here we have to replace R by R'(£,Q) = R(&ly.f,$). Neglecting the
primed notation again we get the boundary condition

I(z,Q,7) = R(£,9), where Q@ -n >0



and the analogous expression for (6).

In the case kj, # 0 additionally the conditions (7) or (8) are used. For (8)
one obtains with ¢'(T") = q(T'Tref)/ares and Gref = kpTres/lres and neglecting
again the primes

kpm - va(aAj’ T) = _Q(T(iﬁ’ T))
with & € 0D.

For the initial conditions we get with Tj(z) = To(zl,.f) and neglecting the
primes T'(z,0) = Ty(z).

3.1 Outer solution (Diffusion approximation)

Using in equation (10) an ansatz of the form
I = I°4el" +E57 4.
T = T°+T%+. ..

and

B(T) = B(T°) + eQZ—i(TO)TQ + O(€)

one obtains, collecting terms of the same order in e:

o@1): 1°=B(TY

1
O(e) : Ilz—EQ-VxIO
1 OB
2\ . 2 _ _ 0. 1 = 0 2
O(?): I'= ,%Q VI +8T(T )T
B
0,10 = Vo - (nVaT")~ < . [ [92 (1)1 ~ a0y >
S

Due to the above asymptotics an approximation of the intensity accurate to
O(e) is given by

I(z,Q,7) ~ B(T®(z,7)) — e%Q -VuB(T (2, 7)) + O(e%). (11)
The O(€?) terms give
0:T" = Vo - [(kn + kr(T°)) VT, (12)
oo (T) =< %”%g—l;(:r) >

Equation (12) is the nonlinear diffusion equation (9) for the temperature with
the new time and space variables  and 7. Suitable initial and boundary con-
ditions have to be imposed on equation (12). The initial conditions for the
diffusion equation are given by T%(z,0) = Ty(z). An initial layer does not ex-
ist, since we are considering a stationary transport equation. We concentrate
in the following on the boundary conditions. Moreover, in this section the ra-
diative transfer equation (10) is considered with fixed boundary condition (5),
(7). For the treatment of reflecting boundary conditions in the linear case, see,
e.g., [4].

In the following we do not write explicitly the dependence of the functions
on the time variable 7.
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Figure 1: Boundary layer coordinates

3.2 Inner problem (Boundary layer problem)

The boundary conditions for (12) can be found by reconsidering equations (10)
and using an additional rescaling of the normal component of the space variable
in the boundary layer. Using the standard multiple-scales approach, the new
boundary layer coordinate y is given by the following, see, for example, [3, 4, 8]:
We consider points z € D in a layer near the boundary. Let £ € 0D be the
point on the boundary closest to z € D and let n(Z) denote the inward normal
at . The new coordinate y along the normal to the boundary is given by

1 R

Y= ;(:E — ) - n(z).

y and Z give a set of coordinates in the boundary layer, see Figure 1. For the
sake of a simpler notation we use the coordinates y and z and treat them as
independent variables.
The boundary layer functions I (y, z, Q) and Ty(y, z) are defined in a layer
of the thickness of the order of a mean free path near the boundaries.
Introducing I, and T}, into (10) leads up to O(€?) to

uaylb +eQ -V, I = H(B(Tb) - Ib) (13)
0, (kndyTy) + 0y (knln - VT + Vo - (nTy)]) =< & /S [B(Ty) — I,]dQ > .

Here z is a point in D near the boundary, y € R™ and p is defined by p = n-Q.
The boundary conditions for I and T at y = 0, £ = Z are chosen such that
they match those for I and T at z = Z:

I,(0,%,9Q) = R(Z,9Q), u >0 (14)
and additionally, if &, # 0
Ty(0, ) = h(z). (15)
Moreover, a condition at y = oo is needed:

yhﬁrglo 0yTy(y,xz) = 0,2 € D.



3.3 Asymptotic expansion of the inner solution
We consider an O(e?) approximation of the boundary layer functions:

Iy, z,Q) = I} (y,2,Q) + ely (y, 2,92) + O(?) (16)
and

Ty(y,z) = Tp (y,2) + €T, (y, 2) + O(e?) (17)

with z € D,y € RT.

Lower-order boundary conditions are obtained using only an O(e) approxi-
mation. This would yield sufficiently accurate results for small e.

Substituting (16) and (17) into (13) shows that I{ (y, z, Q) and T (y, =) solve
the following half-space problem:

ud, I = k(B(TY) — 1Y) (18)
0,(knd, 1Y) =< r [ [B(TY) = 1)a0r >

with y € [0,00). The boundary conditions are given by the following: The
ingoing function at y = 0 is given by

1;(0,#9Q) = R(%,9), p>0 (19)

due to (14). This is the only condition for k;, = 0. For k; # 0, additional
conditions for the temperature 7 at 0 and oo are required: Using (15) one
obtains

T2(0,%) = h(%). (20)
Moreover,
yll}ngo 0,T¢ (y, ) = 0.
Using
B(Ty) = BUIY) + o2 ()T} + O()

one observes that I} (y,z,Q) and T} (y, ) solve

OB
poy Iy +Q -V, I = ﬁ[a—T(Tz?)Tbl — 1] (21)
B
0y (kn0yTy) + 0y(kpn - Vi Ty + V- (nTY)]) = < H/ [Z—T(T,?)Tbl — I}1dQ > .
S

The ingoing function at 0 is due to (14) and (19) given by
IN0,2,Q) =0, &> 0. (22)

In case kj # 0 the additional conditions for the temperature T,? at 0 and oo are
according to (15) and (20)
T} (0,%) = 0.
Moreover, again
ylLrglo 0yTy (y, ) = 0.



3.4 Solution of the inner problem

We assume that equations (18) can be solved yielding I (y, z, ) and T (y, z).
In particular, it is assumed that the asymptotic values are

I,?(oo,x,Q) = B(T,?(oo,w)).

Since the boundary conditions are imposed at = = %, I)(y, z,Q) and T) (y, z)
are assumed to be uniquely determined for z = z.

Equation (21) is further treated in the following way. In order to obtain
an equation with forcing terms vanishing at infinity one introduces, see [8], a

function G = G(y, z,Q, k) by

o= —1{0r(1 Q)+ ] VaB(TY(o0,2)) (23)
+n - Ve B(TE (00, 2))G(y, z,Q),

where Q7 is the component of €2 tangential to the boundary. Here ¢ = ((y, p, k)
is defined by

C(y, 1y k) = exp( . )

for 11 > 0 and 0 otherwise. Using this representation of I} in (21) one obtains

pn - Vi B(T{(00,2))0,G + Q- V[ — B(T¢ (00, )] (24)
= KO (T))T} —n -V, B(TY(c0, 1))

8y (kndyTy) + 8y (kn[n - VoTy + Vs - (nTy)])

=< m/[a—B(T,?)T,} —n - VuB(TP (00, z))GldQ > .
s 0T

The boundary conditions for G are due to (22) and (23) given by
1
G(O’:ﬁaQ) = ;/j' y > 0’ (25)

since ¢ (0, i1, k) = 1. We mention that the forcing terms Q- V,[I? — B(T¢ (00, 7))]
and 9y (kp[n- VTP +V - (nTP)]) in (24) tend to 0 as y tends to infinity. Equation
(24) is assumed to be solvable, such that G approaches a constant o = a(z, T)
independent of £ and 2 as y — o0o. Again uniqueness for £ = Z is assumed. We
refer to [4] for a detailed investigation of kinetic half-space problems including
forcing terms in the linear case.

3.5 Matching of inner and outer expansion

Matching the inner and outer asymptotic expansions one obtains the matching
conditions

yll)r{.lo Ib(yaxa Q) = I($7 Q)

9



Due to (11), one has up to O(e?)
I (00,2, Q) + eI} (00, , Q)

1
= B(T%(z)) — GEQ - VeB(T%(x)) + O(€?).

Moreover

lim Ty(y,z) = T(z)

Y—00
or to O(e?)
TP (00, z) + €T} (00, 2) = T () + O(€?). (26)

Determining the asymptotic values for I, and Ty at y = oo and applying the
matching conditions will give the correct boundary conditions for the outer
solution.

3.6 Boundary conditions for the diffusion approximation
From the above inner solution one obtains
yli{go Iy(y, %, Q)
= ID(00,z,9Q) + eI} (00, z,Q) + O(e?)
= B(TL(0,2)) = S0 VuB(TE(00,2)) + calw)n - Vo B(T{(00,)) + O()
= B[TY (00, z) + ea(z)n - VTP (co, z)]

—%Q -V B[TY (00, z) + ea(x)n - VTP (00, z)] + O(€?).

Using the second equation in (21) and the conditions 8,7 (c0,z) = 0 =
9y T} (00, z) one obtains

< ﬁ/s[g—?(Tf(oo,x))Tbl(oo,x) — I} (00, 2, Q)]dQ >= 0.

Evaluating this at y = oo and using (23) leads to

< ﬁg—l;(Tf(oo,w))Tbl(oo,x) >=< kn - Vo B(TE (00, z))o(z) > .

This gives
T} (00, z) = a(z)n - VTP (00, z).
Finally, we have
yhﬁrgo Tb(y’ :E)
= T (00, z) + €T} (00, z) + O(€?)

= TP(co,z) + eafz)n - VTP (00, ) + O(e?).

10



Using the matching conditions (26), one obtains
(@) = T{ (00,3) + cal@)n - V,T¢ (00,3) + O(e2)
or
TY (00,2) = T() — ea(w)n - V,T0(x) + O(€) (27)
for z € D. This gives a boundary condition for T° at #:
T°(2) — ea(@)n - V,TO(&) = Ty (00, ) + O(€?). (28)

To obtain explicit conditions from (28) one has to solve the above half-space
problems in order to determine @ and T?(oc,#). This can be achieved using
methods as in [12], [6], [7]. A simpler ad hoc approximation is shown in the
next section.

3.7 Approximate boundary conditions near equilibrium

Here we explain a simple approach to obtain boundary conditions for the dif-
fusion equation based on the assumption of the equality of half-range fluxes.

One uses the boundary condition given by (28). We have to approximate
TP (00, %) and a(£): For kj = 0 an approximation of T (0o, #) can be obtained
by equating the half-range fluxes

< [ pl(y,#9Q)dQ >
n>0

at y =0 and y = oc:

<[ uR( Q)2 >=< / UB(TY (00, #)d > . (29)
n>0 >0

This approximation has been used in the kinetic theory of gases already by

Maxwell and was later transfered to the radiative transfer case by Marshak, see

[5]. Tt is obviously not correct in general; however, it is thought to be a good

approximation near equilibrium. For &y, # 0 one can use the value for TP (0, 4)

instead of TP (oo, ) obtaining

TP (00, 1) = h().

Proceeding by a similar procedure one determines the value of a by equating
the half-range fluxes
< pG(y, z,Q2)dQ >
n>0
at 0 and oo:

1
< —/ p2ds >:</ pou(2)dQ > . (30)
K Ju>0 u>0

Remark:
For the case kj, = 0, i.e. a material without conductive heat transfer a detailed
asymptotic analysis has been performed in [8, 12]. In particular an analysis of
the boundary layer has been worked out there. For other approaches to obtain
approximate equations, see [10, 13].

11



4 Domain Decomposition Approaches

By solving radiative transfer and diffusion equations simultanously in different
domains, a very good approximation of the full radiative transfer solution may
be obtained. Moreover, the computational complexity is in general considerably
below the one needed for the full radiative transfer solution. An important point
in obtaining such a coupled solution is the derivation of coupling conditions at
the interface between diffusion and radiative transfer equations. This will be
discussed in the following.

We assume, as mentioned in the introduction, that the computational do-
main is separated into a subdomain where the radiative transfer equation is
solved and another subdomain where the diffusion approximation is used. That
means we consider the domain D divided into two non-overlapping subdomains
Dy and Dp, Dy U Dpg = D with smooth boundaries 0D, 0D 4,0Dpg and the
interface F' = 9D, N dDpg. It has to be remarked that for a fast solution of
the coupling probem it is desirable to extend the diffusion domain as much as
possible.

The aim is now to approximate the global radiative transfer solution by
the solution of the following coupling problem: in D4 the radiative transfer
equation (10) is solved and in Dpg the diffusion equation (12). Providing these
equations with coupling conditions at the interface F will lead to a properly-
stated problem. However, the solution depends strongly on the type of coupling
conditions employed. In the next sections we discuss an approach based on an
interface layer analysis and its approximations. In the following 4,74 and
Ip,Tp denote the solution of (10) in D4 and Dg, respectively. T% denotes the
solution of the diffusion equation (12) in Dp. We concentrate on the interface
region between the two domains and proceed similarly as in the above boundary
layer treatment.

4.1 Interface layer problem

The interface layer near F' with a thickness of the order of a mean free path
is introduced in the same way as the boundary layer in Section 3 with Dp
playing the role of D. y is now the rescaled coordinate normal to the interface
F; n =n(Z) is the normal at & at F' pointing into Dp.

The interface layer terms I (y, z, Q) and T,(y, ), * € Dp near the interface,
y € R*, are defined analogously to Section 3. Introducing I, T, into (10) leads
up to O(€?) to the half-space problem (13) with z = n-Q, where n is the above
normal at F'. Assuming continuity of the intensity at the interface to O(€2), i.e.

I4(2,9Q) = I,(0,2,9Q) (31)

for Q € S and Z € F one obtains the ingoing function at y = 0 for the half-space
problem:

1,(0,2,9Q) = Ia(2,2), p >0 (32)

with g = n - Q as before.

12



Moreover for kj # 0 continuity of the temperature yields
Ty(0,2) = Ta(#). (33)

At y = oo we use
yhﬁrgo ayTb(y’ :E) = 0.

4.2 Asymptotic expansion of the interface layer functions
The interface layer terms I, Tj are written as

L(y,z,Q) = L (y,2,Q) + eIy (y,2,Q) + O(*) (34)
Tb(y’ :E) = Tbo(y? (II) + 6T'b1 (y’ :E) + 0(62)a
where z € Dp near the interface.
We mention that a zeroth-order approximation neglecting the O(e) term
does not yield very accurate results even for small €, see Figure 2 in Section 5.
Substituting (34) into (13) shows that I} (y, z,2) and T (y, x) solve the half-

space problem (18) as in Section 3. The boundary conditions for the half-space
problem are given by the following: The ingoing function at y = 0 is

(0,4, 9) = I(&,9), > 0. (35)

due to (32). This is the only condition for k;, = 0. To solve the half-space
problem in the case kj, # 0 uniquely, additional conditions for the temperature
TP at 0 and oo are required. Using (33) one obtains

0 S\ -, : 0 _
T9(0,) = Ta(2), Jim 8,T(y,2) = 0. (36)
The first-order terms I} (y, z, Q) and T} (y, z) solve equation (21). The ingoing
function at y = 0 is due to (32), (35) given by
I}0,%,Q) =0, x> 0. (37)

In case kj # 0 the additional conditions for the temperature Tb0 at 0 and oo are
according to (33), (36)

T’b1 (0,2) =0, yILI{}O ayTbl (y,2) = 0.

4.3 Solution of the interface layer problem

Again it is assumed that equation (18) can be solved yielding I} (y, z,Q) and
T?(y, ). One obtains I (oo, z,2) = B(T? (00, z)) and the outgoing distribution
I,(0,%,9Q), u < 0 of the half-space problem at the interface. Due to the bound-
ary conditions I (y,z,Q) and T (y, z) are assumed to be uniquely determined
for z = 2.

Equation (21) is further treated in the same way as in Section 3: The
function G(y, z, 2, k) is introduced by

o= —{0r(1— Q)+ ] VaB(TY(o0,2)) (38)
+n- Vo B(T¢ (00, )G (y, z, Q).

13



It satisfies (24) with boundary conditions (25). It is assumed that G approaches
a constant a(x,7) as y — oco. Since ( = 0 for p < 0, (38) yields the following
outgoing function I}(0,z,8) for u < 0:

1(0,2,0) = —%Q VL B(TE(00,2)) + 1 - VaB(TE(00,2))G(0,2,Q).  (39)

4.4 Matching of radiative transfer, interface layer and diffusion
problem

Matching the interface layer and diffusion expansions one obtains
yll)rgo Ib(ya T, Q) = IB(IL', Q)a

or

1

I (00, z,Q) + eI} (c0,z,Q) = B(Tp(z)) — e=Q - V,B(T3(z)) + O(e?).

K

and
Jm To(y, 2) = Tr(z),
or
T (00, z) + €T} (00, ) = Th(z) + O(€?). (40)

Determining the asymptotic values for I, and Ty at y = oo and applying the
matching conditions will give coupling conditions for the solution of the diffusion
equation T3 (%).

Matching of radiative transfer and interface layer problem yields another
coupling condition. Due to (31) the ingoing function for the radiative transfer
domain D 4 is

Ia(2,9) = 1I,(0,£,9Q) (41)
for u < 0. Up to O(€?) this is

TA(2,9Q) = I(0,2,9Q) 4 eI} (0,£,Q) + O(e?), p < 0. (42)

4.5 Coupling conditions for radiative transfer and diffusion equa-
tions

From the solution of the interface problems one obtains as in Section 3
yll)rgo Ib(y’ T, Q)
= B(T{(00,2)) = S0 V. B(T} (00,2)) + en VBT (00,2))a(z) + O()
and

yll)rgo Ty(y,z) = T (00, z) + ea(z)n - VTP (00, ) + O(€?).
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Using the matching conditions (40) for interface and diffusion problem one
obtains, for z € F,

TH (%) — ea(®)n - V,TH(z) = T (00, 2) + O(e?), (43)
as in Section 3. Moreover the matching condition (42) for radiative transfer
and interface problem yields for y < 0, according to (39),

1
IA(%,9Q) = 1)(0,#,Q) — e=Q - V,B(T} (0, %))
K
T en- VBT (50, 8)G(0,5,2) + O(),

or

14(3,9) = 19(0,5,9) — e~ - V, B(T}(#)) (44)
K
+ en-V,B(Th(2))G(0,%,9Q) + O(e?), where p < 0.

These conditions are sufficient, if k;, = 0. For kj, # 0 an additional condition is
needed to determine uniquely a coupled solution:

Looking at (10) one observes that the total flux (radiative transfer and heat
flux) in the direction of the normal to the interface is given by

Ekpn - VT (x) — € < / n - QI(z,Q)dQ > .
S

We obtain the additional coupling condition by requiring for kj # 0 the conti-
nuity of the fluxes at the interface, i.e.

ehyn - Vo Ta(d)— < / n- QL(#,Q)dQ > (45)
S
— chpn - Vo Ty(0,#)— < / n- QI,(0,#,Q)dQ > .
S

Due to (31) this reduces to the continuity of the heat fluxes:
n-VyTa(z) =n-V,Tp(0, ). (46)

It is now most important to have a fast, however, accurate-enough solution
procedure for the half-space problem in order to obtain explicit conditions from
(43) and (44). We remark, that solving the full half-space problem, for example,
by a standard discretization procedure would need a lot of computing time, in
particular, since it has to be solved at each point of the interface. Instead,
one uses an approximation procedure, as in [12], [6], [7], leading to easy to
evaluate, however, accurate explicit coupling conditions. See Section 5, where
the results of such a procedure are presented. One obtains in this way higher
order accuracy than using the following simple conditions.
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4.6 Approximate coupling conditions

In the following simple versions of coupling conditions are stated. To get the
first condition one uses (43). We approximate Tp (0o, #) and .. For kj, = 0 an
approximation of T (0o, ) can be obtained by equalizing the half-range fluxes

< [ pl(y,#9Q)dQ >
>0

at y =0 and y = oc:

< pIa (&, Q)dQ >:</ pB(TY (0o, 2)dQ > . (47)
n>0 >0

For kj, # 0 one uses the value of T (0, %) for T (0o, 4) obtaining due to (33)
Ty (00, &) = Ta(#). (48)

One proceeds as in Section 3 to determine «:

1
<= p2dQ >=< pou(2)dQ > . (49)
K Jp>0 u>0

Using (46) with T,(00,2) = T%(&) + O(€?) instead of T(0,£) one would obtain
n-ViTa(2) = n-VTH().

However, in order to guarantee equality of the total flux we consider (45) directly
and approximate this condition by substituting I;(co, Z, Q) = Ig(%,2) instead
of I(0,%,9Q) and Ty(c0, &) = Tp(z) instead of Ty(0, ). Due to (11) we have

1
I5(#,Q) = B(Tp(z)) = e~ Vo B(Th(x)) + O(€) (50)
and finally one obtains

ekpn - VxTA((i‘)— < / n- QIA(:%, Q)dQ > (51)
S

1
= ehpn - VoTS(2) + € < —/n-QQ-VzB(TJ%(fE))dQ >
K JS

= ekpn-V,TH(2) + € < ————=(TH(2)) > n -V, Th(%)
= e[kn + ko (Tp(@))n - Vo Th(2).

Equation (51) gives a second straightforward coupling condition.

The ingoing function for the radiative transfer region I4(%,Q), p < 0 is
given in this approximation by substituting Iy(co, &, Q) = Ip(&,Q) instead of
I(0,2,9) in (41) and using (50):

I4(8,Q) = Ip(&,Q) = B(TY(2)) — %Q - VoB(TS(%)) + O(?), p < 0. (52)
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5 Numerical Results for one-dimensional Test Cases

We consider the case of a slab with space variables (z,y,2),z € [0,L],y,z € R
and use model equations with the one-band approximation M =1 and kp, = 0.
The component of the angular variable 2 along the z-coordinate is denoted by
&. We consider

e€0,1 = B(T) — I,
20.T = — / 1d¢).

We use the boundary conditions (6). In the 1-D case these conditions are given
by

pO) = 3G + (e g

if |¢] > /(1 —=N) and p = 1 otherwise. Here S = /(N —-1+4+¢&%),N =
(na/n1)%,m1 > ny. The refractive coefficients for glass and surrounding air
are used: ny = 1.46 and ny = 1.

We consider a separation of D = [0, L] into domains D4 = [0, & ] (%9, L]
and Dp = [I1, 9], 1 < Z2. We concentrate on the interface point & = #1. The
boundary conditions at 0 and L are chosen in a symmetric way.

The approximate conditions, i.e. (43) combined with (47), (49) and the
asssociated ingoing intensity (52) for the radiative transfer region are easily
implemented. To implement the conditions found by the layer analysis we
approximate them by the following conditions, see [7]:

Condition (43) is given by

Th(2) — ea(®)0,Th(%) = T (00, &) (53)

with
B(Ty (o0, £)) = I (00, £,£),

where I{(y, %, ¢) is the solution of equation (18), (35) with kj, = 0. I (oo, £, &)
is approximated by

Jeso €T (2, €)dE

I) (00, 2,£) ~ 4
oot ) ~ T (54)
3 N2 |7 oa e f§>0§IA(§37§)df] )
2 T — d
+ 9 €,>0(£) l A(xag) f§>0£d€ 53
as in [7]. Also « is approximated in the same way by
Je=0€6dE 3 2 l ;_ Jeso ffdf] /
=715 —=—d
oot 2 S [T T pear |4 %9

since G(0,2,£) = £,& > 0. The first terms in formulas (54), (55) would have
been obtained by the approximate conditions (47), (49), respectively. The
second one is a correction to this term.
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The equation for the ingoing function for the radiative transfer region D4
is approximated for £ < 0 due to (44) by

I4(2,8) = I)(0,£,€) — e[é — G(0,%,€)] - 9, B(TB(2)). (56)
I(0,%,£),£ < 0 is determined by

120, #,¢) (57)
~ Bloei €y [ Gl - BE NI, €) — T(oo. 2, €))de'
2Jgs08 =&

with I (00, %,€) determined by (54). See again [7] for a derivation of this
formula. G(0,%,&),£ < 0 is determined by
. 1 ¢
G(0,2,8) ~a+ 2 oo T2
with « from (55). Again using only the first terms in these approximations one
obtains exactly the approximate condition (52) in 4.6.

In the following figures results for different situations are plotted. We im-
plement the solutions with different interface conditions. We use the conditions
based on (53) combined with (54), (55) and (56) with (57), (58).

In the first three figures the coupled problem is shown with the approximate
conditions obtained by using in each of the above formulas only the first term.
As mentioned these conditions are the approximate conditions developed in 4.6.
They are labeled by ’fluxes’. Results obtained with the more accurate conditions
derived by the full formulae presented above are shown as well. They are
labeled by ’halfspace’. Moreover, we plot the global radiative transfer solution
as reference solution, which is labeled by 'radiative’. We compute the radiative
transfer equations in two small domains of size 0.005 - L near the boundary.
The mean free path is e = 0.01,L = 1.

For the case of isotropic boundary conditions, i.e R in (6) not depending on
&, we get Figure 2. Here R(0,¢) = 1 and the initial condition is B(Tp) = 1.5.
Additionally to the conditions described above we plot another approximate
condition derived from a zeroth-order approximation, i.e an approximation
where the O(e) terms in (53) and (56) are neglected. The results show that a
zeroth-order approximation is not suitable. However, all other types of bound-
ary conditions yield the same results. Using the equality of fluxes is sufficient
in this situation.

Figure 3 and 4 show anisotropic situations. In Figure 3 we use R(0,&) =
&,¢& > 01n (6) with the initial condition B(Tp) = 0.8. Figure 4 shows a situation
with boundary conditions R(0,&) = 6(¢ —&p),& > 0 with 0 < £y < 1. The inital

[ =3[ — afde’ (58)

condition is B(Ty) = 5. We observe that for anisotropic situations a more
accurate layer analysis yields a clear advantage.
Remark:

In the isotropic case the distribution function is well approximated by (11) in
the whole domain. A more detailed boundary layer analysis is not necessary.
The approximate conditions which are essentially based on this assumption are
in this case sufficient.
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6 A 3-D Domain Decomposition Problem in Glass
Cooling Processes

In this section we consider a typical example appearing in glass manufacturing
processes. A cylindrical solid with radius 1 cm and height 2 cm is considered.
The material is glass.

Consider equations (1) and (3). Here, the number of frequency bands is
M = 18. The coefficients are of the order pnc, = 3 - 10JK tm=3, k), =
1.6Wm~'K~!. The absorption coefficients (k) are in a range from 1m~!
to 10°m~'. The boundary conditions are isotropic with outside temperature
Text = 293K, i.e. they are given by (6) with R = aB(T,y). The refractive
coefficients n1 and ne are chosen for glass with surrounding air, i.e. we set
n; = 1.46,no = 1 as in Section 5. The boundary conditions for the heat
transfer equation are for z € 9D given by (8). The initial temperature of the
glass is Ty = 873K.

In case the boundary condition (8) is used for the radiative transfer problem
with kj, # 0, the boundary conditions for the diffusion approximation can be
determined in the following way: We equalize fluxes at the boundary similar to
the procedure in sections 4.5 and 4.6:

ekpn - V,T°(2)— < /
S

= —eq(T"(#))— < / n- QIE,Q)dQ > |
S

n-Q[B(T"(%)) — %Q - V.B(T%(%)))d2 >

Here (11) has been used. Using (11) again for I(%,Q),u < 0 and using the
boundary condition for I, u > 0 we get:

e[kh + kr(TO(fi‘))]n ' V:BTO(QA:) (59)
— _eg(T(3))— < / n- QI Q)dQ >
n>0

- </ n- QB(T(z)) — e2Q - V, B(T"(2))]d > .
n<0 K

This gives a boundary condition for 7°.

The solution is computed using the domain decomposition approach, the
full radiative transfer equations and the diffusion approximation. The radiative
transfer equations are solved using a method based on ray tracing and the
diffusion equation by a finite element method.

The natural way to decompose the domains is to solve the diffusion equation
in the interior of the cylinder and the radiative transfer equation in a domain
near the boundary. We investigate solutions with larger and smaller radiative
transfer regions. The interface is located 0.3 cm and 0.1 cm, respectively, away
from the boundary. Here the boundary conditions are isotropic. Therefore, we
use the approximate coupling conditions (43), (48) together with (51) and (52).

Figures 5 and 6 show the temperature distribution in the glass after 2 sec-
onds. The results computed with the domain decomposition method are, as in
the last section, in good agreement with the solution of the radiative transfer
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equation in the whole domain as in Figure 2. In the situation with smaller
radiative transfer region (0.1 cm) the CPU time for the solution of the coupled
problem is about 4 times smaller than the time for the solution of the global
radiative transfer equation. For the larger radiative transfer domain (0.3 cm)
the gain in CPU time is still roughly a factor 2.

Figure 5 shows a comparison of the domain decomposition approach, the
global radiative transfer solution and the diffusion approximation with bound-
ary conditions given by (59). The temperature is plotted after two seconds
considering a horizontal section in the middle of the cylinder. The radiative
transfer solution and the coupled solution show a very good agreement. The
solutions with radiative transfer regions of size 0.1 cm and 0.3 cm, respectively,
are plotted in Figure 5. The solution with the larger radiative transfer region
is coincident with the radiative transfer solution. One observes that using the
diffusion approximation with the above boundary condition does not yield very
accurate results. Here a more detailed investigation of situations, where bound-
ary conditions like (6) and (8) for the radiative transfer equations are involved,
could give better results.

SEMITRANSPARENT MATERIALS
87a T T T

872 - . o, -

858

X=t

Figure 5: Heat transfer in glass

Figure 6 shows the full distribution of the temperature in the cylinder after
two seconds.

7 Conclusions

e Detailed coupling conditions can be derived for radiative transfer equa-
tions with conductive heat transfer by asymptotic analysis.

e Approximations of these conditions are given. These can be used for a
variety of problems with good success.

e For anisotropic situations more accurate approximations are necessary.
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e Further work is required to clarify in detail the connection between the
situations with k;, = 0 and kj, # 0.

e Rigorous work, concerning special cases of the equations presented here,
can be found in [2, 1]. However, for the full equations a rigorous analysis
is still missing.
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Figure 6: Heat transfer in glass
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