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Abstract 

The solid-fluid separation can be realized by the deposition of the solid phase (parti-

cles) within the filtering medium (depth filtration) or by the deposition of the solid 

phase on the surface of the filtering medium (cake formation). The process of cake 

filtration is used in many process industries where large quantities of solids are to be 

recovered/filtered. The present study is dedicated to the investigation of the filter cake 

formation process using DEM-CFD simulation with experimentally calibrated param-

eters. 

The experimental studies in the literature lack the information about the particle-par-

ticle interaction parameters (coefficients of restitution and frictions). The experimental 

measurement of these properties is one of the goals of this thesis. In this thesis, the 

numerical analysis is carried out using the two-way volume averaged coupling ap-

proach between the DEM and the CFD.  For performing the numerical study involving 

the bi-dispersed spherical or the non-spherical particles, appropriate drag models are 

implemented and validated. Then the sensitivity analysis of the various factors affect-

ing the structure of the packed bed/cakes is performed. Further, the consolidation in 

the packed beds/cakes due to the fluid forces is studied. 

The major conclusions of the thesis are: Increase in coefficient of frictions and work 

of adhesion tends to increase the final void fraction of the packed beds/cakes. For the 

bi-dispersed particles, the pressure drop increases with the increase in the mass fraction 

of the bigger particles. The void fraction of the packed bed/cake increases with the 

decrease in the sphericity. Further, the correlations developed between the void friction 

and the Reynolds number are useful in predicting the changed void fraction (consoli-

dation) of the packed beds/cakes. 
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Kurzfassung 

Eine Fest-Flüssig-Trennung kann über die Ablagerung der festen Phase (Partikel) im 

Filtermedium oder die Ablagerung der festen Phase auf der Oberfläche des Filter-

medium (Filterkuchen) erreicht werden. Kuchenfiltration wird in vielen industriellen 

Prozessen benutzt um große Mengen an Feststoff zurückzugewinnen bzw. Suspens-

ionen mit hohem Feststoffgehalt zu filtrieren. Die vorliegende Arbeit untersucht die 

Filterkuchenbildung mit der Hilfe von DEM-CFD Simulationen. Dabei werden die 

Modellparameter mit Experimenten kalibriert. 

In den bisherigen experimentellen Arbeiten, die in der Literatur zu finden sind, 

mangelt es an Informationen über die Partikelinteraktion sparameter (Reibungskoeffi-

zient und Stoßzahl). Ein Ziel der vorliegenden Arbeit ist die experimentelle Ermittl-

ung dieser Parameter. Die numerische Analyse wird in dieser Arbeit mittels eines 

Volumen-gemittelten und Zweiwege-gekoppelten Ansatzes zwischen DEM und CFD 

durchgeführt. Für die numerische Analyse von bidispersen sphärischen und nicht-

sphärischen Partikeln werden geeignete Widerstandsmodelle implementiert und vali-

diert. Danach wird eine Sensitivitätsanalyse für verschiedene Einflussfaktoren der 

Filterkuchen-/Schüttungsstruktur durchgeführt. Außerdem wird die strömungsinduzi-

erte Verdichtung des Filterkuchens untersucht.  

Die wesentlichen Ergebnisse der Arbeit sind: Die Erhöhung des Reibungskoeffizi-

enten und der Adhäsionsarbeit neigt dazu die Porosität des Kuchens/der Schüttung zu 

erhöhen. Bei bidispersen Partikeln vergrößert sich der Druckabfall, wenn der Massen-

anteil der großen Partikel erhöht wird. Die Porosität erhöht sich beim Verringern der 

Sphärizität. Außerdem können die Korrelationen zwischen der Porosität und der 

Reynolds-Zahl genutzt werden um die Änderung in der Porosität des Kuchens/der 

Schüttung bei Verdichtung vorauszusagen. 
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1 Introduction 

1.1 Motivation 

Filtration is the process of separating one phase from the other phase with the help of 

a filtering (porous) medium.1 The solid-fluid separation can be realized by the deposi-

tion of the dispersed solid phase (particles) within the filtering medium (depth filtra-

tion) or by the deposition of the solid phase on the surface of the filtering medium 

(cake formation). The empirical 1/3rd law suggests that the cake formation is observed 

when the particle size is bigger than 1/3rd of the size of the pores.1–3 In the cake filtra-

tion, the deposited particles itself act as a filtering medium for the other particles.  

The Fig. 1.1 illustrates the details of the cake and the depth filtration.4 It starts with the 

particle suspension approaching the filter (porous) media (Fig. 1.1a). The particles 

which are smaller than the pores travel inside the filtering media. The particles larger 

than 1/3rd the pore size, start depositing on the surface of the filtering medium forming 

a filter cake (Fig. 1.1b-c). After some time only a few smaller particles can pass 

through the formed cake and the rest of the particles contribute to the cake growth (Fig. 

1.1c-d). This process continues to a point where the pressure drop across the deposited 

particles is within the practical constraints (the economical and the design).5  

The process of cake filtration is used in many process industries (mineral, chemical, 

food, pharmaceuticals, and petroleum) where large quantities of solids are to be recov-

ered/filtered.5,6 In fact, cake filtration is employed more often than the depth filtration.7 

Therefore, the present study is dedicated to the investigation of the filter cake for-

mation process using DEM-CFD simulation with experimentally calibrated parame-

ters. 
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Fig. 1.1 Various stages of the cake filtration/formation process. 

Original figure by Sacramento et. al.4 reproduced with permission from Elsevier. 

1.2 Basic terminologies 

The basic terminologies used in this study are discussed in the following sub-sections. 

1.2.1 Packed bed/filter cake 

Wakao and Kagei8 have defined a packed bed as a heterogeneous system composed of 

solid particles and the fluid is flowing through the interstitial space between the par-

ticles. In a filter cake, the fluid flows through the gaps between the particles which are 

piled up on the surface of a filtering medium.9 Due to this similarity, the packed beds 

and the filter cakes are used as alternative terms to each other.  

a c 

b d 

 

Filter (porous)  
media  

Big particle 

Flow direction Small particle 
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1.2.2 Consolidation 

The particles rearrange their positions when the external forces (fluid/mechanical/elec-

trostatic) are sufficient to overcome the particle-particle resistance (friction + cohe-

sion/adhesion). This reduces the original void fraction which is termed as the consoli-

dation of a packed bed/cake.2 The consolidation can be quantified by measuring the 

decrease in the height, the non-linear behavior of the pressure drop or the mass flow 

rate across a packed bed/cake. Due to the external forces the particles (e.g. clay) itself 

can undergo change in the shape and size (deformation and breakage). This can also 

change the void fraction of the packed bed/cake.10 The later scenarios are not consid-

ered in the present study.  

1.2.3 Void fraction 

Void fraction (ε), voidage, free volume or porosity is defined as the ratio of the fluid 

volume present in the region of interest to the total volume of that region.7,11–13 In the 

context of the packed bed/cake, void fraction is one of the parameters which defines 

its physical structure. Whereas, in the mathematical modeling of the particle-fluid sys-

tems, it is a key parameter for determining the particle/fluid velocities and the inter-

phase exchange (source) terms. 

1.2.4 Discrete Element Method (DEM) 

The Discrete Element Method14 also known as the Distinct Element Method15 (DEM) 

is a modelling approach in which the behavior of a system comprising of a large num-

ber of discrete/distinct bodies (elements) with arbitrary shapes can be studied.11,16 It is 

a sub-set of the Lagrangian formulation where the motion of bodies are tracked using 

the Newton’s laws of motion. 

The DEM is employed in the scenarios where the impact between the bodies is non-

elastic and/or there are considerable energy losses due to friction and other surface 

energies (cohesion/adhesion). Based on the physics and the computational resources 

either the Hard-sphere17 or the Soft-sphere18 DEM formulation could be used. The 

Hard-sphere DEM formulation is computationally efficient if there are two bodies in 

contact (binary contact). Such binary contacts are expected in the dilute flows. The 

Soft-sphere DEM formulation does not have any such restrictions and is applicable for 
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any number of simultaneous contacts.19 In this study, DEM refers to the Soft-sphere 

formulation where an overlap between the contact surfaces, calculated based on con-

tact models is used to predict the contact dynamics. Further details of the Soft-sphere 

formulation are presented in the sec. 2.4.2.  

The Soft-sphere DEM can be extended to the non-spherical particles by using the fol-

lowing approaches.  

1. The single element approach: 

In the single element approach, the surface of the particle is represented by a set of 

equations. Different particle shapes can be generated by changing the parameters 

in these equations. The contact detection is the most challenging issue in the use 

of this approach. It requires solving a set of non-linear equations. For a flat surface, 

a large number of iterations are required. Whereas, sharp edges (corners) cannot 

be represented as the contact detection algorithm may have convergence issues.11,20 

2. The multi-element approach:  

The multi-element approach uses a number of sub-elements to construct a non-

spherical particle.21–24 If spheres are used as sub-elements, it is termed as the multi-

sphere approach. Theoretically, by controlling the sub-spheres (the size and the 

position) any desired shape can be generated. In this approach, the contact detec-

tion algorithm and the force calculations are similar to spherical particles. Thus a 

DEM code with the capabilities to simulate spherical particles can be modified to 

incorporate the multi-sphere approach.14,25 This is the approach used in this study. 

The mathematical details of this approach are presented in the sec. 2.4.3. 

1.2.5 Computational Fluid Dynamics (CFD) 

As defined by Versteeg and Malasekera26 Computational fluid dynamics (CFD) is the 

analysis of the systems involving fluid flow, heat transfer and associated phenomena 

such as chemical reactions by means of computer-based simulation. 

Here, the fluid governing equations (mass, momentum, energy, species conservation) 

are represented by a set of Partial Differential Equations (PDE’s).27 A numerical solu-

tion to the governing PDE’s can be obtained by choosing a suitable discretization 

method. The Finite Difference Method28 (FDM), the Finite Volume Method29 (FVM), 
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and the Finite Element Method30 (FEM) are a few commonly used discretization meth-

ods.31–34 In this study, we restrict our discussions to the FVM.29  

1.2.6 Two-way coupling 

In the literature,11,35,36 the one/two-way coupling refers to the strategy used for com-

puting the solution to a particle-fluid system. The cardinal assumption of the one-way 

coupling strategy is that the fluid phase is immune to the particle phase. Whereas, in 

the two-way coupling there is no such assumption and the mutual-effects are consid-

ered.11 The mathematical modelling of two-way coupling strategy is presented in the 

Chapter 2.  

1.2.7 DEM-CFD coupling 

Strictly speaking, the DEM can be either coupled with the FDM, the FVM, the FEM, 

etc. In the literature, these couplings are simply referred to as the DEM-CFD37–39 or 

the CFD-DEM11,40,41 coupling. In this study the DEM-CFD convention is used. This 

is because the numerical code used here is initiated by a DEM solver followed a two-

way coupling with a CFD (FVM) solver.31,42,43 The details of the solvers are provided 

in the sec. 2.7 and 2.8. 

1.2.8 Dilute/dense suspension 

In this section, the criteria used for differentiating a dilute particle suspension from a 

dense particle suspension are discussed.  

1. Collision:  

If the ratio of the momentum response time of a particle to the time between the 

collisions is less than 1, then the suspension is classified as a dilute suspension. 

The momentum response time and the time between the collisions are dependent 

on the particle diameter, the number of particles, and the velocity.35 There is no 

definite scaling parameter (e.g. void fraction) that can define a boundary between 

a dilute and a dense suspension.  

2. Semi-empirical drag correlations:  

In the literature, there are a few semi-empirical drag correlations which are valid 

for the dilute or the dense suspensions. Gidaspow44,45 has suggested that the Wen 

and Yu drag correlation46 can be used for void fraction greater than 0.8. Whereas, 
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for a void fraction less than 0.8, the Ergun drag corelation47 can be used. In this 

study, this criterion is used to differentiate the dilute suspensions from the dense 

suspensions. 

1.3 Literature survey 

Ruth et. al.48,49 were the pioneers in the study of the packed bed/cake formation process 

and have proposed the classical packed bed/cake formation theory. Since then, there 

have been many successful attempts to study the packed bed/cake formation processes. 

The widely accepted theories proposed by Tien1 and Tiller et. al.50–54  are based on the 

following assumptions. 

1. The packed bed/cake has uniform and ordered structure.  

2. There are no variations (consolidation) in the already formed layers of the packed 

bed/cake. 

3. The flow though the packed beds/cakes follows the Darcy law.55 

Due to these assumptions, the theories are applicable to ideal packed beds/cakes. In 

order to extend the understanding of the real packed bed/cake formation process, re-

searchers have explored the experimental56–59 and the numerical60–65 approaches. A 

brief review of this is presented in the following sub-sections. 

1.4 Experimental studies 

1.4.1.1 Macroscopic properties 

Most of the experimental studies in the literature have analyzed the macroscopic prop-

erties (void fraction, pressure drop, mass flow rate) of the packed beds/cakes. The ex-

perimental studies by Scott and Kilgour56 have reported that the random loose void 

fraction of a dry (absence of fluid forces) packed bed/cake formed due to sedimenta-

tion of mono-dispersed glass particles (dp= 250 μm) is 0.4. Similar sedimentation 

experiments by Onoda and Liniger57 have shown that the presence of the fluid in-

creases the void fraction (0.43). Shapiro and Probstein58 have shown that the void 

fraction of the packed bed/cake formed due to the sedimentation of the bi-dispersed 

particles is affected by the particle mass fraction ratio and the particle size ratio. Brod-
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key and Hershey59 have reported that the void fraction of the packed bed/cake is af-

fected by the sphericity of the particles. Studies in the literature1,66–68 have implied that 

consolidation of the packed bed/cake is a widely occurring phenomena. 

1.4.1.2 Microscopic properties 

In the context of the packed bed/cake, the literature lacks the information about the 

microscopic particle-particle interaction properties in the presence of a liquid. The im-

portant microscopic properties are, the coefficient of restitution, the coefficient of fric-

tions, and the work of adhesion.  

There are a few independent attempts in the literature69–73 to measure the coefficient 

of restitution in the presence of a liquid. The particle sizes used in these studies are 

greater than 1000 µm. This is much larger than the particle sizes usually encountered 

in the cake formation process. 

There are large datasets74,75 available for the coefficient of friction in the dry condi-

tions. The study by Joseph and Hunt72 is the only known attempt to quantify the influ-

ence of a surrounding fluid on the values of the coefficient of frictions. 

The work of adhesion is an important microscopic parameter affecting the structure of 

the packed bed/cake. Measuring the work of adhesion is very challenging and is sen-

sitive to the measurement technique.76 Further, it also depends on the method in which 

the fluid is added. If the fluid is added to the initially dry assembly of the spheres, the 

decrease in the work of adhesion is significantly lower than the cases in which the 

solution is vigorously stirred or when the spheres are added individually to a aqueous 

solution.77  

The other microscopic properties like the size, size distribution and shape of the parti-

cles can be measured using various digital measurement techniques.78–80 

1.4.2 Numerical studies 

The numerical studies in the literature are either based on the Eulerian-Eulerian or the 

Eulerian-Lagrangian approach. A brief review of the studies in the literature is pre-

sented in the following sub-sections. 
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1.4.2.1 Studies using the Eulerian-Eulerian approach 

In the literature, the packed bed/cake formation process was studied by a very few 

researchers using the Eulerian-Eulerian approach.65,81,82  In these studies, it was as-

sumed that, the particle phase could be modelled as a continuous phase and the parti-

cle-particle/wall impulse transfer could be considered using some constitutive laws. 

The major challenges in the use of the Eulerian-Eulerian formulation are the availabil-

ity of the constitutive laws, tracking the growth of the filter cake (moving boundary), 

and the breakdown of the continuous phase assumption in the dilute flow. Further, the 

particle-level details like the shape, the size distribution, the adhesion, the consolida-

tion and the clustering are difficult to incorporate in the Eulerian-Eulerian approach. 

1.4.2.2 Studies using the Eulerian-Lagrangian approach 

Studies60–63 have shown that Eulerian-Lagrangian approach could be used to overcome 

the limitations of the Eulerian-Eulerian approach. The particle-particle/wall interac-

tions can be modelled using the Lagrangian approach (DEM).18 The one-way coupling 

fails in the cases where the void fraction is not very high (ε < 0.9).11 The void fraction 

of the sedimenting solution and the corresponding packed bed/cake is low 

(0.3 ≤ ε ≤ 0.9).1,2 Hence, along with the particle-particle/wall interaction, the two-

way particle-fluid interactions must be considered. The two-way coupling between the 

Eulerian and the Lagrangian phases could be carried out by using either the resolved 

(fictitious domain) coupling approach or the volume averaged coupling ap-

proach.11,41,83–85  

In the resolved coupling approach, the interphase momentum exchange (source) term 

is calculated by integrating the viscous stress tensor over the surface of the parti-

cle.11,84,86 Hence, no additional relations (drag laws) are needed for the closure in the 

Eulerian-Lagrangian formulation. In this approach, the control volumes occupied by 

the particles are marked as solids and the fluid governing equations are solved in re-

maining control volumes. The size of the control volume must be small enough to 

capture the surface of the particle within the acceptable accuracy. This leads to a very 

high computational effort and only a few particles can be considered in the simulations. 

In the packed beds/cakes there a large number of particles and the use of the resolved 

coupling approach is not practical.11,43,84 
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In the volume averaged coupling approach, the particles are smaller than the control 

volume used for the discretization of the fluid domain. Semi-empirical drag laws are 

used to have a closure between the Eulerian (fluid) and the Lagrangian (particle) 

phase.11,87 Studies in the literature have shown that this approach can be used to ana-

lyze the systems with a large number of particles.38,88,89 In the context of the packed 

beds/cakes very few attempts were made using the volume averaged coupling ap-

proach.60–62 These studies were limited to the mono-dispersed particles and lack the 

complete 3D modelling. 

Nevertheless, these studies have shown that the two-way volume averaged coupling 

approach between the DEM and the CFD is a promising approach to study the various 

aspects of the packed beds/cakes. This is the approach used in this study and the details 

are presented in the sec. 2.3. 

Drag correlations 

The major challenge in the use of the volume averaged coupling approach, is the cal-

culation of the fluid drag force on the particles. There are a large number of semi-

empirical correlations to calculate the drag force on the mono-dispersed parti-

cles.46,47,90–92 However, applying these models for a poly-dispersed particle system 

may result in an error up to 300 %.93–95 Based on the literature survey, the Beetstra 

drag93,96 model is identified as a suitable drag model for spherical, poly-dispersed par-

ticles. Further, in comparison to the other models, its implementation is relatively 

easy.11 The details of the Beetstra drag93,96 model are presented in the sec. 2.3.4.1. 

For the non-spherical particles, the particle orientation, sphericity and the effect of the 

surrounding particles (similar to spherical particles) are important and must be incor-

porated in the drag force calculation. In the Lu, Wei and Wei97 drag model all these 

factors are considered. Unlike the other non-spherical drag model,98–101 the Lu, Wei 

and Wei97 drag model considers the presence of the surrounding particles even in dilute 

phase. Similar to the Gidaspow drag model,46,47 the Lu, Wei and Wei97 model has a 

discontinuity at the void fraction of 0.8.  A switch function can be used to smoothen 

the discontinuity.45 This model is used in this study when non-spherical particles are 

considered and the details are discussed in sec. 2.3.4.2.  
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1.4.2.3 Numerical codes 

Developing a robust numerical code from scratch with a volume averaged two way 

coupling between the DEM and the CFD demands a huge effort. Therefore, the survey 

of the already available numerical codes was carried out. It should be noted that nu-

merical codes are constantly evolving with respect to the computational/model capa-

bilities and the discussion here is based on the survey done at the start of this study (in 

October 2014). 

The commercially supported codes EDEM-Fluent,32,102 and STAR CCM+103 and the 

open source codes MFiX,104 and LIGGGHTS-OpenFOAM (CFDEM)31,42,43 were the 

available options. They had similar capabilities and were based on the same mathe-

matical models. They all lacked two way coupling suitable for the poly-dispersed and 

non-spherical particle-fluid systems. 

Among the available open source codes, LIGGGHTS-OpenFOAM (CFDEM)31,42,43,105 

was chosen because, there were a sufficient number of validation proofs for the already 

available implementations, it had an inherent capability to handle computation with 

large number of particles, and offered a relative easy access to the source code for its 

modification and the implementation of new models. 

1.5 Scope and goals of the thesis 

1.5.1 Scope 

As already stated, the focus of thesis is to study the packed bed/cake formation process 

using the experimental and numerical tools.  

One of the way to classify the packed bed/cake formation is by monitoring the fluid 

pressure drop and/or the fluid velocity (mass flow rate). A constant pressure drop can 

be maintained across an evolving cake by using an actuating mechanism or a vacuum 

pump. In this case, the fluid mass flow rate across the filter cake varies. A constant 

inlet fluid velocity can be employed by using a positive displacement pump. This re-

sults in the variation of the pressure drop across the filter cake.7 Gravitational force 

(sedimentation) can also be used to carry out the cake filtration.54  

The structure of the packed bed/cake is dependent on the size, the size distribution, the 

shape and the microscopic particle-particle interaction parameters. Further, the change 
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in fluid conditions can lead to the consolidation of the packed bed/cake. The scope of 

this thesis is limited to the study of the above listed factors under the constant inlet 

fluid velocity and the sedimentation conditions. 

1.5.2 Goals 

The major goals of the thesis are as follows: 

1.5.3 Measurement of the particle-particle interaction parameters 

For the micron sized particles in a fluid, the literature lacks the information about the 

particle-particle/wall interaction parameters (coefficients of the restitution and fric-

tions). Experimental measurement of these parameters is the first major goal of this 

thesis. The information from the experimental studies serves as an input to the numer-

ical studies.  

1.5.4 Implementation and validation of the drag models 

For performing the numerical analysis an appropriate drag model must be used in the 

volume averaged two-way coupling. Based on the literature survey the Beetstra93,96 

and the Lu, Wei and Wei97 drag models are identified as the most suitable drag models 

for the mono/poly-dispersed, spherical particles and the mono-dispersed, non-spheri-

cal particles, respectively.  

These drag models were not readily available in any of the numerical codes. The im-

plementation and the validation of these drag models is the second goal of this thesis. 

1.5.5 Numerical analysis of the packed bed/cake 

1.5.5.1 Sensitivity of the particle-particle interaction parameters 

One of the goals of the numerical studies is to perform the sensitivity analysis of par-

ticle-particle interaction parameters using the experimental studies as the reference 

cases.  

1.5.5.2 Consolidation due to the fluid forces 

The other aim of the numerical analysis is to study the phenomenon of the consolida-

tion due to the fluid forces. Here the goal is to answer the questions like, at what Reyn-

olds number the already formed packed bed/cake undergoes consolidation? What is 
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the influence of the factors like the adhesion, the particle size, the mass fraction ratio, 

the sphericity, the orientation, etc. on the consolidation of the packed bed/cake? 

1.6 Structure of the thesis 

Chapter 1 is the introductory chapter of this thesis. The motivation, the basic terminol-

ogies, and the literature survey related to the study of the packed bed/cake formation 

is presented. The scope and the major goals of the thesis are formulated. 

Chapter 2 reports the mathematical models used for the analysis of the packed 

bed/cake formation. At first the governing equations and the limitations of the Eu-

lerian-Eulerian formulation are presented. This is followed by the mathematical de-

scription of the two-way volume averaged Eulerian-Lagrangian formulation. Then, the 

drag models for the poly-dispersed and the non-spherical particles are presented. After 

this, the DEM based on the soft-sphere approach for the spherical and the non-spheri-

cal particles (multi-sphere) is described in detail. This is followed by a short descrip-

tion of the numerical solvers used in this study.  

In the Chapter 3 the details of the experiments performed to measure the particle-par-

ticle interaction parameters are presented. The measured parameters are the coefficient 

of the restitution and the coefficient of the sliding friction in dry and wet conditions. 

The qualitative values measured in these experiments serve as input parameters in the 

numerical studies. 

In the Chapter 4 the results from the numerical studies are reported. At first the effect 

of the fluid cell size on the accuracy of the DEM-CFD simulation is presented. After 

this, the implementation of the lubrication force model is tested by comparing the sim-

ulation results to the experimental measurements. 

Then, the sensitivity of the various factors affecting the structure of the packed 

beds/cakes due to spherical mono/bi-dispersed particles is presented. Here, the focus 

is on the sensitivity of the coefficient of frictions, the work of adhesion, the particle 

size ratio, the mass fraction, the fluid flow conditions, and the onset of consolidation. 

The experimental results available in the literature are used for the comparison of the 

macroscopic properties (void fraction) to obtain a set of realistic values. Then, the ef-

fect of the flow conditions (consolidation) on the structure of the packed bed/cake are 

reported. 
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Further, numerical studies related to the packed beds/cakes formed due to the non-

spherical particles are presented. Here the focus is on the effect of the non-sphericity, 

the coefficient of friction, the orientation, fluid flow on the packed bed/cake.  

In the Chapter 5 the conclusions drawn from the present work are summarized and 

some recommendations for the future work are proposed.  
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2 Mathematical Modeling 

2.1 Introduction 

In this Chapter, the mathematical modeling approaches for the two-phase (fluid-parti-

cle, particle laden) flows are discussed. As a starting point the Eulerian-Eulerian two 

phase formulation and its limitations are presented.  

This is followed by the description of the volume averaged Eulerian-Lagrangian cou-

pling. The mathematical formulation of the forces acting on the particles due to the 

fluid are then discussed. Thereafter, the Lagrangian formulation (the soft-sphere DEM 

approach) for the spherical and the non-spherical particles is described.  

Then the Finite Volume Method (FVM) and the DEM solvers used in this study are 

discussed. The chapter is concluded by presenting the limitations of the Eulerian-La-

grangian formulation implemented in this study.  

2.2 Eulerian-Eulerian formulation 

One of the assumptions of the Eulerian-Eulerian (“Two overlapping continua”) ap-

proach is that both the phases could be modelled as continuous phases (Fig. 2.1).11,35  

The mathematical formulations for the fluid and the particle phases based on the Eu-

lerian-Eulerian approach are described in following sub-section.  

Fig. 2.1 Graphical representation of the Eulerian-Eulerian continuous phases assumption.  

Particles 

Fluid 

Discretized particle domain 

Assumptions 

Discretized fluid domain 
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2.2.1 Fluid phase  

The Eqs 2.1 and 2.2 represents the mass and the momentum conservation equations 

for the fluid phase, respectively.106  

 

∂(ρfε)

∂t
 + ∇∙(ρfεUf⃗⃗  ⃗) = 0 2.1 

∂(ρfεUf⃗⃗  ⃗)

∂t
 + ∇∙(ρfεUf⃗⃗  ⃗Uf⃗⃗  ⃗) = - ∇(p) - ∇∙ (τf⃗⃗ ) + Spf⃗⃗ ⃗⃗   + ερfg⃗  2.2 

 

Here, Uf⃗⃗  ⃗, ρf, ε, p, and τf⃗⃗  are the velocity, the density, the fluid void fraction, the pres-

sure, and the shear stress of the fluid phase, respectively. The details of the volume 

averaged source term due to the particle-fluid interactions (Spf⃗⃗ ⃗⃗  ) are given the sec. 2.3.  

2.2.2 Particulate phase  

The particulate (particle) phase mass and the momentum equations in the Eulerian 

formulation are given by the Eqs. 2.3 and 2.4, respectively.106  

 

∂(ρp(1-ε))

∂t
 + ∇∙(ρp(1-ε)V⃗⃗ ) = 0 2.3 

∂(ρp(1 - ε)V⃗⃗ )

∂t
 + ∇∙(ρp(1 - ε)V⃗⃗ V⃗⃗ ) = - ∇∙∅p⃗⃗⃗⃗  - Spf⃗⃗ ⃗⃗   + (1 - ε)ρpg⃗  2.4 

 

Here, V⃗⃗ , ρp and ∅p⃗⃗⃗⃗  represents the velocity, the density and the total particle stress ten-

sor (analogous to ∇(p) + ∇∙ (τf⃗⃗ )) of the particulate phase, respectively. Obviously, 

(1-ε) represents the solid volume fraction.  

2.2.3 Limitations 

Several studies have shown that the effects like the clustering and the consolidation of 

the particulate phase cannot be captured by the Eulerian formulation.107–110 Lagrangian 

formulation (sec. 2.4) can be used to capture these particle scale effects.  
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The void fraction in the packed bed/cake is low (0.3 ≤  ε  ≤ 0.9).107,111,112 The two-

way coupling between the fluid and the particle phase is necessary when the void frac-

tion is low (ε < 0.9). The two-way coupling based on the Eulerian-Lagrangian formu-

lation is presented in the next section. 

2.3 Eulerian-Lagrangian formulation 

In the volume averaged Eulerian-Lagrangian formulation, the solution to the fluid 

phase is obtained at the fluid cell scale (control volume) whereas the particle-parti-

cle/wall interactions are calculated at the individual particle contact scale. Here, the 

fluid cell size is much larger than the particle size and the volume averaged quantities 

are used for the particle-fluid coupling (Fig. 2.2).  

 

 

 

 

Fig. 2.2 Graphical representation of the different scales in the volume averaged Eulerian-La-

grangian formulations.  

 

Spf which represents the volume average force of all the particle-fluid interaction 

forces is given by the Eq. 2.5.  

 

Spf⃗⃗ ⃗⃗   = - 
1

Vcell
(∑(fpg

j⃗⃗ ⃗⃗ 
 + fss

j⃗⃗⃗⃗  ⃗
 + fd

j⃗⃗ 
)

np

j = 1

) 2.5 

 

Here, Vcell is the volume of the fluid cell and np is the number of particles in the fluid 

cell. 

Particle contact scale 

Fluid cell scale Discretized domain  
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The fluid pressure gradient force (fpg
j⃗⃗ ⃗⃗ 
, sec. 2.3.2) and the shear stress force 

(fss
j⃗⃗  ⃗
, sec. 2.3.3) are the macro-level forces whereas the fluid drag force (fd

j⃗⃗ 
, sec. 2.3.4) 

is a micro-level force.11 

2.3.1 Model A/B 

In the literature Model A refers to a formulation where the macro-level forces (fpg
j⃗⃗ ⃗⃗ 
 and 

fss
j⃗⃗  ⃗
) are separated from the micro-level forces (fd

j⃗⃗ 
) in the calculation of Spf⃗⃗ ⃗⃗  . The fluid 

flow around the particles is unsteady and non-uniform (fss
j⃗⃗  ⃗
 ≠ 0). Whereas, Model B 

refers to the formulation where it is assumed that the fluid flow around the particle is 

steady and uniform (fss
j⃗⃗  ⃗
 ≈ 0).11,44,113–116 Further, Model A assumes that the pressure is 

shared between the fluid and solid phases, while Model B assumes it is handled by the 

fluid phase only.116  

Model A is a generalized formulation and is valid for all the particle-fluid systems 

whereas the applicability of the Model B is not tested for poly-dispersed and non-

spherical suspensions.11,39,117–119 This study is restricted to the mathematical formula-

tion based on the Model A.  

2.3.2 Pressure gradient force 

The reasons for considering the pressure gradient force are: 

1) The variation in the hydrostatic pressure leading to the Archimedes’ force (fa
j⃗⃗ 
) 

which is calculated using the Eq. 2.6.  

 

     fa
j⃗⃗ 
 = - Vpj ρf g⃗⃗  2.6 

 

      Here, Vpj and ρf are the volume of the particle j and the fluid density, respectively. 

2) The presence of the fluid acceleration outside the boundary layer surrounding the 

particle results in the fluid acceleration force (fac
j⃗⃗⃗⃗ 
) given by the Eq. 2.7. 
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     fac
j⃗⃗⃗⃗ 
 = - VpjρfUf⃗⃗  ⃗∇∙Uf⃗⃗  ⃗ 2.7 

 

      Here, Uf⃗⃗  ⃗ is the fluid velocity, and ρf is the fluid density. 

The graphical representation of these forces is shown in the Fig. 2.5. 

The total pressure gradient force (fpg
j⃗⃗ ⃗⃗ 
) acting on a particle in a fluid can be calculated 

using the pressure (p) gradient as shown in the Eq. 2.8.106,114,120  

 

fpg
j⃗⃗ ⃗⃗ 
 = fa

j⃗⃗ 
 + fac

j⃗⃗⃗⃗ 
= - Vpj(1 - ε)∇(p) 2.8 

 

 

Fig. 2.3 Graphical representation of the Archimedes force, the fluid acceleration force, the 

shear stress and the gravitational force acting on a particle. 

 

 

fa
j⃗⃗ 
 =  − Vpj ρf g⃗⃗  

fg
j⃗⃗ 
 =  Vpj ρp g⃗⃗  

𝑦 

𝑥 

τf⃗⃗   (𝑦) = ηf
𝜕Uf⃗⃗  ⃗(𝑥)

𝜕𝑦
 

fac
j⃗⃗⃗⃗ 

 = - VpjρfUf⃗⃗  ⃗(𝑥)
𝜕Uf⃗⃗  ⃗(𝑥)

𝜕𝑥
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2.3.3 Shear stress force 

The shear stress force (fss
j⃗⃗  ⃗
 , Fig. 2.5) is due to the viscous nature of the fluid and is 

given by the Eq. 2.9.39 

 

fss
j⃗⃗  ⃗
 = - Vpj(1 - ε)∇∙ (τf⃗⃗ ) 2.9 

 

Here, Vpj, ε, and τf⃗⃗   are the volume of the particle j, the void fraction and the fluid shear 

stress, respectively. 

2.3.4 Drag force 

The major challenge lies in the modelling of the fluid drag force on the particles. There 

are a large number of semi-empirical correlations to calculate the drag force on the 

mono-dispersed particles.46,47,90–92 However, applying these models for a poly-dis-

persed particle system may result in an error up to 300%.93–95  

Further, for the non-spherical particle, the particle orientation, sphericity and the effect 

of the surrounding particles are important and must be incorporated in the drag model. 

In the following sub-sections, a generalized poly-dispersed drag model for spherical 

particles (sec. 2.3.4.1) and a drag model applicable for mono-dispersed, non-spherical 

particles (sec. 2.3.4.2) are presented.93,94,96,97 

2.3.4.1 Spherical particles 

In this study, the simulations concerning the spherical particles are carried out using 

the poly-dispersed drag correlation suggested by Beetstra.93 The drag force on a parti-

cle is given by the Eq. 2.10.  

 

fd
j⃗⃗ 
 = 3πηfdpjβjε(Uf⃗⃗  ⃗ - Vj⃗⃗  ) 2.10 

 

Here, ηf, dpj, and (Uf⃗⃗  ⃗ - Vj⃗⃗  ) are the dynamic viscosity of the fluid, diameter of the par-

ticle and the relative velocity between the fluid and the particle, respectively.  

 

The poly-dispersity correction factor βj is given by the Eqs. 2.11. 
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βj = (εyi + (1 - ε)yi
2 + 0.022(1 - ε)(yi

2 - yi)) Fj 2.11 

 

This expression for βj is valid until the diameter ratio (yi) given by the Eq. 2.12 is less 

than 4. 

 

yi = 
dpi
〈d〉

 2.12 

 

In the Eq. 2.11, Fj is calculated using the Eq. 2.13. 

 

Fj = 10
1 - ε

ε2
 + ε2(1 + 1.5√1 - ε)  

+ 
0.413〈Rep〉j

24ε2
 (
ε - 1 + 3ε(1 - ε) + 8.4〈Rep〉j

 - 0.343

1 + 103(1 - ε)〈Rep〉j
 - 0.5 - 2(1 - ε)

) 

2.13 

 

The mean Reynolds number (〈Rep〉j) is given by the Eq. 2.14. 

 

〈Rep〉j = 
ερf|Uf⃗⃗  ⃗ - Vj⃗⃗  |〈d〉

ηf
 2.14 

 

Here, the mass weighted mean particle diameter (〈d〉) is given by the Eq. 2.15.  

 

1

〈d〉
 = ∑

χi
dpi

k

i = 1

 2.15 

 

Here, i represents the index of the particle fraction corresponding to the diameter dpi 

and k is the number of such different size fractions. 

The mass weightage (χi) is calculated by using the Eq. 2.16. 

 

χi = 
ρpinpidpi

3

∑ ρpinpidpi
3k

i = 1

 2.16 
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Here, npi is the number of particles in a fluid cell with the diameter dpi and density 

ρpi.  

2.3.4.2 Non-spherical particles 

According to the Lu, Wei and Wei97 semi-empirical drag correlation, if the void frac-

tion of the fluid cell is greater than 0.8, a dilute drag correlation (Eq. 2.17) can be used. 

If the void fraction is less than 0.8 the drag force can be calculated using the Ergun 

drag equation (Eq. 2.31).  

Similar to the Gidaspow drag model46,47 a switch function can be used to smoothen the 

discontinuity at the void fraction of 0.8.45 The details of the drag force in the dilute and 

the dense flows are described in the following sub-sections. 

Dilute flow 

The fluid drag force on a particle j with the sphericity greater than 0.6 and present in a 

fluid cell with a void fraction (ε) greater than 0.8 is calculated using the Eq. 2.17. 97 

 

fd
j⃗⃗ 
 = Vpj(1 - ε) (

3ρfεCdj
nsλj|Uf⃗⃗  ⃗ - Vj⃗⃗⃗⃗ |

4dpvj
) (Uf⃗⃗  ⃗ - Vj⃗⃗⃗⃗ ), ε ≥ 0.8 2.17 

 

Here, Vpj, and (Uf⃗⃗  ⃗ - Vj⃗⃗  ) are the volume, and the relative velocity of the non-spherical 

particle j.  

The volume equivalent diameter (dpvj) is calculated using the Eq. 2.18. 

 

dpvj = (
6Vpj

π
)
1/3

 2.18 

 

The non-spherical drag coefficient Cdj
ns is given by the Eq. 2.19. 

 

Cdj
ns = 

24

Repj
nsK1j

(1 + 0.1118(Repj
nsK1jK2j)

0.6567) + 
0.4305Repj

nsK1jK2j
2

Rep
nsK1jK2j + 3305

 2.19 
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Here, the non-spherical particle Reynolds number (Repj
ns) is calculated using the Eq. 

2.20. 

 

Repj
ns = 

ερf|Uf⃗⃗  ⃗ -Vj⃗⃗  |dpvj

ηf
 2.20 

 

The first correction factor, K1j is given by the Eq. 2.21. 

 

K1j = 
1

dprj
3dpvj

 + 
2

3ψj
0.5

 
2.21 

 

Here, dprj is the diameter of a circle whose area is equal to the projected area of the 

non-spherical particle on the corresponding plane. For a non-spherical particle made 

up of two equal sub-spheres the projected diameters are calculated using the Eq. 2.22.  

 

dprj =

√
  
  
  
  
  

 
4

π
 

(

 
 
2πRse

2 - 

(

 2Rse
2 cos-1 (

ζse
2Rse

)  - 
ζi√4Rse

2- ζse
2

2

)

 

)

 
 
  2.22 

 

 

Here, ζse and Rse are the distance between the centers of the sub-spheres projected on 

the corresponding planes and the radius of the sub-sphere, respectively. 
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Fig. 2.4 A non-spherical particle generated from two overlapping spherical sub-elements in a 

CFD fluid cell and the projected area diameters on the corresponding planes. 

 

The sphericity ψj is given by the Eq. 2.23.121 

 

ψj = 
π1/3(6Vpj)

2/3

Apj
 2.23 

 

Here Apj is the actual surface area of the non-spherical particle. 

The second correction factor, K2j is given by the Eq. 2.24. 

 

K2j = 10
1.8148(- log10(ψj)

0.5743) 2.24 

 

dprj
xy

 

dprj
yz

 dprj
xz  

 

g⃗  
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The effect of the surrounding particles (suspension) on a particle j is introduced in the 

Eq. 2.17 by considering the suspension correction factor λj given by the Eq. 2.25. 

 

λj = ε
2 + (γj - 2)nj 2.25 

 

Here, γj is given by the Eq. 2.26.  

 

γj = 
1.002

ψj
2.145

 - 0.0429exp(log(Retj ψj
3.1618⁄ ) 3.749⁄ ) 2.26 

 

Here, the terminal Reynolds number (Retj) is given by the Eq. 2.27. 

 

Retj = 
utjρpdpvj

ηf
 2.27 

 

The magnitude of terminal velocity (utj) of the non-spherical particle is calculated 

using the Eq. 2.28.122 

 

utj = 
1

(
18

d*j
2  + 

2.3343 - 1.7439ψj

d*j
0.5 )(

ρf
2

gηf(ρp - ρf)
)

1/3
 

2.28 

 

 d*j used here is given by the Eq. 2.29. 

 

d*j = dpvj (
gρf(ρp - ρf)

ηf
2

)

1/3

 2.29 

 

The index function nj used in the Eq. 2.25 is calculated using the Eq. 2.30. 

log(nj)  = - 0.0153(log(Retjψj))
2
 - 0.0279 log(Retjψj)  + 1.6896 2.30 

Dense flows 

For the void fraction less than 0.8, the Ergun drag equation is used (Eq. 2.31).97 
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fd
j
 

⃗⃗⃗⃗ 
= Vpj(1 - ε) (

150(1 - ε)ηf
ε(ψjdpvj)

2
 + 

1.75|Uf⃗⃗  ⃗ - Vj⃗⃗  |ρf

ψjdpvj
) (Uf⃗⃗  ⃗ - Vj⃗⃗  ), ε < 0.8 2.31 

 

Here, Vpj, ψj, dpvj, (Uf⃗⃗  ⃗ - Vj⃗⃗  ) are the volume, the sphericity, the volume equivalent di-

ameter and the relative velocity of the particle j, respectively. It should be noted that, 

the viscous coefficient as 150 and inertial coefficient as 1.75 in the Eq. 2.31 are valid 

for the particle Reynolds number (Eq. 2.20) less than 5. When the Reynolds number 

in between 5 and 80, the viscous and the inertial coefficient as 182 and 1.92 must be 

used. In the cases where Reynolds number greater than 80 the recommended coeffi-

cients are 225 and 1.61, respectively.123 

2.4 Lagrangian formulation 

In the Lagrangian formulation, the motion of a particle in the body fixed reference, is 

predicted by solving the linear momentum (Eq. 2.32) and the angular momentum (Eq. 

2.33) equations.  

 

mj

dVj⃗⃗  

dt
 = fg

j⃗⃗ 
+ fd

j⃗⃗ 
 + fpg

j⃗⃗ ⃗⃗ 
 + fss

j⃗⃗  ⃗
 + flu

j⃗⃗  ⃗
 +∑ fc

j,l⃗⃗⃗⃗ 

l∈CL

 2.32 

 

Here, mj, and Vj⃗⃗  , are the mass and the linear velocity of the particle j, respectively. The 

term fg
j⃗⃗ 
 represents the gravitational force acting on a particle j.  

The coupling to the flow is reflected by the drag force (fd
j⃗⃗ 
, sec. 2.3.4), the pressure 

gradient force (fpg
j⃗⃗ ⃗⃗ 
, Eq. 2.8) and the fluid particle shear stress force (fss

j⃗⃗  ⃗
, Eq. 2.9). flu

j⃗⃗  ⃗
 

is the lubrication force which is explained in the sec. 2.4.1 and the details of the contact 

force (fc
j,l

) are discussed in the sec. 2.4.2.  

The angular momentum equation reads, 
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Ij
dωj⃗⃗⃗⃗ 

dt
 + ωj⃗⃗⃗⃗ ×(Ijωj⃗⃗⃗⃗ ) = ∑ ( Mt

j,l⃗⃗ ⃗⃗ ⃗⃗ 
+ Mr

j,l⃗⃗ ⃗⃗ ⃗⃗ 
)

l∈CL

 2.33 

 

Here, Ij, and ωj⃗⃗⃗⃗  are the moment of inertia, and the angular moment of the particle j. 

The second term on the left hand side of the Eq. 2.33 is zero if the body fixed frame of 

reference and the global frame of reference coincide.11 For numerical calculations, 

global frame of reference is used for spherical particle and a body fixed frame of ref-

erence for non-spherical particles.42,124  

The torque due to tangential contact forces (Mt
j,l⃗⃗ ⃗⃗ ⃗⃗ 
) and the resistive rolling angular mo-

mentum (Mr
j,l⃗⃗ ⃗⃗ ⃗⃗ 
) are calculated for each contact pair listed in the contact list CL using 

the DEM soft-sphere modelling approach (sec. 2.4.2).11,18,125,126 

2.4.1 Lubrication force 

The lubrication force is a hydrodynamic viscous force arising due to the radial pressure 

generated by the squeezing of the fluid between two solid surfaces.127 According to 

the lubrication theory,73,128 the lubrication force acting between the two surfaces (j, l) 

is given by the Eq. 2.34. 

 

flu
j,l⃗⃗⃗⃗ 
= (- 6πηfR

*j,lvrn
j,l
Al)n

i,l⃗⃗ ⃗⃗   2.34 

Here, ηf, R
*j,l, and vrn

j,l
, are the dynamic fluid viscosity, the equivalent radius (Eq. 2.41), 

and the relative normal velocity. Al is the amplification factor given by the Eq. 2.35.129 

 

Al = 
 R*j,l

h
 - 0.2ln (

h

R*j,l
) - 

1

21
ln (

h

R*j,l
)  + 

0.24h

R*j,l
 + 1.048 2.35 

 

Here, h is the distance between the surfaces. The Fig. 2.5 shows the projection of an 

imaginary sphere surrounding the particles. If any other surface comes inside the im-

aginary sphere, the lubrication force is calculated using Eq. 2.34.  
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Fig. 2.5 Imaginary spheres surrounding the particles.  

 

 

The radius of the imaginary sphere is twice the particle radius. It should be noted that, 

if the distance between the surfaces (h) is zero, the lubrication force calculated by the 

Eq. 2.34 is infinite. In this study, this condition is avoided by considering a cutoff 

distance (0.001Rj). For a distance (h) less than the cutoff distance the lubrication force 

is assumed to be constant. A similar approach is used in the literature.41,129–132 The 

surface roughness effect can be included by extending the cutoff lubrication force to a 

point where the overlap between the surfaces is equal to the average roughness of the 

particle.129,131,132 

 

2.4.2 DEM soft-sphere modelling 

The Fig. 2.6 shows the graphical representation of the notations used for two spherical 

particles in contact under the soft-sphere assumptions. The DEM soft-sphere model-

ling is based on the following assumptions. 

1) The surfaces in contact are deformable, but they regain their original shape once 

they detach. 

2) The interaction between the bodies in contact via a very small contact area 

(overlap, δn
j,l
 ≪  Rj,  Rl) which  is calculated using the Eq. 2.36. 

 

h 

Rj 

2Rj Rj 

2Rj 

h 
Rl 

2Rl 

Roughness 
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     δn
j,l
 = Rj+ Rl - |xj ⃗⃗  ⃗- xl⃗⃗  |  2.36 

 

Here, Rj, Rl and xj ⃗⃗  ⃗, xl⃗⃗  are the radii and the position vectors of the spheres j and l, 

respectively. 

3) The overlap not only depends of the particle positions but also on the physical 

properties of the particles. 

4) The total contact force (fc
j,l⃗⃗⃗⃗ 
, Eq. 2.37) can be calculated using the force-displace-

ment laws.11,18,113,114 

 

     fc
j,l⃗⃗⃗⃗ 
 = fcn

j,l⃗⃗⃗⃗ 
 + fct

j,l⃗⃗⃗⃗ 
 2.37 

 

Here, fcn
j,l⃗⃗⃗⃗ 

, fct
j,l⃗⃗⃗⃗ 

 are the normal and the tangential contact forces which are discussed 

in the following sub-sections. 

 

 

Fig. 2.6 Graphical representation of the notations used in the DEM soft-sphere modelling. 

 

 

xj⃗⃗   

xl⃗⃗   

ωj⃗⃗⃗⃗  

ωl⃗⃗⃗⃗  

nj,l⃗⃗ ⃗⃗   

tj,l⃗⃗⃗⃗  

Vj⃗⃗   

Vl⃗⃗   
fcn
j,l⃗⃗ ⃗⃗ 
  

fcn
j,l⃗⃗ ⃗⃗ 
  

fct
j,l⃗⃗⃗⃗ 
  

fct
j,l⃗⃗⃗⃗ 
  

j 

l 

Rl 

δn
j,l

 

Z 

X 

Y 
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2.4.2.1  Normal contact force 

The normal contact force (fcn
j,l⃗⃗⃗⃗ 
) is given by the Eq. 2.38.126,133,134 

 

fcn
j,l⃗⃗⃗⃗ 
 = fcn

el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
 + fcn

dis, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
 2.38 

 

Here, fcn
el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 and fcn
dis, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 are the elastic and the dissipative normal contact forces. The 

details of these forces are presented in the following sub-sections. 

Elastic component of normal contact force 

According to the combined Hertz-Mindlin and Deresiewicz viscoelastic model,126,133 

the elastic component of the normal contact force (fcn
el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

) is given by the Eq. 2.39. 

 

fcn
el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 = ( 
4

3
E* j,l√R*j,l(δn

j,l
)
3 2⁄
) nj,l⃗⃗ ⃗⃗   2.39 

 

Here, δn
j,l

 is the normal overlap (Eq. 2.36). 

The effective Young’s modulus ( E*j,l) is given by the Eq. 2.40.  

 

1

E*j,l
 = 

(1 - νj
2)

Ej
 + 

(1 - νl
2)

El
 2.40 

 

ν is the Poisson's ratio. 

The effective radius (R*j,l) is given by the Eq. 2.41. 

 

1

R*j,l
 = 

1

Rj
 + 

1

Rl
 2.41 

 

The unit normal vector for the particles in contact is given by the Eq. 2.42. 

  

nj,l⃗⃗ ⃗⃗   = 
xj ⃗⃗  ⃗- xl⃗⃗ 

 |xj ⃗⃗  ⃗- xl⃗⃗  |
 2.42 
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Dissipative component of normal contact force  

The dissipative component of the normal contact force (fcn
dis, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

) describing the viscous 

damping is given by Eq. 2.43.134 

 

fcn
dis, j,l

 
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

= (- 2 ln(en) (√
5E*j,lm*j,l

3(( ln (en) )
2 + π2)

) (R*j,lδn
j,l
)1/4vnr

j,l
)nj,l⃗⃗ ⃗⃗   2.43 

 

Here, en is the coefficient of the normal restitution, vnr
j,l

 is the normal relative velocity 

and m*j,l is the effective mass given by Eq. 2.44. 

 

1

m*j,l
 = 

1

mj
 + 

1

ml
 2.44 

 

2.4.2.2 Tangential contact force 

The total tangential contact force (fct
j,l⃗⃗⃗⃗ 
) is limited by the Coulomb’s law as shown in 

the Eq. 2.45.11,133 

 

fct
j,l
 

⃗⃗⃗⃗  ⃗
= (min ( μs |fcn

el, j,l
 

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗
| , |fct

el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
 + fct

dis, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
|)) tj,l⃗⃗  ⃗ 2.45 

 

Here, fct
el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 and fct
dis, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 are the elastic and the dissipative tangential contact forces. The 

details of these forces are as follows. 

 Elastic component of tangential contact force 

The elastic component of the  tangential contact force (fct
el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

) is given by the Eq. 2.46. 

 

fct
el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 = ( 8G*j,l (√R*j,lδn
j,l
)  δt

j,l
) tj,l⃗⃗  ⃗ 2.46 
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Here, G*j,l is the equivalent shear modulus (Eq. 2.47). 

 

1

G*j,l
 = 

2(2 - νj)(1 + νj)

Ej
 + 

2(2 - νl)(1 + νl)

El
 2.47 

 

According to the theory proposed by Mindlin and Deresiewicz,133 the tangential elastic 

force depends on the loading history. Di Renzo and Di Maio125,135 have argued that 

this dependency can be incorporated in the DEM simulations by using a time incre-

mental approach for the calculation of the tangential overlap (δt
j,l
) as given in the Eq. 

2.48. 

 

δt
j,l
 = |δt0

j,l⃗⃗⃗⃗  ⃗
 + vtr

j,l⃗⃗ ⃗⃗  
tp| 2.48 

 

Here, δt0
j,l⃗⃗⃗⃗  ⃗

, vtr
j,l⃗⃗ ⃗⃗  

 and tp are the tangential displacement in the previous time step, the tan-

gential velocity and the time step, respectively. 

Dissipative component of tangential contact force 

The dissipative component of the tangential contact force (fct
dis, j,l

 
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

) is similar to the 

dissipative normal force except, it also depends on the tangential relative velocity (vtr
j,l
) 

and is given by the Eq. 2.49.133,134 

  

fct
dis, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 = (- 2 ln(en) (√
20E*j,lm*j,l

3(( ln (en) )
2 + π2)

) (R*j,lδn
j,l
)1/4vtr

j,l
) tj,l⃗⃗  ⃗ 2.49 

 

2.4.2.3 Torque due to tangential contact forces 

Since the tangential contact forces are to be transferred from the point of the contact 

to the center of the particle, a rotational torque (Mt
j,l⃗⃗ ⃗⃗ ⃗⃗ 
, Eq. 2.50) is introduced.11 
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Mt
j,l⃗⃗ ⃗⃗ ⃗⃗ 
 = - Rjn

j,i⃗⃗ ⃗⃗   × fct
j,l
 

⃗⃗⃗⃗  ⃗
 2.50 

 

Here, Rj is the radius of the particle. The contribution of the overlap is neglected in the 

calculation of this moment. 

2.4.2.4 Resistive rolling angular momentum 

For the calculation of the resistive rolling angular momentum, a constant torque model 

proposed by Zhou et al.136 is used (Eq. 2.51). 

 

Mr
j,l⃗⃗ ⃗⃗ ⃗⃗ 
 = - μrR

*j,l |fcn
j,l⃗⃗⃗⃗ 
| ωr̂

j,l
 2.51 

 

In this model, the direction of the torque is always opposite to the relative rotation of 

the bodies in contact. μr is the coefficient of rolling friction and ωr̂
j,l

 is the relative 

angular velocity given by the Eq. 2.52 . 

  

ωr̂
j,l = 

ωj⃗⃗⃗⃗  - ωl⃗⃗⃗⃗  

|ωj⃗⃗⃗⃗  - ωl⃗⃗⃗⃗ |
  2.52 

 

2.4.2.5 Attractive forces 

The contact attractive force is important when it is comparable to or greater than the 

gravitational force. In such cases, the normal contact force along with the attractive 

force (fcnwa
j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

 ) is given by the Eq. 2.53.137 

 

fcnwa
j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

= fcn
el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 + fcn
JKR, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

 + fcn
dis, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 2.53 

 

Here, fcn
JKR, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

 is the contact attractive force proposed by Johnson, Kendall and Rob-

erts138 (JKR) and is given by the Eq. 2.54. This model is used by number of studies in 

the literature.137,139 
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fcn
JKR, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

 = - 
3

2
πR*j,lWan

j,i⃗⃗ ⃗⃗   2.54 

 

Here, Wa is the work of adhesion.  

When the attractive forces are considered, the critical force i.e. the force beyond which 

sliding starts is updated from μsfcn
el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

 to μsfcnwa
el, j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

 in the Eq. 2.45.120  

Further, the influences of the attractive forces are considered in the torque due to the 

tangential contact forces (Eq. 2.55). 

 

Mt
j,l⃗⃗ ⃗⃗ ⃗⃗ 
 = - Rjn

j,l⃗⃗ ⃗⃗   × fctwa
j,l

 
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

 2.55 

The resistive rolling angular momentum with the attractive forces is given by the Eq. 

2.56. 

 

Mr
j,l⃗⃗ ⃗⃗ ⃗⃗ 
 = - μrR

*j,l |fcnwa
j,l⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

| ωr̂
j,l

 2.56 

 

 

2.4.3 Multi-sphere DEM modeling  

In the multi-element approach, the complex surface of a particle is constructed by us-

ing sub-elements.21–24 If non-interacting spheres are used as sub-elements it is called 

as the multi-sphere approach. Theoretically, by controlling the sub-spheres (size, po-

sition), the desired particle shape can be generated. The notations used in the multi-

sphere DEM modelling are shown in the Fig. 2.7. 

The governing equations are the same as present in the sec. 2.4. but the complete mod-

elling requires additional calculation of the basic properties (sec. 2.4.3.1). Further vec-

tor additions of the contact forces (sec. 2.4.3.2) and the torques (sec. 2.4.3.3) are 

needed.14,25  

 

 



2 Mathematical Modeling    2.4 Lagrangian formulation 

 

35 

 

 

Fig. 2.7 Graphical representation of the notations used in the DEM multi-sphere modelling. 

 

2.4.3.1 Basic properties  

Mass 

The mass of a non-spherical particle is calculated using the Eq. 2.57. 

  

mj = ∑ mse

Ns

se = 1

 2.57 

 

Here, Ns is the number of sub-spheres in the non-spherical particle, mse is the overlap 

corrected mass of the sub-sphere. 

Center of mass 

The coordinates of the center of mass of a non-spherical particle (X̅j, Y̅j, Z̅j) are given 

by the Eq. 2.58.  

 

X̅j= 
∑ msex̅se
Ns
se = 1

∑ mse
Ns
se = 1

, Y̅j = 
∑ msey̅se
Ns
se = 1

∑ mse
Ns
se = 1

, Z̅j = 
∑ msez̅se
Ns
se = 1

∑ mse
Ns
se = 1

 2.58 

 

xj1⃗⃗ ⃗⃗   

xl2⃗⃗ ⃗⃗   

ωj⃗⃗⃗⃗  

ωl⃗⃗⃗⃗  

nj,l⃗⃗ ⃗⃗   

tj,l⃗⃗⃗⃗  

Vj⃗⃗   

Vl⃗⃗   fct
j,l⃗⃗⃗⃗ 
  

fcn
j,l⃗⃗ ⃗⃗ 
  

fct
j,l⃗⃗⃗⃗ 
  

fcn
j,l⃗⃗ ⃗⃗ 
  

l 

Rl2 δn
j,l

 Z 

X 

Y 

xj2⃗⃗ ⃗⃗   

xl1⃗⃗ ⃗⃗   

Rj2 

j 



2 Mathematical Modeling    2.4 Lagrangian formulation 

  

36 

 

Here, x̅se, y̅se, and z̅se are the overlap corrected components of the center of mass of 

the sub-sphere se. 

Principle inertias 

The principle inertias (Ixxj
ns , Ixxj

ns , Ixxj
ns ) of a non-spherical particle are calculated using the 

Eqs. 2.59-2.61. 

 

Ixxj
ns  = ∑ Ise

Ns

se = 1

+ ∑ mse(yse
2  + zse

2 )

Ns

se = 1

 2.59 

Iyyj
ns  = ∑ Ise

Ns

se = 1

+ ∑ mse(xse
2  + zse

2 )

Ns

se = 1

 2.60 

Izzj
ns  = ∑ Ise

Ns

se = 1

+ ∑ mse(xse
2  + yse

2 )

Ns

se = 1

 2.61 

 

Here, Ise is the overlap corrected inertia of the sub-sphere se. xse, yse and zse are the 

components of the vector between the center of mass of the non-spherical particle and 

the center of mass of the sub-sphere.  

2.4.3.2 Contact forces  

The contact force (fc
j,l⃗⃗⃗⃗ 
) acting on the non-spherical particle j is the vector sum of con-

tact forces acting on all the sub-spheres of that non-spherical particle (Eq. 2.62).  

 

fc
j,l⃗⃗⃗⃗ 
 = ∑ fc

jse,lke⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗
Ns

se = 1

 = ∑ (fcn
jse,lke⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

 + fct
jse,lke⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

)

Ns

se = 1

  2.62 

 

For a contact between the sub-sphere se of the non-spherical particle j and the sub-

sphere ke of the non-spherical particle l, the total contact force (fc
jse,lke⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

= fcn
jse,lke⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

 + 

fct
jse,lke⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

) is calculated based on the already discussed soft-sphere modeling approach 

(secs. 2.4.2.1 and 2.4.2.2).  



2 Mathematical Modeling    2.5 Time steps 

 

37 

 

2.4.3.3 Contact torques 

The theory behind the calculations of the contact torques is already presented for 

spherical particles in the secs. 2.4.2.3 and 2.4.2.4. 

The only differences are: 

1) The vector addition of the tangential torque (Mt
j,l⃗⃗ ⃗⃗ ⃗⃗ 
) as shown in the Eq. 2.63. 

 

Mt
j,l⃗⃗ ⃗⃗ ⃗⃗ 
 = ∑ (- Rjsen

jse,lke⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ × fct
jse,lke

 
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  

)

Ns

se = 1

 2.63 

And, 

2) The Eq. 2.64 representing the rolling torque resistance. 

 

Mr
j,l⃗⃗ ⃗⃗ ⃗⃗ 
 = ∑ (- μrR

*jse,lke |fcn
jse,lke⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗

| ωr̂
jse,lke)

Ns

se = 1

  2.64 

 

2.5 Time steps 

In this section, the various time steps involved in the coupled DEM-CFD simulations 

are discussed.  

In general, 

 

tCFL ≫ Υetres = Nctp  2.65 

 

Here, tCFL and  tres are the Eulerian (fluid) phase time steps based on the Courant-

Friedrich-Levy (CFL) number and the particle momentum response time criteria, re-

spectively. Υe is a fractional value in the range of 0.05 to 0.1.26,31,140 

tp is the Lagrangian phase time step and Nc is the number of Lagrangian phase time 

steps after which the Lagrangian phase solution is coupled with the Eulerian phase 

solution. The value of Nc ranges from 5 to 1000 and is dependent on various factors 

like the void fraction, the particle Reynolds number, etc.11,116 
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2.5.1 Eulerian phase time steps 

The value of the Eulerian phase time step is a fraction of the minimum time step based 

on the Courant-Friedrich-Levy (CFL) number and the particle momentum response 

criteria. 

2.5.1.1 Courant-Friedrich-Levy (CFL) number  

A solver based on the PISO algorithm is used to solve the Eulerian phase. For the 

stability of the PISO algorithm, the Courant-Friedrich-Levy (CFL) number (C0) must 

be less than 1. CFL based Eulerian phase time step is given by the Eq. 2.66.26,31,140 

 

tCFL = 
∆H

|Uf⃗⃗  ⃗|
  2.66 

 

Here, ∆H is the length of the fluid cell in the direction of the flow and Uf⃗⃗  ⃗ is the corre-

sponding fluid velocity.  

 

2.5.1.2 Particle momentum response  

Particle momentum response time is the time required by the particle to respond to the 

changes in the fluid flow. Under the assumption of the Stokes flow, the time required 

by the particle to reach 63.2% of the fluid velocity is given by the Eq. 2.67.116 

 

tres = - 
ρpdp

2

18ηf
ln (1 - 

|Vin⃗⃗ ⃗⃗  ⃗|

|Uf
c⃗⃗⃗⃗ |
)   2.67 

 

 

Here, Vin⃗⃗ ⃗⃗  ⃗ is the initial velocity of the particle, and Uf
c⃗⃗⃗⃗  is the changed velocity of the 

fluid. 

 

 

 

 



2 Mathematical Modeling    2.5 Time steps 

 

39 

 

2.5.2 Lagrangian phase time steps 

The time step for the Lagrangian phase (tp) is given by the Eq. 2.68.11  

 

tp = Υl ∙ min(tRay,  tHer)  2.68 

 

Here, the fraction Υl typically ranges between 0.1 to 0.4.116,124 tRay and tHer are the 

Rayleigh (sec. 2.5.2.1) and the Hertzian (sec. 2.5.2.2) time steps, respectively.  

2.5.2.1 Rayleigh time step 

The particle dynamics is affected by the prorogation of the disturbance waves through 

the body or along the surface of the body. Rayleigh waves are the surface waves which 

carry 2/3rd of the disturbances.141 An estimate of the time required for the Rayleigh 

way to travel the distance between the particle in contact is given by the Eq. 

2.69.11,124,142,143  

 

tRay = 
πRmin

0.613ν + 0.8766
√
ρp

G
  2.69 

 

Here, ρp, ν, G and Rmin are the density, Poison´s ratio, shear modulus and the minimum 

radii of the particles in contact. 

2.5.2.2 Hertzian time step 

The contact force in the soft-sphere DEM approach is based on the assumption that 

there is a slight overlap between the particles in contact. The Lagrangian time step 

should be small enough to capture the overlap. For the Hertzian contact model,126 the 

time interval of overlap is given by the Eq. 2.70.11,124  

 

tHer = 2.86(
(m*j,l)

2

R*j,l(E*j,l)2vnr, max
j,l

)

0.2

  2.70 

 

Here, m*j,l, R*j,l, E*j,l are the equivalent mass radius and Young’s modulus of the par-

ticles in contact. vnr, max
j,l

 is the maximum normal relative velocity. 
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2.6 Void fraction calculation 

The simulation results are sensitive to the calculation of the void fraction. For a fluid 

control volume with np number of particles, the void fraction of the fluid cell can be 

calculated using the Eq. 2.71. 

 

ε = 1 - 
1

Vcell
∑φi

np

i=1

Vpi  2.71 

 

Here, Vcell is the volume of the fluid cell, Vpi is the volume of the particle i. φi is the 

volume fraction weightage of the particle i associated with the fluid control volume. 

φi is 1 when particle is completely inside a fluid control volume. The value of φi must 

be calculated as accurately as possible when the particle is partly in a fluid control 

volume. 

Even though the analytical methods available in the literature144,145 are accurate in cal-

culating the φi, their implementation is challenging for arbitrary shaped particles in 

arbitrary fluid control volumes.11,146  

The non-analytical approaches40,115,147,148 are simpler and can be used for all shapes of 

particles and fluid control volumes. One of the non-analytical method is Divided void 

fraction method. In this method the particle is divided in to smaller sub-regions. Each 

of the sub-region is associated with the weights based on the volume it covers.  

In the following sections, the void fraction calculation based on the Divided void frac-

tion method for the spherical mono-dispersed, the spherical bi-dispersed and the non-

spherical mono-dispersed particles are described in detail. 

2.6.1 Spherical mono-dispersed 

In the Divided void fraction method, each spherical particle is divided into 29 sub-

regions of equal volume. Then the centroids of all the sub regions are calculated. The 

graphical representation of the 29 regions with the corresponding centroids in shown 

in the Fig. 2.8.43 
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Fig. 2.8 Graphical representation of the different regions in the divided void fraction model. 

2.6.2 Spherical bi-dispersed 

The first region is a sphere of radius of 0.0344Ri with the centroid at the center of the 

particle. The next 14 regions are the equally divided regions of an imaginary annular 

volume bounded by the lower radius of 0.0344Ri and the higher radius of 0.8027Ri. 

The locus of centroid of these 14 regions is at 0.62761Ri. Similarly, the next 14 re-

gions are the equally divided regions of an imaginary annular volume with lower ra-

dius of 0.8027Ri and the higher bound of Ri the centroid of these regions lies on the 

locus of 0.90853Ri.
43 Thus, when a particle is partly in a fluid control volume, φi can 

be calculated based on the position of the centroids relative to the fluid cell.43 

For the calculation of the drag force based on the Beetstra drag model (sec. 2.3.4.1), 

the contribution of each size of the particles to the total void fraction must be known. 

Hence, in addition to already available Divided void fraction model a void fraction 

model called as the Divided void fraction big is implemented. This model calculates 

the void fraction contribution of the big size particles (εb) only. 

  

εb = 1 - 
1

Vcell
∑φi

npb

i=1

Vpi  2.72 
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Here, npb is the number of particles in a fluid control volume corresponding to the 

largest diameter. 

The void fraction contribution by the smaller particles (εs ) is calculated using the Eq. 

2.73. 

 

εs = 1 - (εb - ε)  2.73 

 

2.6.3 Non-spherical mono-dispersed 

In the case of the non-spherical particles, the void fraction is calculated based on the 

mathematical formulation given by the Eq. 2.74. 

 

ε = 1 - 
1

Vcell
( ∑ ∑ wseφse

Ns

se=1

Vpi

np

i = 1

)   2.74 

 

In the implementation, the Divided void fraction model is modified to incorporate the 

volume/mass weightage of each sub-element (wse)  which is 0.5 for a non-spherical 

particle with sub-spheres of equal radius and density. The volume fraction weightage 

of the sub-element (φse) is calculated based on the divided void fraction method as 

explained in the sec. 2.6.1. 

2.7 FVM numerical solver 

The pisoFoam solver, available in OpenFOAM is modelled for single phase, incom-

pressible, transient, turbulent flows.31 The piso- in pisoFoam stands for Pressure-Im-

plicit with Splitting of Operators (PISO) algorithm proposed by Issa.149 The discreti-

zation of the governing fluid mass and the momentum equation (PDEs) is based on the 

Finite Volume Method (FVM).26,31,140 

The basic idea behind the PISO algorithm is as follows: 

At low CFL numbers the linear pressure-velocity coupling in the fluid momentum 

equations is much stronger than the non-linear pressure-velocity coupling in the con-



2 Mathematical Modeling    2.8 DEM numerical solver 

 

43 

 

vection term of the fluid momentum equation. Therefore, a number of pressure correc-

tor steps can be performed without updating the discretization of the momentum equa-

tion.140,149,150  

Goniva and Kloss42 have used the framework of the pisoFoam solver and modified it 

for the volume averaged DEM-CFD coupling. This was done by including the void 

fraction in fluid mass and momentum equations and adding a particle-fluid source term 

to the fluid momentum equation.  

For the computational reasons, the particle-fluid source term (Spf⃗⃗ ⃗⃗   ) is decomposed into 

the implicit and the explicit part as shown in the Eq. 2.75. 

 

Spf⃗⃗ ⃗⃗    = - 
|∑ (fd

j⃗⃗ 
)

np
j | Uf⃗⃗  ⃗

Vcell|Uf⃗⃗  ⃗ - 〈V⃗⃗ 〉|
 + 

|∑ (fd
j⃗⃗ 
)

np
j | 〈V⃗⃗ 〉

Vcell|Uf⃗⃗  ⃗ - 〈V⃗⃗ 〉|
 2.75 

 

Here, the first term on the right hand side is the implicit part and the second term is the 

explicit part. This distinction exists because the fluid velocity Uf⃗⃗  ⃗ is the velocity of the 

current fluid time step whereas the cell ensemble averaged particle velocity (〈V⃗⃗ 〉) is 

from the previous DEM time step at which the two solutions were coupled.42,116 

It should be noted that the implemented particle-fluid source term, considers only the 

drag force. The contribution of the pressure gradient and the shear stress force is in-

cluded in the implementation by multiplying the pressure and shear stress in the fluid 

momentum equation with the void fraction of the fluid control volume. The modified 

solver is named as cfdemSolverPiso. This solver is available in the open source library 

CFDEM.43 

2.8 DEM numerical solver 

LIGGGHTS42,124 (LAMMPS Improved for General Granular and Granular Heat 

Transfer Simulations) is an open source DEM solver based on LAMMPS (Large-scale 

Atomic/Molecular Massively Parallel Simulator) written in the C++ programming lan-

guage. LIGGGHTS can be compiled on machines with parallel computation capabili-

ties which supports message-passing parallelism (MPI).124 
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For spherical particles, the soft-sphere approach discussed in the sec. 2.4.2 is already 

available in LIGGGHTS. In a multi-particle system, the soft-sphere approach needs to 

know possible contact pairs (list). Optimizing the creation of a contact list (CL) is itself 

a challenging task. The all-particle-pair11 algorithm is not suitable for systems with 

large number of particles. Therefore, LIGGGHTS uses a cell-based-algorithm which 

is briefly described here. 

The contact list (CL) in LIGGGHTS is prepared by first dividing the whole computa-

tional domain into smaller regions called as bins.42 The size of the bins has a significant 

effect on the computational effort. Each particle in the domain is associated with a bin 

and imaginary boxes slightly larger than the particle are used for searching the possible 

contact pairs. The size of the imaginary box and the velocity of the particle determines 

the frequency to update the CL. For non-contact forces like the lubrication force, the 

search to prepare the CL is carried out for a larger distance (2Rj).
42,124 

2.9 Limitations 

The limitations of the present implementations in the LIGGGHTS-OpenFOAM 

(CFDEM) frame work are listed here. 

1. As volume averaged coupling is used, the local particle-fluid interactions are not 

considered in the mass and the momentum equations of the fluid phase. 

2. The current implementation of the Beetstra93,96 drag model is limited to bi-dis-

persed particles. 

3. In the implementation of the Lu, Wei and Wei97 drag model, the calculation of the 

projected diameter is restricted to two overlapping sub-spheres of equal radii. Fur-

ther, the properties like the volume equivalent diameter, sphericity are manually 

calculated. Hence, very complex shaped non-spherical particles cannot be simu-

lated. 

4. The JKR attractive force138 is considered only when the surfaces are in contact. 

The non-contact attractive/repulsive forces are not considered in the implementa-

tion. 
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3 Experimental Studies  

3.1 Introduction 

In this chapter, the experimentally measured particle-particle/wall coefficient of resti-

tution (en) and the coefficient of sliding friction (μs) are reported. The aim of these 

experiments is to acquire qualitative values or empirical correlations which will serve 

as inputs to the numerical studies. 

3.2 Coefficient of restitution 

There are a few attempts in the literature to quantify the dependency of the coefficient 

of normal restitution (en) to the Stokes number (St).69–73 Here, the coefficient of nor-

mal restitution is defined as the ratio of the particle’s normal velocity after collision to 

the particle’s normal velocity before collision.73,128  For a particle in a viscous fluid, 

the Stokes number (St, Eq. 3.1) represents the comparative strength of the inertial and 

the viscous forces acting on the particle.69,73,128,151 

 

St = 
mVimp

6πηfR
2
 3.1 

 

Here, m, Vimp, R and ηf are the mass, the impact velocity, the radius of the particle and 

the dynamic viscosity of the fluid, respectively.  

Based on the various experimental data available in the literature,69–71,152,153 Legendre 

et al.69 have suggested that the relation between the Stokes number and the coefficient 

of restitution is given by the Eq. 3.2. 
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en = α × exp
 ( - 

β
St
)
 3.2 

 

Here, α and β are the empirical constants. They depend on the factors like the particle 

type (solid/liquid), the particle size, the material (Poisson’s ratio and Young’s modu-

lus), the roughness, the type of contacts (area/point), etc.  

The best fit to the experimental data in the literature is obtained with the values of α 

and β as 0.91 and 35, respectively.69 These are valid for the particles with diameter 

greater than 1000 μm. The typical size of the particles encountered in the packed 

beds/cakes is less than 1000 μm.154 In the present study, we perform the experiments 

to obtain the values of the α and β for the zirconium dioxide particles in the diameter 

range of 200 to 1000 μm. The details of this are provided in the following sections. 

3.2.1 Experimental setup 

The schematic of the experimental setup is shown in the Fig. 3.1. The key components 

of the setup are: 

1) A vacuum nozzle, used to hold a particle. 

2) A PYREX™ glass container155 with a cross section of 10 × 10 mm. 

3) A titanium plate which acts as the bottom of the container. The thickness and the 

average roughness of the plate are 2 mm and 0.64 μm, respectively  

4) A LED light source156 for the illumination. 

5) A high speed digital camera157 with a max frame rate of 42000 fps and a max 

resolution of 1920 x 1280 pixels for recording the particle motion. 

6) A valve used to release the vacuum pressure in the nozzle. 

7) A data storage and processing unit. 
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Fig. 3.1 Schematic of the experimental setup to measure the coefficient of restitution. 

3.2.2 Procedure 

For the measurement of the coefficient of restitution, first the container is filled with a 

fluid (water, ethanol or air). Then a particle of a known material and diameter 

(zirconium dioxide, ρp= 6.06 gm/cm
3, dp = 200 to 1000 μm) is loaded at the tip 

of the vacuum nozzle. Then, the nozzle is lowered to a point where its tip is just below 

the fluid surface. At this point the light source and the camera are switched on. The 

focus of the camera is adjusted and a reference image is stored. Then, with the help of 

the valve, the vacuum pressure in the nozzle is released. This releases the particle, 

allowing it to undergo sedimentation.  

The camera continuously records and stores the frames for post processing. The Fig. 

3.2  shows sample frames of the recording at: 

a) The initial position of the particle (start of the recording). 

b) An intermediate frame showing the particle approaching the bottom plate. 

c) A frame showing the impact of the particle with the bottom plate.  

d) A frame showing the particle after impact. 

The post processing of the recordings is done with the help of a Matlab158 script. The 

Matlab script scales the pixels to the actual distance using a reference image. The ve-

locity of the particle (up⃗⃗⃗⃗ ) is given by Eq. 3.3. 

6) Valve  

Particle  

3) Titanium 

7) Data storage and processing unit 

Power supply 

5) Camera 

Vacuum pump 

4) LED light source 

1) Nozzle 

2) Container 



3 Experimental Studies    3.2 Coefficient of restitution 

  

48 

 

 

up⃗⃗⃗⃗  = dbf⃗⃗⃗⃗  ⃗fr 3.3 

 

Here, dbf⃗⃗⃗⃗  ⃗ and fr are the displacement of the particle between successive frames and the 

frame rate, respectively.  

 

Fig. 3.2 Frames recorded by the camera for a zirconium dioxide particle (dp = 442.37 μm) in 

water. 

 

 

 

a) Initial position of the particle  b) Particle approaching the bottom plate 

d) Particle after impact c) Particle-plate impact 
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3.2.3 Validation 

There are various correlations in the literature159–163 to obtain the terminal velocity of 

a sedimenting particle. The correlation proposed by Turton and Clark163 is given by 

the Eq. 3.4.  

 

ut = 
1

((
18

d*
2  )

0.824

+ (
0.321
d*

)
0.412

)

1.214

(
ρf
2

gηf(ρp - ρf)
)

1/3
 

3.4 

 

Here, ρf and ηf are the density and the dynamic viscosity of the fluid, ρp is the particle 

density. d* is given by the Eq. 3.5. 

 

d* = dp (
gρf(ρp - ρf)

ηf
2

)

1/3

 3.5 

 

The Fig. 3.3 shows the experimentally measured velocity a particle 

(zirconium dioxide, dp = 442.37 μm) in water. The experimentally measured aver-

age terminal velocity (ut
exp
) of this particle (region b, Fig. 3.3) is 15.17 cm/s. It is 

observed that the measured terminal velocity is in close agreement with the Eq. 3.4 

(15.35 cm/s).  

 

 

Fig. 3.3 Measured velocity of a zirconium dioxide particle in water (dp = 442.37 μm). 
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Further, the Fig. 3.4 shows that the experimentally measured sedimentation velocities 

of all the particles are within the ±10 % error associated with the correlations available 

in the literature.159–162 Thus the experimental procedure is validated for the measure-

ment of the particle velocity in a viscous fluid. For the particles in the air, sedimenta-

tion velocity is not achieved so the data is not included in the Fig. 3.4. 

 

 

Fig. 3.4 Comparison of the experimentally measured terminal velocity with the terminal ve-

locity predicted by the  Eq. 3.4. 

 

 

Fig. 3.5 Variation in the coefficient of restitution with respect to the Stokes number.  
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3.2.4 Sources of error 

One of the uncontrollable sources of errors is the inconsistent point/area of impact. 

Even though the position of the vacuum nozzle is fixed, due to the fluid forces acting 

on the particles the point/area of impact cannot be controlled. Under the same condi-

tions, this can lead to different topology of the surfaces in contact and eventually dif-

ferent values of the coefficient of restitution.  

The light source generates heat energy which can influence the properties of the fluid. 

This error is minimized by changing the fluid after each reading.  

Further, the Matlab script processes the data at the pixel scale, this introduce an error 

when the particle and the bottom share a pixel at the point of impact. The cumulative 

error of all these errors is shown in the Fig. 3.5 with the help of the error bars. 

3.2.5 Results and discussion 

The experimental coefficient of restitution is calculated using the Eq. 3.6. 

 

en = 
|up
ai⃗⃗ ⃗⃗  |

|up
bi ⃗⃗ ⃗⃗  ⃗|

 3.6 

 

Here, up
bi ⃗⃗ ⃗⃗  ⃗ and up

ai ⃗⃗ ⃗⃗  ⃗ are the velocities of the particle before and after the impact (Fig. 

3.3). 

The Fig. 3.5 shows the variation of the coefficient of the normal restitution (en) with 

respect to the Stokes number (St). It is observed that the zirconium dioxide particles 

do not show any appreciable coefficient of restitution for a Stokes number less than 7 

(part a, Fig. 3.5). Whereas, for the Stokes number greater than 1000 the coefficient of 

restitution has an average value of 0.846 (part c, Fig. 3.5). This value corresponds to 

dry coefficient of normal restitution. In the experiments the maximum achived impact 

velocity was 56 cm/s. The coefficient of restitution shows a huge variation from 0 to 

0.72 for the Stokes number in the range of 7 to 250 (part b, Fig. 3.5). The Eq. 3.7 is 

based on the regression analysis of the experimental data and captures the complete 

variation.  
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en = 0.846 × exp
(- 
34.8
St

)
 3.7 

 

This equation is similar to the one obtained by Legendre et al.69 but the values of the 

coefficient of restitution for zirconium dioxide particles (dp= 200 - 1000 μm) are 

lower by 8%. 

The possible reasons are:  

a) The data used by Legendre et al.69 was based on the glass particles larger than 1000 

μm. Here, zirconium dioxide particles in the range of 200 to 1000 μm are used. 

b) The roughness of the particles used by Legendre et al.69 is not known. The zirco-

nium dioxide particles used in the present experiments have an average roughness 

of 0.01 times the particle radius. 

c) For the micron sized particles, the inertial forces are comparable to the attractive 

forces. The presence of the attractive forces provides additional damping when the 

surfaces are in contact. This results in a lower value for the coefficient of restitu-

tion. 

d) The initial energy to the particle in the experimental data70 used by of Legendre et 

al.69 was provided with the help of a string attached to the particle (pendulum like 

motion). In this case, the gravitational force was acting in the tangential direction 

to the point/area of contact. In the present configuration it acts in the perpendicular 

direction to the point/area of contact. This difference in the direction of the gravi-

tational force also contributes for lower values of the coefficient of restitution rec-

orded in our experiments. 

3.3 Coefficient of sliding friction 

When the bodies in contact have a sliding motion, a resistance is offered by the contact 

point/area at rest (static) and during the sliding (kinetic) of the bodies.164–166 For the 

dry surfaces in contact, large data sets74,75 for the coefficient of sliding friction (μs) 

are available in the literature.  

There are very few studies in the literature which report the coefficient of sliding fric-

tion between the particles in the presence of the fluid. In the experimental study of 

Joseph and Hunt72 the theory of oblique impacts153,167 was used to study the effect of 
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the surrounding liquid on the coefficient of the sliding friction. The theory of oblique 

impacts, needs the measurement of the particle velocities (the linear and the angular 

velocities). Some of techniques to measure the particle velocities are:  

1. Connecting a string to a particle (pendulum motion). The trajectory of the string 

can be used to calculate the linear and angular velocities. 

2. Marking the particle with the reference points. The linear and the angular velocities 

are calculated by tracking the reference points. 

Both these techniques are not practical for the micron sized particles (250 to 

1000 μm). Hence, we use a technique where the normal sliding force is measured. The 

details of this technique are presented in the following sections. 

3.3.1 Experimental setup 

The schematic of the experimental setup is as shown in the Fig. 3.6. It consists of:  

1) A top open box (stainless steel, 220 × 80 × 5 mm, Fig. 3.7). 

2) A top plate (60 × 60 × 10 mm, Fig. 3.7). 

3) Adjustable weights (W, 17.78, 22.95 and 26.08 N), for the application of the nor-

mal load. 

4) A string to pull the top plate at a constant shear velocity. 

5) A force measurement device,168 with a max measurable force of 49.05 N. 

6) A data storage and processing device. 

 

 

Fig. 3.6 Schematic of the experimental setup to measure the sliding coefficient. 
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Fig. 3.7 Top view of the top open box and the top plate. 

 

3.3.2 Procedure 

For the measurement of the coefficient of sliding friction, mono-dispersed zirconium 

dioxide particles (dp= 250 - 1000 μm) are glued169 to the top plate such that the sur-

face of the plate is occupied by the particles and only a single layer of particles is 

formed (Fig. 3.8). The particles are also glued to the bottom plate of the top open box 

when the particle-particle sliding friction is measured.  

A string which applies a shear force (fs⃗⃗ ) is connected to the top plate. Then the top 

plate is placed on the bottom plate. This is followed by the placement of the weights 

on the top plate. The other end of the string is connected to the force measurement 

devices.168 

The force measurement device pulls the top plate to a distance (Xs) of 80 mm. The 

sliding shear velocity (Us) of 1 mm/s is maintained. Wet conditions are obtained by 

filling the top open box with water up to a height of 2 mm.  
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Fig. 3.8 Top plate with glued zirconium dioxide particles (dp = 250 μm). 

 

3.3.3 Sources of error 

Errors can arise due to the inconsistent distribution of the normal load (weights) to the 

particles. This error is minimized by taking readings at 3 different weights (W, 17.78, 

22.95 and 26.08 N) and each experiment is repeated 3 times. The difference in the 

surface roughness and the number of contacts can affect the shear force. The sensitivity 

of such factors is minimized by using a sufficiently large number of mono-dispersed 

particles on the top and bottom plate. 

3.3.4 Results and discussion 

The shear force (fs⃗⃗ )  required to sustain a constant shear velocity (Us) of 1 mm/s is 

recorded by the force measuring device. The Fig. 3.9 shows a sample recording of the 

measured and the averaged shear force (fs⃗⃗ ) for the particles (dp = 1000 μm) in con-

tact with the plate in the wet conditions. Fluctuations are observed in the measurement 

of the shear force. This is due to the well-known stick-slip phenomenon for two sliding 

surfaces.170  

The values of the calculated coefficient of sliding friction based on the measured shear 

forces are given in the Annexure A.1. The summary of the measured coefficient of the 

sliding friction is given in the Table 3.1. 
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Fig. 3.9 A typical shear force displacement curve for the particle (zirconium dioxide 

dp = 1000 μm) -plate in a wet contact. 

 

Table 3.1 Summary of the experimentally measured coefficient of the sliding friction. 

Object 1 Object 2 Contact Average coefficient of friction 

- - - μs 

Particles Plate Dry 0.252 

Particles Plate Wet 0.222 

Particles Particles Dry 0.301 

Particles Particles Wet 0.285 

 

It is observed that, in general the coefficient of sliding friction between the particle-

plate is lower that the particle-particle contact. Further, there is only a slight reduction 

in the coefficient of the sliding friction due to the presence of water.  

This can be explained as follows, the thickness of the fluid present between the sur-

faces in contact is given by the Eq. 3.8.171 
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Here, R, ηf, Us, W and E* are the radius of the particle, the dynamic viscosity of the 

fluid, the sliding velocity, the normal weight and the effective Young’s modulus, re-

spectively. η̂ is the strained viscosity which is calculated using Eq. 3.9. 172 

 

η̂ = 

(
ηf
P

ηf
0)

1
16

 - 1 

P
 

3.9 

 

Here, ηf
0 and ηf

P are the dynamic viscosity of the fluid at a reference pressure (0) and 

at the contact pressure (P), respectively. Based on the data for water given by Cooper 

and Dooley,173 the calculated value of η̂ is less than 1.7×10-11 suggesting that under 

the present experimental conditions, there is no layer (hm ≈ 0) of water between the 

surfaces in contact.  

Thus, the conducted experiments and the theory in the literature suggest that the pres-

ence of water has an insignificant amount of effect on the values of the coefficient of 

sliding friction.  

The values of the coefficient of sliding friction obtained from the experiments are use-

ful input parameters in the DEM-CFD simulations. 
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4 Numerical Studies 

4.1 Introduction 

The details of the numerical studies based on the volume averaged DEM-CFD ap-

proach are reported in this chapter. At first the simulation setup is described. Followed 

by an exercise to find an optimal ratio of the fluid cell size to the particle diameter. 

Thereafter, the implemented lubrication model is verified by comparing the coefficient 

of restitution predicted by the simulations to the experimentally measured values in 

the previous Chapter.  

Then, the influence of the various factors on the packed beds/cakes is numerically 

studied. The types of particles considered in the numerical study are: 

1) Spherical mono-dispersed 

2) Spherical bi-dispersed 

3) Non-spherical mono-dispersed 

Based on the simulation data, correlations between the input parameters and the mac-

roscopic properties (void fraction) are obtained. 

4.2 Simulation setup 

The simulation setup is defined by the domain configuration, the boundary and the 

initial conditions for the fluid and the particle phase.  For the particle phase, the method 

used to generate the initial position of the particles is also important. The details de-

scribing the simulation setup are presented in this section.  
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4.2.1 Domain configuration, boundary and initial conditions 

The boundary conditions for the vertical faces of the domain are periodic for both the 

phases. The periodic condition for the particle phase allows the particle-particle inter-

actions between the particles that may be in contact across the vertically opposite faces 

and if the particle center crosses the vertical face, it re-enters from the vertically oppo-

site face.42 For the particles the bottom face acts as a wall in all the simulations.  

In the sedimentation simulations, the fluid boundary conditions at the top and the bot-

tom face are set to outlet and wall, respectively. Whereas in the simulations where the 

consolidation of the packed bed/cakes due to the fluid forces is studied, the top face 

has a prescribed constant inlet velocity (Uf
inlet⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ) and a pressure outlet boundary condi-

tion is prescribed for the bottom face. The acceleration due to gravity acts in the neg-

ative Z direction. 

The graphical representation and the mathematical formulation of the boundary con-

ditions are provided in the Fig. 4.1 and the Table 4.1, respectively. 

 

4.2.2 Initial condition of the particles 

The initial positions of all the particles are randomly generated in the whole computa-

tional domain at the first particle (DEM) time step. The Park-Miller174 algorithm is 

used for the generation of the particle positions with an additional criteria that the ini-

tial position of the particles is such that the particles should not overlap. At first all the 

big particles are generated based on the specified mass fraction ratio of the mixture at 

the randomly generated particle center positions. This is followed by the generation of 

the small particles based on the mass fraction ratio. On each of the processor assigned 

to the sub-domains, the random generation is carried out to reproduce the same distri-

bution of the mass fraction/position of the particles. A sample of randomly generated 

particles is shown in the Fig. 4.1. The initial velocities of the particles are set to zero.  
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Table 4.1 Fluid phase boundary conditions 

Case Top Bottom 

 

Vertical sides 

p Uf p Uf 

Sedimentation p = 0 ∇∙(Uf⃗⃗  ⃗) = 0 ∇p = 0 Uf⃗⃗  ⃗ = 0 
Periodic 

Consolidation ∇p = 0 Uf ⃗⃗ ⃗⃗  = Uf
inlet⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ p = 0 ∇∙(Uf⃗⃗  ⃗) = 0 

 

 

Fig. 4.1 The computational domain, the initial conditions and the boundary conditions for the 

particle and the fluid domain. 
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4.3 Spherical particles 

4.3.1 Fluid cell size effect 

In the volume averaged Eulerian-Lagrangian coupling, the cell size (h) of the fluid cell 

(control volume) must be much larger than the particle diameter (dp). Studies in the 

literature have shown that the fluid cell affects the accuracy of the predictions. The 

single particle momentum response and the volume averaging of the properties are the 

two major criteria for which the cell size must be optimized. Therefore, two sets of 

numerical studies are carried out to find the optimal cell size to the particle diameter 

ratio. These studies are presented in the following sections.  

4.3.1.1 Particle momentum response 

In the first study, the effect of the fluid cell size on the particle momentum response is 

studied. This is done by comparing the sedimentation velocity of a particle 

(dp= 250 μm, ρp= 6.06 g/cm
3) with the semi-empirical prediction by the Eq. 3.4.163  

The fluid considered here is ethanol (ρf = 0.789 gm/cm
3, ηf = 0.0011 Pa∙s). 

The Fig. 4.2 shows that, for the cell size to particle diameter ratio (h dp⁄ ) of 1, the 

particle velocity has an increasing trend accompanied by unrealistic oscillations. When 

the ratio is 2 the particle velocity stabilizes, but there are some unrealistic oscillations. 

For the ratio of  2.5, the magnitude of the unrealistic oscillations is reduced and the 

particle velocity stabilizes around a value of 8.38 cm/s this is higher than the terminal 

velocity of 8.19 cm/s predicted by the semi-empirical Eq. 3.4.163  For the ratio of  3 

the unrealistic oscillations are minimal and the particle velocity stabilizes around a 

value of 8.17 cm/s. This is in close agreement value predicted by the Eq. 3.5. For 

h dp⁄ = 5 there are no oscillations, but the terminal value predicted by the simulations 

is 8.38 cm/s. 

Thus, the studies show that the cell size to particle diameter ratio (h dp⁄ ) of 3 is suffi-

cient enough to predict the particle momentum response. 
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Fig. 4.2 Effect of the fluid size on the terminal velocity of a particle. 

 

4.3.1.2 Volume averaging of the properties 

In the second study, the effect of the fluid cell size on the volume averaged properties 

is studied by comparing the pressure drop per unit height predicted by the DEM-CFD 

simulations with the Ergun equation (Eq. 4.1). 

 

∆P

H
 = 182

ηf(1 - ε)
2Uf

ε3dp
2

 + 1.92
(1 - ε)ρfUf

2

ε3dp
 4.1 

 

Here, ηf, Uf and ε are the dynamic viscosity, velocity and the void fraction of the fluid 

phase. dp is the particle diameter and H is the height of the packed bed/cake. 

The simulations are carried out in two stages.  

First stage 

In the first stage of the simulations, a packed bed/cake is formed by sedimenting the 

mono-dispersed zirconium dioxide particles (Table 4.2) under the influence of the 

gravitational force only. The formed packed bed/cake has an average void fraction of 

0

2

4

6

8

10

0 0.01 0.02 0.03 0.04 0.05 0.06

t (s)

V
(c
m
/s
)

⁄h dp = 1

⁄h dp = 2

⁄h dp = 2.5

⁄h dp = 3

⁄h dp = 5



4 Numerical Studies    4.3 Spherical particles 

  

64 

 

0.403 which is calculated using the height (H) measured as the position (z component) 

of the topmost particle. 

Table 4.2 Simulation parameters used in the study to investigate the effect of cell size on 

the volume averaged properties  

Property Symbol Values 

Coefficient of restitution (-) en  0.1 

Coefficient of rolling friction (-) μr 0.002 

Coefficient of sliding friction (-) μs 0.3 

DEM time step (s) tp 5×10 - 7 

Particle diameter (μm) dp 250 

Poisson's ratio (-) ν 0.3 

Total mass of the particles (g) mp 10 

Young’s modulus (GPa) E 0.1 

 

Second stage 

In the second stage the packed bed/cake bed is subjected to a fluid flow (ethanol, 

ρf = 0.789 gm/cm
3, ηf = 0.0011 Pa∙s, Uf = 0.01 cm/s). The fluid boundary condi-

tions corresponding to the consolidation case (Table 4.1) are employed. The fluid cell 

size is varied and the pressure drop predicted by the DEM-CFD simulations are re-

ported in the Table 4.3. 

Table 4.3 Effect of the fluid cell size to the particle size ratio on the pressure drop predicted 

DEM-CFD simulations 

h dp⁄  

(-) 

Pressure drop per unit height 

(Pa/m) 

Error 

(%) 

 DEM-CFD Eq. 4.1  

2 16526.22 

17437.44 

 

5.23 

2.5 16945.18 2.82 

3 17398.92 0.22 

5 17405.09 0.18 

 

It is observed that as the fluid cell size to the particle size ratio increase, the percentage 

error in the pressure drop per unit height is decreased. For the fluid cell size to the 
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particle size ratio of 3 the error is less than 1 %. Further for the ratio of 5 the decreases 

in the error is minimal. Feng175 has suggested that cell size to the particle diameter 

ratio of 23 predicts the volume averaged properties with the least error and there is no 

certainty that an increase in the cell size will decrease the error. This is because in the 

study of Feng,175 the void fraction of the fluid cell is calculated by assuming that the 

complete particle is in the fluid cell where its center lies. This assumption introduces 

large errors in the calculation of the volume averaged properties.  

In the present study, the void fraction is calculated using the divided void fraction 

method (sec. 2.6) which has a higher accuracy in the prediction of the volume averaged 

properties. Therefore, very high cell size to the particle diameter ratio is not required. 

Thus, these studies have shown that the particle diameter ratio (h dp⁄ ) of 3 is a rea-

sonable choice for the volume averaged DEM-CFD coupling. Therefore, this ratio is 

used in the simulation studies. 

4.3.2 Lubrication force 

The Fig. 4.3 shows that the coefficient of the normal restitution (en) predicted by the 

classical lubrication theory73,127 is much higher than the value obtained in our experi-

ments (sec. 3.2). This is due to two main reasons: 

1) At higher Reynolds number (>3) the effect of the lubrication force is amplified and 

an amplification factor must be considered in the modeling of the lubrication force. 

2) The influence of the surface roughness of the particles must be considered in the 

theoretical modeling and numerical simulations.  

In the DEM-CFD simulation these two effects are considered. The mathematical mod-

elling of this is already presented in the sec. 2.4.1. 

In the DEM-CFD simulation, a zirconium dioxide particle (dp= 200 - 800 μm) is al-

lowed to sediment in ethanol. The average roughness of the zirconium dioxide particle 

is assumed to be 0.01 times the particle radius. The particle-wall contact coefficient of 

restitution is set to an experimentally obtained value of 0.846. The effective coefficient 

of normal restitution (lubrication + contact) in the DEM-CFD simulations is calculated 

using the Eq. 4.2. 
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en = 
|up
al⃗⃗ ⃗⃗  |

|up
bl ⃗⃗ ⃗⃗  ⃗|

 4.2 

 

Here, up
bl ⃗⃗ ⃗⃗  ⃗is the particle velocity just before it enters the lubrication region and up

bl ⃗⃗ ⃗⃗  ⃗ is 

the particle velocity after it comes out of the lubrication region.  

 

 

Fig. 4.3 Comparison of the normal restitution predicted by the DEM-CFD with the experi-

mental measurements. 

 

The Fig. 4.3 shows that the coefficient of the normal restitution predicted by the DEM-

CFD is in close agreement with the experimental fit given by the Eq. 3.7. Thus, the 

mathematical model for the lubrication force and its implementation is validated 

4.3.3 Sedimentation of mon-dispersed particles 

4.3.3.1 Effects of the input parameters 

The DEM simulations can predict the particle dynamics if the used contact model cor-

rectly describes the particle-particle/wall interactions and the input parameters of this 

model are close to the real material properties.14,176–178  
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The input parameters are listed as: 

1. The Poisson’s ratio (ν) and the Young’s modulus (E) representing the elastic stiff-

ness of the particles. 

2. The coefficient of normal restitution (en) describing the energy loss due to viscous 

or plastic contact deformation.  

3. The coefficients of frictions characterizing the sliding (μs) and rolling resistances 

(μr). 

4. The work of adhesion (Wa) which is a parameter in an adhesion model to consider 

the attractive forces.  

The sensitivities of these input parameters are discussed in the following sections. 

 

4.3.3.2 Effects of the Young’s modulus 

The value of Young’s modulus for glass spheres is in the range of 1 to 200 GPa.179–181 

Such high values of Young’s modulus will lead to a lower contact time and a higher 

computational effort for the DEM simulation whereas a lower Young’s modulus will 

reduce the computational effort but will increase the overlap. When the overlap is high, 

the void fraction is misrepresented. This affects the fluid velocity, the pressure fields 

and the interphase momentum transfer. As a thumb rule to avoid such misrepresenta-

tion, overlap should not exceed 2 % of the particle diameter. Based on the overlap 

criteria, a study by Norouzi et al.11 has shown that for non-cohesive particles a Young’s 

modulus in the range of 0.1 to 1 GPa is a good compromise between the computational 

effort and the accuracy. 

The Young’s modulus with a value of 0.1 GPa, Poisson's ratio of 0.3, and particle 

density of 2.5 g/cm3 are used in the simulations where contact attractive force is ne-

glected. Here, the choice of the Young’s modulus and the Poisson’s ratio in the simu-

lation is justified as the change in the void fraction with the increase in the Young’s 

modulus (0.1 to 1 GPa) for the mono-dispersed glass particles (Details in Table 4.4) 

falling under the influence of the gravity (in the absence of the fluid forces) is 0.0018. 
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Table 4.4 Simulation parameters used in the study to investigate the effect of the Young’s 

modulus on the void fraction of packed beds.  

Property Symbol Values 

Coefficient of restitution (-) en 0.91 

Coefficient of rolling friction (-) μr 0.002 

Coefficient of sliding friction (-) μs 0.3 

DEM time step (s) tp (10 - 7, 10 - 8) 

Total mass of the particles (g) mp 2.9321 × 10 - 3 

Particle diameter (μm) dp 40  

Work of adhesion (mJ/m2) Wa (0, 5) 

 

For the cohesive particles, Liu et al.182 have shown that the prediction of properties 

like the minimum fluidization velocities are sensitive to the value of the Young’s mod-

ulus. In such cases, an appropriate scaling parameter139 (e.g. cohesion number) is used 

in this work to address the effect of the Young’s modulus (sec. 4.3.3.5). 

 

4.3.3.3 Effects of the coefficient of restitution 

The value of the coefficient of restitution can either be calculated for each particle 

based on the lubrication theory (sec. 2.4.1) or a constant equivalent value for all the 

particles calculated using the Eq. 3.2 could be used.  

Both the approaches are explored to find out their influence on the final void fraction 

of the packed bed/cake. The glass particles (ρp = 2.5 g cm3⁄ , dp = 40 μm, 

mp= 5.856×10
-4 g ) are allowed to sediment in water. The coefficient of the sliding 

and rolling frictions are set to 0.6 and 0.02, respectively. The final void fraction of the 

sedimented packed bed/cake and the corresponding computation time is shown in the 

Table 4.5. 
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 Table 4.5 Effect of the coefficient of restitution on the void fraction and the computation 

time  

Case Void fraction Computation time 

(-) (-) (hrs) 

Constant equivalent value 0.439 104 

Lubrication theory 0.438 240 

 

It is observed that the final void fraction in both the cases is nearly equal, but the com-

putation time in the case where the coefficient of restitution is calculated using the 

lubrication theory is 2.33 times the case in which an average constant restitution is 

used. Thus, it can be concluded that using a constant equivalent coefficient of restitu-

tion is a cheaper alternative in terms of the computational effort. 

4.3.3.4 Effects of the coefficient of frictions 

The sensitivity of the friction (sliding and rolling) on the void fraction of a mono-

dispersed filter cake is investigated here by performing simulation studies. The sedi-

mentation experiments of Onoda and Liniger57 are used as a reference for the sensitiv-

ity analysis of the coefficients of friction. The particle diameter in these experiments 

was 250 μm, and the particle-particle interactions were dominated by the sliding and 

rolling mechanisms. Hence, attractive forces are neglected in the simulations. The sim-

ulations are performed under the sedimentation conditions. The fluid properties 

(ρf = 1.01 g/cm
3, ηf = 1.03 mPa∙s) corresponding to glycerin with 5 % water at a 

temperature of 25℃ are used.183 Details of the other parameters used in this study are 

given in the Table 4.6. 

 

Table 4.6 Simulation parameters used in the study to investigate the effect of friction coeffi-

cients on the void fraction of the mono-dispersed glass particles 

Property Symbol Values 

Coefficient of sliding friction (-) μs (0.03, 0.1, 0.3, 0.6, 0.9) 

Coefficient of rolling friction (-) μr (0.002, 0.02, 0.2) 

DEM time step (s) tp 10 - 6 

Fluid time step (s) tf 2 × 10 - 4 

Total mass of the particles (g) mp 0.71 
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The Fig. 4.4 shows the variation of the void fraction with respect to the coefficients of 

sliding and rolling friction obtained by DEM-CFD simulation. The void fraction in-

creases with the increase in the coefficients of frictions. There is a considerable in-

crease in the void fraction (∆ε = 0.041) when the values of the coefficients of friction 

are increased from nearly frictionless (μs = 0.03, μr = 0.002, ε = 0.379) to a consid-

erable frictional resistance (μs = 0.3, μr = 0.002, ε = 0.42).  

 

 

Fig. 4.4 The effect of the coefficients of sliding (μ
s
) and rolling (μ

r
) friction on the void frac-

tion (ε) of a filter cake.  

 

This can be explained as follows, when the coefficients of friction are low (μs = 0.03, 

μr = 0.002) the particles slide and roll over each other to form a dense packing, 

whereas higher values of coefficient of frictions offer higher resistance to sliding and 

rolling which results in a bridge like structure. The formation of the particle bridges 

results in a higher value of void fraction. 

It is also observed that the effect of the coefficient of rolling friction is negligible for 

the values of coefficient of sliding friction less than 0.6. Setting the coefficient of slid-

ing and rolling friction to 0.6 and 0.002, respectively, gives a void fraction of 
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0.43 - 0.001
+ 0.001 (deviation based on the difference in height measurements in the 5 differ-

ent simulations by changing the initial seed of the random generator). The sedimenta-

tion experiments of Onoda and Liniger57 have shown that the packing of similar mono-

dispersed spherical glass particles result in a void fraction of 0.43 - 0.001
 + 0.003. This value is 

higher as compared to the similar experiments under dry conditions performed by Scott 

and Kilgour.56 This is due to the presence of the liquid in the experiments of Onoda 

and Liniger57 which leads to lower energy of the particles before impact (lower sedi-

mentation velocity). This lower energy before the impact and the loss of energy during 

impact restricts the movement (sliding, rolling) of the particles leading to a higher void 

fraction.   

The Eq. 4.3 represents a correlation between the void fraction (ε) and the coefficients 

of frictions (μs, μr). This equation is based on a regression analysis of the simulation 

data. 

 

  

ε

ε*
 = 

11.651 + 1.162 (
μs + μr
μs
* + μr

*)
1.496

11.865 + (
μs + μr
μs
* + μr

*)
1.496  4.3 

 

 

Here ε*, μs
*, and μr

* are the minimum void fraction (0.379) corresponding to the mini-

mum values of the coefficient of sliding (0.03) and rolling friction (0.002), respec-

tively.  

The Fig. 4.5 shows a comparison between the simulation results and the approximation 

according to Eq. 4.3, which can be used to predict the void fraction in the absence of 

the attractive forces. 
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Fig. 4.5 Fit of the model in Eq. 4.3 to the DEM-CFD simulation results. 

4.3.3.5 Effect of the attractive forces 

Numerical studies in the literature60,63,184 have shown that higher the ratio of the parti-

cle-particle attractive forces to the gravitational force, higher is the void fraction of the 

packed bed/cake. In DEM, the particle-particle attractive forces are calculated based 

on the JKR theory and lower values of Young’s modulus are used in order to reduce 

the computational effort. The correlations available in the literature60,63,184 do not con-

sider the effects due to the models used in the simulations and the compromised 

Young’s modulus. In this study, these influences  are considered by using the cohesion 

number given by the Eq. 4.4.139 

 

 Cn = 
0.211

(ρp- ρf)g
(

Wa
5

(E*)2(R*)8
)

1/3

  4.4 

 

Here, Wa is the work of adhesion, E* and R* the effective Young’s modulus and the 

effective radius of the particles in contact. ρf is the fluid density. The derivation of the 

cohesion number corresponding to the JKR theory is found in the work of Behjani et 

al.139 Simulations are carried out to find a correlation between the void fraction of the 

packed bed/cake.  
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In the simulations, glass particles (ρp= 2.5 g cm3⁄ , dp = 160 μm, mp= 0.03211 g , 

μr = 0.002, en = 0.1) are allowed to sediment in the water (ρf  = 1 g/cm
3 and 

ηf = 1 mPa∙s) and the cohesion number is varied by changing the work of adhesion. 

Based on the regression analysis of the simulation data, a correlation  between the void 

fraction and the cohesion number is given by the Eq. 4.5. 

 

 ε = 
0.0579ε*+ 0.7Cn0.4731

0.0579 + Cn0.4731
  4.5 

 

Here, ε*= 0.438 is the void fraction of the packed bed/cake at Cn = 0. The comparison 

between the void fraction predicted by the Eq. 4.5 and the simulations is shown in the 

Fig. 4.6. Further, the void fraction is sensitive to the coefficient of friction and a lower 

void fraction is achieved with a decrease in the coefficient of frictions (Fig. 4.6).  

 

 

Fig. 4.6 Variation of the void fraction and the mean coordination number with respect to the 

cohesion number. 
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simulated packed beds/cakes the coordination number has a frequency distribution as 

shown in the Fig. 4.7.  It is observed that most of the particle in a packed bed/cake 

have the coordination number in the range of 3 to 7. The cohesion number influence 

the distribution of the coordination number. In general, the mean coordination number 

decreases with an increase in the cohesion number. 

 

 

Fig. 4.7 The frequency distribution of the coordination number. 

 

Based on the simulation data, the Eq. 4.6 shows the relationship between the mean 

coordination number and the cohesion number.  

 

N ̅= 
5.033 + 158982Cn

1 + 35838Cn + 827082Cn2
  4.6 

 

The Fig. 4.8 shows the force network of the packed beds/cakes at the cohesion number 

of 0 and 0.001638. Here the solid lines are the connections between the centers of the 

particles in contact through which the forces are transmitted. 
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Fig. 4.8 Force network of the packed beds/cakes. 

 

The magnitude of the force in the lower layers is higher. This is because the particles 

in the lower layers have to support the weights of the particles in the layer above them. 

Further, the particle-particle attractive force increases the magnitude of the forces in 

the links resulting in the stability of the packed bed/cake at a higher void fraction. 

4.3.3.6 Consolidation due to the fluid forces 

The effects of the flow conditions on the packed beds/cakes are studied by first creating 

packed beds/cakes (particle structures) where the gravitational force is considered and 

the fluid and the attractive forces are neglected. The formed dry packed beds/cakes are 

subjected to different flow conditions by providing different fluid velocities at the top 

face (consolidation simulations). Depending on the fluid flow through the filter cake 

and the particle-particle interactions, the particles are free to re-arrange which can re-

sult in a change in void fraction (consolidation). 

The pressure drop per unit height across the mono-dispersed particle structure formed 

due to glass particles with the properties given in Table 4.6 is studied. The particles 
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without the fluid forms a dry packed bed/cake with a void fraction (εd) of 0.41 when 

the coefficient of sliding and rolling friction are set to 0.6 and 0.002, respectively. 

The fluid is assumed to be glycerin with 5 % water at a temperature of 25℃ 

(ρf = 1.01 g/cm
3, ηf = 1.03 mPa∙s).  

The pressure drop per unit height based on the initial void fraction at different Reyn-

olds numbers (Eq. 4.7) using the Ergun equation47 (Eq. 4.1) are plotted in the Fig. 4.9. 

 

 

Rep= 
ρfUf〈dp〉

ηf
 4.7 

 

 

Fig. 4.9 Comparison of the pressure drop obtained with the DEM-CFD simulations, Ergun 

equation with dry void fraction (0.41) and with void fraction predicted by DEM-CFD simu-

lations and Eq. 4.8. 
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Fig. 4.9 shows that the for Reynolds number less than 29, the simulated pressure drop 

per unit height is in agreement with the one calculated using the initial void fraction of 

the dry packed bed/cake in the Ergun equation47 but for the Reynolds number greater 

than 29 the pressure drop calculated using the Ergun equation is lower than the DEM-

CFD prediction. The higher pressure drop per unit height obtained in the simulations 

is due to the consolidation of the packed bed/cake owing to the fluid forces.  

The evidence of consolidation can be seen from the variation of the void fraction ratio 

(ε εd⁄ ) with respect to the Reynolds number (Fig. 4.9) where a considerable drop is 

observed in the void fraction for a Reynolds number greater than 29. The Eq. 4.8 rep-

resents a correlation for the final consolidated void fraction (ε). 

 

ε

εd(0.41)
 = 

0.998 - 0.01048∙Rep

1 - 0.0104∙Rep+ 0.0000264∙Rep
2
 5 < Rep < 29

 0.964 - 0.00109∙Rep+
24.135

Rep
2

29 ≤ Rep < 80

 4.8 

 

Here, εd (0.41) is the initial dry void fraction.  

The Fig. 4.9 also shows the use of the Eq. 4.8 to predict the consolidation effect ob-

served in the DEM-CFD simulations for the Reynolds number in the range of 5 to 80, 

beyond which the coefficient (182, 1.92) suggested by Fand et al.123 are not valid and 

the pressure drop per unit height is lower than the DEM-CFD simulations. It should 

also be noted that the Eq. 4.8 is valid when the coefficient of sliding friction is 0.6. 

The consolidation of the formed packed bed/cake is also sensitive to the coefficient of 

friction. In order to understand this sensitivity further simulations are performed, the 

coefficient of sliding friction is varied and is set to values of 0.3 and 0.1 (Table 4.6).  

The initial void fractions of the packed bed/cake formed under dry conditions with the 

coefficient of frictions 0.3 and 0.1 are 0.403 and 0.381, respectively. 

The formed dry packed beds/cakes are subjected to different fluid flow conditions. The 

pressure drops per unit height and the corresponding void fractions are shown in the 

Fig. 4.10. It is observed that the Reynolds number beyond which a considerable con-

solidation is observed decreases from 29 (μs = 0.6)  to 21.75 (μs = 0.3)  and 14.75 
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(μs = 0.1). Further, for the same Reynolds number the formed packed bed/cake un-

dergoes greater amount of consolidation with the reduction in the coefficient of sliding 

friction. 

The consolidated void fraction reaches a value of 0.2626 (ε εd⁄ = 0.687) at the Reyn-

olds number of 58, when the coefficient of friction is set to 0.1. This value is very 

close to the lowest theoretical value of 0.259 (random packing for mono-dispersed 

spheres).185 Hence, in order to adhere to the theoretical limit the pressure drop per unit 

height beyond the Reynolds number of 58 is calculated by using the void fraction  

value of 0.259 in the Ergun equation (Fig. 4.10).  

      

 

 

Fig. 4.10 Effect of the fluid flow condition and the coefficient of sliding friction on the 

consolidation of the packed bed/cake 
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4.3.4 Sedimentation of the bi-dispersed particles 

4.3.4.1 Effects of the mass fraction and the attractive forces 

In this section, the effects of the mass fraction and the attractive forces on the formation 

of the packed bed/cake are discussed. The particle size ratio (db : ds) is 4  : 1. The 

particles are sedimenting in glycerin (ρf = 1.01 g/cm
3, ηf = 1.4 mPa∙s) with 5 % wa-

ter at a temperature of 11.5 oC.183 The parameters used in this study are summarized 

in Table 4.7. 

 

Table 4.7 The particle parameters to study the effect of attractive force 

Property Symbol Values 

Coefficient of sliding fric-

tion (-) 
μs (0.3, 0.6) 

Coefficient of rolling fric-

tion (-) 
μr 0.02 

Big particle dia. (μm) dpb 160 

Small particle dia. (μm) dps 40 

Work of adhesion (mJ/m2) Wa (0, 5) 

DEM time step (s) tp 10 - 7 

Fluid time step (s) tf 10 - 5 

Total mass of particles (g) mp (5.856×10-4, 0.03211) 

Mass fraction ratio (-) mb : ms (0 : 1, 0.25 : 0.75, 0.35 : 0.65, 0. 5 : 0.5, 1 : 0) 

 

 

Fig. 4.11 shows the effect of the attractive force, the coefficient of sliding friction and 

the particle mass fraction ratio on the void fraction of the sedimented packed 

beds/cakes. The experimental results of Shapiro and Probstein58 are used as the refer-

ence values for the sensitivity study. When the attractive forces are neglected the 

DEM-CFD simulations predicted lower void fractions as compared to the experi-

mental values obtained in the work of Shapiro and Probstein.58 This shows that there 

are additional forces between the particles which are increasing the void fraction. 

These forces can be the frictional forces between the particles, but as shown by the 

simulation studies in this work (Eq. 4.3), even increasing the coefficients of friction 



4 Numerical Studies    4.3 Spherical particles 

  

80 

 

will not predict the higher void fraction observed in the experiments of  Shapiro and 

Probstein.58 The other dominant forces between the particles in contact are the surface 

attractive forces. We consider these forces using the JKR theory.138 The value of work 

of adhesion (Wa) as 5 mJ/m2 is used in the JKR model. This value calculated using the 

Eq. 4.9. 

 

Wa = 
A

24πD0
2   4.9 

 

 

 

Here, the minimum separation distance D0 for silica glass particle is set to 0.4 nm and 

the Hamaker constant (A) of 6 × 10-20 J (silica glass surfaces in air) is used.77,186,187 

It is found in the literature, that the presence of the aqueous fluid tends to decrease the 

Hamaker constant and the decrease is sensitive to the method by which the aqueous 

fluid is added.77,186 For example, if the fluid is added to the initially dry assembly of 

the spheres the decrease is significantly lower than the cases in which the solution is 

vigorously stirred or when the spheres are added individually to the aqueous solution.77 

The measurement of the actual value of the Hamaker constant in aqueous solution is 

beyond the scope of this study. 

The Fig. 4.11 shows that when the attractive forces are considered with a work of 

adhesion of 5 mJ/m2, the predicted void fraction is higher than the case in which it was 

neglected. For the smaller mono-dispersed particles with the coefficient of sliding fric-

tion set to 0.6, the increase in the void fraction is significant (∆ε = 0.0562) whereas 

the bigger mono-dispersed particles show only a marginal increase in the void fraction 

(∆ε = 0.002).  
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 Fig. 4.11 The effect of the mass fraction ratio, the coefficient of sliding friction and the at-

tractive force on the void fraction. 

 

This can be explained as follows, the dynamics of the particle-particle interactions 

depends on the comparative strengths (ratio) of the attractive JKR force and the grav-

itational force. For the size ratio (4:1) under consideration, the effect of the attractive 

force on the smaller particles is higher on the bigger particles by a factor of k. The 

factor k depends on the definition of the comparative strengths (ratio). If it is based on 

the Bond number,188 then k is 16. If the strength is defined based on the cohesion num-

ber139 (Eq. 4.4 ), then k is 40. The simulation predicts a void fraction of 0.495 for mon-

dispersed glass particles (dp = 40 μm, Wa 5 mJ/m
2, μs= 0.6 ) which is in close agree-

ment with the value (0.492) given by the Eq. 4.5. This shows the predictive nature of 

the Eq. 4.5 and suggests that factor based on the cohesion number is applicable in the 

scaling of the attractive forces. 

The final stage of the sedimented particles with the coefficient of sliding friction set to 

0.6 is shown in the Fig. 4.12. A similar trend is observed when the coefficient of sliding 

friction set to 0.3. 

The influence of the attractive forces in the filter cake formed due to bi-dispersed par-

ticles is considerably more complex. The experimental study shows that for a mass 
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fraction ratio in the range of 0.35 : 0.65 to 0.75 : 0.25 the bi-dispersed void fraction 

remains nearly constant, but the simulations show that there is a decrease in the void 

fraction when the mass fraction ratio changes from 0.35 : 0.65 to 0.5 : 0.5 and an in-

crease in the void fraction when the mass fraction value is set to 0.75 : 0.25. A possible 

improvement in the predictions of the simulations can be achieved  by using different 

values of work of adhesion based on a constant cohesion number139 for the interaction 

between the big-big, big-small and small-small particle contacts. The challenge here 

is to incorporate the interdependency between the cohesion number and the coordina-

tion number with the inclusion of the size ratio. This needs further investigation which, 

will be addressed in future studies. 

 

 

 

Fig. 4.12 Final state of the sedimented mono and bi-dispersed particles with coefficient of 

friction set to 0.6. 
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4.3.4.2 Consolidation due to the fluid forces 

For the bi-dispersed particles with the particle size ratio (dpb : dps) of 2 : 1. The effect 

of different particle mass fraction ratio (mb : ms) under different flow conditions is 

investigated. The mass weighted mean particle diameter (〈d〉) is kept constant at 

250 μm for all the bi-dispersed mixtures. The Reynolds number (Eq. 4.7) is varied by 

changing the fluid inlet velocity at the top face (consolidation simulations). The values 

of the coefficient of sliding as 0.6 and rolling friction as 0.002 are used in the simula-

tions. The fluid is glycerin with 5 % water at a temperature of 25oC 

(ρf  = 1.01 g/cm
3 and ηf = 1.03 mPa∙s)  and the attractive forces are neglected. De-

tails of the other parameters used in this study are given in the Table 4.8. 

 

Table 4.8 The particle and the fluid properties used to study the bi-dispersed filter cake 

Property Symbol Values 

DEM time step (s) tp 5 × 10 - 7 

CFD time step (s) tf 5 × 10 - 5 

Mass fraction ratio (-) mb : ms 0.75 : 0.25 0.5 : 0.5 0.25 : 0.75 

Big particle diameter (μm) dpb 312.5 375 437.5 

Small particle diameter (μm) dps 156.25 187.5 218.75 

Total mass of particle (g) mp 1.0843 1.5626 2.212 

 

 

The Fig. 4.13 shows the initial dry void fraction and the corresponding mass fractions 

used in this study. It is observed that the initial dry void fraction decreases (0.41 to 

0.378) with the increase in the mass fraction of bigger particles (0 to 0.5), but with an 

increase in the mass fraction of bigger particles from 0.5 to 0.75, the void fraction is 

almost unchanged (0.378 and 0.379). 
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Fig. 4.13 Effect of the particle mass fraction ratio on the void fraction of the dry packed 

beds/cakes. 

 

 

 

Fig. 4.14 Effect of the particle mass fraction ratio and the Reynolds number on the pressure 

drop per unit height. 
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The Fig. 4.14 shows the effect of the particle mass fraction ratio and the Reynolds 

number on the pressure drop per unit height. For the same Reynolds number, the pre-

dicted pressure drop is highly dependent on the particle mass fraction ratio. In general, 

the pressure drop increases with the increase in the mass fraction of the bigger parti-

cles.  

Further, the Fig. 4.15 shows that the minimum Reynolds number at which a consider-

able change in the void fraction (consolidation) is observed, decreases with the in-

crease in the mass fraction of the bigger particles. 

 

 

 

 

Fig. 4.15 Effect of the particle mass fraction ratio and the Reynolds number on the void 

fraction of the filter cakes. 
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The primary reason for this is that in order to maintain the mass weighted mean particle 

diameter, the particle diameters (big and small) are set to a lower value with the in-

crease in the mass fraction of the bigger particles (Table 4.8). Further, the lower values 

of the initial void fractions with the increase in the mass fraction of the bigger particles 

also contribute to the increased pressure drop per unit height which in turn exerts 

higher fluid force on the packed bed/cake. Thus lowering the minimum Reynolds num-

ber beyond which the packed bed/cake undergoes consolidation. 

The results from the simulation are used in a regression analysis and the Eqs. 4.10-

4.12 represents the relationship between the void fraction and the Reynolds number 

for bi-dispersed particles with the particle size ratio of 2:1 in the absence of the attrac-

tive forces. These equations are useful to predict the consolidation and the correspond-

ing pressure drop as shown in the Fig. 4.14. for particles with coefficient of sliding and 

rolling friction as 0.6 and 0.002, respectively  

 

 

ε

εd(0.393)
 = 

0.998 - 0.01048∙Rep

1 - 0.0104∙Rep+ 0.0000264∙Rep
2
 Rep < 21, mb : ms = 0.25 : 0.75 

 0.947 - 0.000543∙Rep+
18.66

Rep
2

21≤ Rep≤  36.5, mb : ms = 0.25 : 0.75

 

4.10 

 

ε

εd(0.378)
 = 

0.954 - 0.00104∙Rep+
2.38

Rep
2

5 ≤ Rep ≤  36.5, mb : ms = 0.50 : 0.50 

4.11 

 

ε

εd(0.379)
 = 

 0.927 - 0.00102∙Rep+
1.66

Rep
2

5 ≤ Rep ≤  36.5, mb : ms = 0.75 : 0.25 

4.12 
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4.4 Non-spherical particles 

4.4.1 Single particle 

4.4.1.1 Validation 

 

The mathematical modeling of the volume averaged DEM-CFD coupling for the non-

spherical particles is already presented in the Chapter 2. In this section, its implemen-

tation is validated by comparing the sedimenting characteristics (the terminal velocity 

and the orientation) of a single non-spherical particle with the experimental observa-

tions. The fluid is assumed to be water at 20°C (ρf  = 1 g/cm
3 and ηf = 1 mPa∙s). 

Two types of non-spherical particles (A and B) are considered and their details are 

given in the Table 4.9. 

 

Table 4.9 Particle properties of non-spherical particles 

Property Symbol 
Values 

Particle A Particle B 

Number of sub-elements (-) Ns 2 2 

Sphericity (-) Ψ 0.9954 0.9303 

Sub-element diameter (μm) dpse 500 250 

Distance between the centers (μm) dc 56 141 

Volume equivalent diameter (μm) dpv 532 302 

Particle density (g/cm3) ρp 2.5 2.5 

 

The Table 4.10 shows the comparison of terminal velocities of the non-spherical par-

ticles A and B with the corresponding values given by Eq. 2.28.122 The terminal veloc-

ities predicted by the DEM-CFD simulations are in close agreement with the semi-

empirical correlations. 
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Table 4.10 Terminal velocity of non-spherical particles 

Terminal velocity  

( cm s⁄ ) 
Symbol 

Particle 

A  B 

Semi-empirical (Eq. 2.28 )  

DEM-CFD simulations 

ut 9.02 4.14 

ut 8.93 4.10 

 

Further, it is observed that the non-spherical particle A shows initial oscillations in the 

projection of the particle diameters (Fig. 4.16). This is because, in the initial stage, the 

particle A has nearly the same projected diameter (due to high sphericity) on all the 

planes (dprj
yz
≈ dprj

xz ≈ dprj
xy

) and the fluid forces acting in each direction compete to have 

the least possible resistance to the motion of the particle. The oscillations stabilize 

when the projected diameter is minimum on the plane (xy) normal to the gravitational 

axis.  

 

 

Fig. 4.16 Variation in the projected diameter of the particle A over time. 
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In the case of the particle B, no oscillations are observed (Fig. 4.17). This is because 

the particle B at the initial stage has a higher projected diameter (dprj
xy

) on the plane 

normal to the gravitational axis which is gradually reduced to the least possible value. 

The other two projected diameters are nearly equal (dprj
yz
= dprj

xz ) and reach the maxi-

mum possible value. 

Such presence or absence of the initial oscillations, changes in orientations, and stabi-

lization with a minimum projected diameter were experimentally observed by 

McNown and Malaika189 for non-spherical particles sedimenting with a Reynolds 

number greater than 0.1. The Reynolds number of the particles, A and B based on the 

terminal velocities (simulation) are 47.5 and 12.3, respectively. 

Thus, the present implementation of the non-spherical DEM-CFD not only predicts 

the velocity of the particle in a fluid but also the orientation of the particle. These are 

crucial factors in determining the structure of the packed beds/cakes.  

 

 

 

Fig. 4.17 Variation in the projected diameter of the particle B over time. 
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4.4.2 Sedimentation of the non-spherical suspensions 

4.4.2.1 Validation 

The discussions in this section are based on the simulations of suspensions with non-

spherical particles sedimenting in water at 20°C (ρf = 1 g/cm
3 and ηf = 1 mPa∙s). All 

the particles have the same volume equivalent diameter of  (302 μm) . The other par-

ticle properties are listed in the Table 4.11. and the Table 4.12. The Fig. 4.18 shows 

the graphical representations and the initial orientations of the particles (C, D, and E). 

Table 4.11 Properties of non-spherical particles 

Property Symbol Values 

Coefficient of restitution (-) en 0.1 

Coefficient of rolling friction (-) μr 0.002 

Coefficient of sliding friction (-) μs (0.1, 0.3, 0.6) 

CFD time step (s) tf 5 × 10 - 5 

Total mass of the particles (g) Ms 1.5858 

Particle density (g/cm3) ρp 2.5 

DEM time step (s) tp 5 × 10 - 7 

Poisons ratio (-) ν 0.3 

Volume equivalent diameter (μm) dpv 302 

Young’s modulus (Gpa) E 0.1 

 

 

 

 

Fig. 4.18 Graphical representation of the spherical (C)  and non-spherical (D, E) particles. 

 

Particle C (Ψ = 1)    Particle D (Ψ = 0.9303)                        Particle E (Ψ = 0.8158) 

 

θx = 45°
θy = 45°

θz = 90°

 

Gravity acts along the negative Z-axis 
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Table 4.12 Non-spherical parameters varied in the study 

Property Symbol Particle 

C  D E 

Diameter of sub-elements (μm) dps 302 250 240 

Number of sub-elements (-) Ns 2 2 2 

Distance between the centers 

(μm) 

dc 0 141 226 

Sphericity (-) Ψ 1 0.9303 0.8158 

Void fraction power function (-) 2 + (γ - 2)n - 2.57 - 2.2463 - 0.5930 

 

 

The terminal velocity of the suspension (us
emp

 ) can be predicted using the Eq. 4.13.190 

 

us
emp

 = utεints
 n - 2 4.13 

 

 

Here, ut is the terminal velocity of a single non-spherical particle calculated using Eq. 

2.28. εints is the void fraction of the suspension and n is calculated using the Eq. 2.30.97  

In the simulations, the velocity of the suspension is calculated using Eq. 4.14. 

 

us
sim = 

xh
th

 4.14 

 

 

Here, xh is the distance travelled by the topmost particle in the suspension and th is the 

time required by particle to travel this distance. The Table 4.13, shows the comparison 

of the terminal velocity of the suspension predicted by the DEM-CFD simulations 

which is in agreement with the Eq. 4.13. The decrease in the terminal velocity, of the 

suspension with the increase in the sphericity of the particles is predicted by the DEM-

CFD simulations which is in agreement with the experimental observations.190 Thus 

the implemented, volume averaged DEM-CFD coupling for the non-spherical particles 
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(suspensions)  is validated. Further, the study highlights, the loss of information (ve-

locity and orientation) when the non-spherical particles are modelled as spheres having 

the same volume equivalent diameter. 

 

Table 4.13 Terminal velocity of suspensions 

Property Symbol Particle 

C  D  E 

Sphericity Ψ 1 0.9303 0.8158 

Empirical terminal velocity (cm/s) 

DEM-CFD terminal velocity (cm/s) 

us
emp

 2.2932 2.1147 1.883 

us
sim 2.3118 2.1316 1.9274 

 

 

4.4.3 Effect of the sphericity and friction 

In this section, the effect of the sphericity on the void fraction of the packed beds/cakes 

is discussed. The particles (C, D and E, Table 4.13) and flow conditions (sedimenta-

tion) are the same as in the previous section.  

The Fig. 4.19 shows the effect of the sphericity on the void fraction of the packed 

beds/cakes. The simulation results suggest that the void fraction of the packed 

bed/cake increases with the decrease in the sphericity. The dashed lines in the Fig. 4.19 

represent the experimentally observed trends of the void fraction of the packed 

beds/cakes corresponding to the dense, the normal and the loose packing.59 Loose 

packing is expected for a packed bed/cake formed due to sedimentation.57,58 The trend 

of the void fraction predicted by the DEM-CFD simulation is in agreement with the 

experimental observations. The Fig. 4.20 shows the final stage of the packed 

beds/cakes where the coefficient of friction is set to 0.6. 
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Fig. 4.19 Effect of the sphericity and the coefficient of sliding friction on the void fraction. 

 

Fig. 4.20 Final stage of the packed beds/cakes with the coefficient of sliding friction as 0.6. 

 

Further, the simulations also show that void fraction of the packed bed/cake is influ-

enced by the coefficient of sliding friction. A denser packing is obtained with the de-
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the spherical particles which are already discussed in the sec. 4.3.3.1. The attractive 

forces between the particles can also affect the void fraction, but are not considered in 

this study. 

 

4.4.4 Effect of the initial orientation 

The orientation of a particle is defined by the angles (θx, θy, θz) between the major axis 

of the particle and the three principle axis. The non-spherical particles (D and E) are 

used to study the effect of the initial orientation of the particle on the void fraction of 

the packed bed/cake. All the particles in a suspension have the same orientation. The 

different orientations and the corresponding void fractions of the packed beds/cakes 

are shown in the Fig. 4.21 and Fig. 4.22. 

 

 

 

 

 

 

Fig. 4.21 Different initial orientations and the corresponding void fraction of the particle D 

a) 

θx = 90°
θy = 45°

θz = 45°
ε = 0.427 

                    b) 

θx = 45°
θy = 45°

θz = 90°
ε = 0.427

                    c) 

θx = 45°
θy = 90°

θz = 45°
ε = 0.422
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Fig. 4.22 Different initial orientations and the corresponding void fraction of the particle E. 

 

It is observed that for the range of the sphericity between 0.8158 to 1 the initial ori-

entations of the particles have no significant effect on the void fraction of the formed 

packed beds/cakes. This is due to the change in orientation of the sedimenting parti-

cles. Irrespective of the initial orientation the sedimenting particles orient themselves 

in such a way that they experience the least possible fluid resistance. 

 

4.4.5 Consolidation due to the fluid forces 

Under the same fluid conditions and the same volume equivalent diameter, the pres-

sure drop across a packed bed/cake depends on the void fraction and the sphericity. 

The Eq. 4.15 suggests that the pressure drop increases with a decrease in the sphericity 

but the void fraction and the sphericity are inter-dependent (Fig. 4.19).  

 

∆P

H
 = 150

ηf(1 - ε)
2Uf

ε3(ψdpv)
2
 + 1.75 

(1 - ε)ρfUf
2

ε3ψdpv
 

4.15 

 

 

To understand these complex inter-dependencies, DEM-CFD simulations are carried 

out. Here, the particles C, D and E are used (Table 4.11 and Table 4.12). The coefficient 

a) 

θx = 90°
θy = 45°

θz = 45°
ε = 0.468 

                  b) 

θx = 45°
θy = 45°

θz = 90°
ε = 0.467

                 c) 

θx = 45°
θy = 90°

θz = 45°
ε = 0.461
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of sliding friction is set to 0.6. The void fractions of the packed beds/cakes, obtained 

under dry conditions (no fluid forces) are given in the Table 4.14. 

 

Table 4.14 Variation of pressure drop and void fraction with respect to the sphericity 

Particle Sphericity 

 (-) 

Dry void fraction 

(-) 

Pressure drop per unit height 

(kPa/m) 

 DEM-CFD  Eq. 4.15 

- Ψ εd ∆P H⁄  ∆P H⁄  

C 1 0.41 42.96 42.77 

D 0.9303 0.408 50.43 50.38 

E 0.8158 0.462 37.28 37.23 

 

 

All the dry packed beds/cakes are subjected to a fluid flow with an inlet velocity of 0.5 

cm/s (Rep=0.054). The Table 4.14 shows that the pressure drops per unit height pre-

dicted by the DEM-CFD simulations are in agreement with the Ergun equation (Eq. 

4.15).  Further, the pressure drop per unit height predicted by the DEM-CFD simula-

tions, across a packed bed/cake formed due to the non-spherical particles D 

(ψ = 0.9303) is the highest. The higher pressure drop is due to the reduced sphericity 

alone as the corresponding void fractions of the packed beds/cakes formed due to par-

ticles C and D are nearly equal. In contrast to this, the pressure drop per unit length 

across a filter cake formed due to the particles E (ψ = 0.8158) is the least one. The 

reason is the increase in the void fraction which dominates the effect of the reduced 

sphericity.  

The study is extended to a wide range of particle Reynolds number (0 to 75). The Fig. 

4.23 shows the variation of the void fraction and the pressure drop per unit height of 

the packed beds/cakes with respect to the particle Reynolds number.  
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Fig. 4.23 Effect of the sphericity on the pressure drop and the effect of the flow conditions 

on the consolidation. 

 

The consolidation of the packed bed/cake is observed when the Reynolds number is 

greater than 5. For the same Reynolds number, the packed bed/cake with the parti-

cles D (ψ  =  0.9303) has a higher consolidation than the packed bed/cake with the 

particles E (ψ  =  0.8158). This is because of the interdependency between the void 

fraction, sphericity and the pressure drop. These interdependencies are captured by the 

Eq. 4.16 and 4.17 and are useful for the prediction of the pressure drop (Fig. 4.23). 

Further it should be noted that the theses equations are valid for the particles with a 

coefficient of sliding friction of 0.6. 
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ε

εd(0.462)
 =  

 0.983 - 0.000961∙Rep+
5.599

Rep
2
, 5 ≤ Rep < 75 , ψ = 0.8158    

4.16 

 

ε

εd(0.408)
 =  0.988 - 0.0018∙Rep+

8.272

Rep
2
, 5 ≤ Rep < 75 , ψ = 0.9303    

4.17 

 

Here, ε and εd are the void fraction of the filter cake after and before compression. 

Further, it should be noted that the theses equations are valid for the particles with a 

coefficient of sliding friction of 0.6.  
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5 Summary and Conclusions 

5.1 Summary 

This study was dedicated to the investigation of the filter cake formation process using 

DEM-CFD simulation with experimentally calibrated parameters. The scope of this 

thesis was limited to the study of the effect of the size, the size distribution, the shape, 

and the particle-particle interaction parameter on the packed beds/cakes. 

In the literature, most of the experimental studies related to packed bed/cake reported 

only the macroscopic properties (void fraction, pressure drop, mass flow rate). The 

literature lacked the information about the microscopic particle-particle interaction pa-

rameters. Therefore, in this study the particle-particle interaction properties, namely 

the coefficient of restitution and sliding friction were experimentally measured. A cor-

relation was developed between the measured coefficient of restitution and the Stokes 

number. This correlation is valid to micron sized particle in the range of 200 to 

1000 μm. Measurement of these properties was one of the goals of this study which 

was successfully achieved. Further, the measured coefficient of restitution and sliding 

friction (in dry and wet conditions) served as input parameters in the numerical studies.  

The numerical studies in the literature were either based on the Eulerian-Eulerian or 

the Eulerian-Lagrangian approach. The Eulerian-Eulerian approach was not suitable 

for predicting the particle level characteristics like the consolidation of the packed 

beds/cakes. Studies in the literature showed that the two-way volume averaged cou-

pling approach between the DEM and CFD was a promising approach to study the 

various aspects of the packed beds/cakes. The DEM-CFD studies in the literature were 

limited to spherical mono-dispersed particle. In this thesis, the numerical analysis was 

extended to the bi-dispersed and the non-spherical particles. In order to achieve this, 
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advanced drag models were implemented in the LIGGGHTS-OpenFOAM frame 

work. The necessary validations were carried out and were presented in this thesis. 

This was the other successfully achieved goal of the thesis. 

5.2 Conclusions 

The key conclusions based on the numerical studies carried out in this thesis are: 

1. The fluid cell size to the particle diameter ratio (h dp⁄ ) of 3 is a reasonable choice 

for the volume averaged DEM-CFD coupling (sec. 4.3.1). 

2. Calculating the coefficient of restitution based on the lubrication theory or provid-

ing a constant equivalent coefficient of restitution has no significant effect on the 

void fraction of the packed bed/cake. Using a constant equivalent coefficient of 

restitution is a cheaper alternative in terms of the computational effort (secs. 4.3.2 

and 4.3.3.3) 

3. Setting the coefficient of sliding and rolling friction to 0.6 and 0.002, respectively, 

gives a void fraction of 0.43 - 0.001
+ 0.001. This is in close agreement with the experi-

mental observation of Onoda and Liniger57 (sec. 4.3.3.4) 

4. For the spherical particles, if the coefficient of sliding is less than 0.6, then the 

rolling friction has a negligible effect on the void fraction of the packed bed/cake 

(sec. 4.3.3.4). 

5. Most of the spherical particles in a packed bed/cake have a coordination number 

in the range of 3 to 7 (sec. 4.3.3.5). 

6. The cohesion number influence the distribution of the coordination number. In 

general, the mean coordination number decreases with an increase in the cohesion 

number. Based on the simulations a correlation is developed between the cohesion 

number and the void fraction of the packed bed/cake formed due to monodispersed 

particles. This correlation is valid for particles with a coefficient of friction in the 

range of 0.3 to 0.6 (sec. 4.3.3.5 and Eq. 4.5).  

7. The influences of the cohesion number (attractive forces) on the packed 

beds/cakes, formed due to bi-dispersed particles are complex. The simulations fail 

to predict the variation of the void fractions with respect to the mass fraction ratios 

when the attractive forces are of importance. A possible improvement in the pre-

dictions of the simulations can be achieved  by using different values of work of 
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adhesion based on a constant cohesion number139 for the interaction between the 

big-big, big-small and small-small particle contacts. The challenge here is to in-

corporate the interdependency between the cohesion number and the inclusion of 

the size ratio in the definition of coordination number. This needs further investi-

gation, which will be addressed in future studies (sec. 4.3.4.1). 

8. The volume averaged DEM-CFD approach can successfully predict the consolida-

tion of the packed bed/cake. For a packed bed/cake formed due to the mono-dis-

persed particles (ρp = 2.5 g cm3⁄  and dp = 250 μm, μs= 0.6), the consolidation is 

significant for a Reynolds number greater than 29. Here, it should be noted that 

Reynolds number of 29 is not a universal criteria and is sensitive to the particle-

particle interaction parameters like the coefficient of friction. Simulations have 

shown that the Reynolds number beyond which significant consolidation occurs 

decreases with the decrease in the coefficient of sliding friction (sec. 4.3.3.6). 

9. In the case of bi-dispersed particles, for the same Reynolds number, the predicted 

pressure drop is highly dependent on the particle mass fraction ratio. In general, 

the pressure drop increases with the increase in the mass fraction of the bigger 

particles. The primary reason for this was that in order to maintain the mass 

weighted mean particle diameter, the particle diameters (big and small) was set to 

a lower value with the increase in the mass fraction of the bigger particles. Further, 

the lower values of the initial void fractions with the increase in the mass fraction 

of the bigger particles also contribute to the increased the pressure drop per unit 

height which in turn exerted higher fluid force on the packed bed/cake. Thus low-

ering the minimum Reynolds number beyond which the packed bed/cake under-

goes consolidation. This study also highlights the importance of considering the 

bi-dispersed nature of the suspension even in the cases where the mass weighted 

mean particle diameter has the same value (sec. 4.3.4.2).  

10. The present implementation of the non-spherical DEM-CFD not only predicts the 

velocity of the particle in a fluid but also the orientation of the particle. These are 

crucial factors in determining the rate of sedimentation and the final structure of 

the packed beds/cakes (secs. 4.4.1 and 4.4.2). 
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11. The simulation studies suggest that the void fraction of the packed bed/cake in-

creases with the decrease in the sphericity. This is in agreement with the experi-

mental observation in the literature (sec. 4.4.3)   

12. For the range of the sphericity between 0.8158 to 1 the initial orientations of the 

particles have no significant effect on the void fraction of the formed packed 

bed/cake. This is due to the change in orientation of the sedimenting particles. Ir-

respective of the initial orientation the sedimenting particles orient themselves in 

such a way that they experience the least possible fluid resistance (sec. 4.4.4). 

13. The complex inter-dependency between the void fraction, the mass fraction, the 

sphericity and the pressure drop are studied. Correlations are developed between 

the void friction and the Reynolds number. These correlations can predict the con-

solidation and the corresponding pressure drop (sec. 4.4.5). 

5.3 Recommendations for future work 

This thesis dealt with certain details of the packed beds/cakes formation process. Fu-

ture studies can focus on the other aspects of the packed bed/cake. A few of them are: 

1. For the extensive validation of the present numerical implementation. Additional 

experiments can be performed in order to obtain the micro (work of adhesion) and 

macroscopic properties (void fraction, pressure drop, and mass flow rate) of the 

packed beds/cakes. The challenge here is to maintain the operating conditions 

which could be easily employed in the numerical studies  

2. Extending the numerical analysis for a particle size ratio greater than 4. For this, 

the particle-fluid drag correlations are to be first developed. Then the volume av-

eraged DEM-CFD approach could be used. 

3. A generalized numerical framework can be developed where complex shaped non-

spherical particles could be simulated. Here, the challenge is to find an efficient 

algorithm which could calculate the projected areas of a large number of parti
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Annexure 

A.1  Coefficient of sliding friction based on the measured 

shear forces 

Table A.1 Measured particle-plate dry contact coefficient of the sliding friction. 

Case Particle diam-

eter (μm) 

Weight 

(N) 

Coefficient of 

friction (-) 

Average coeffi-

cient of friction (-) 

- (dp) W 〈μs〉
dp  =

∑ Fs
i3

i = 1

3W
 μs= 

∑ 〈μs〉
dp  1000

dp=250

9
 

Particle-plate dry 

contact 

 

1000 

17.78 0.3025 

0.252 

22.95 0.265 

26.08 0.239 

500 

17.78 0.247 

22.95 0.250 

26.08 0.238 

250 

17.78 0.244 

22.95 0.247 

26.08 0.236 
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Table A.2 Measured particle-plate wet contact coefficient of the sliding friction. 

Case Particle di-

ameter (μm) 

Weight 

(N) 

Coefficient of fric-

tion (-) 

Average coeffi-

cient of friction (-) 

- (dp) W 〈μs〉
dp  =

∑ Fs
i3

i = 1

3W
 μs= 

∑ 〈μs〉
dp  1000

dp=250

9
 

Particle-plate wet 

contact 

 

1000 

17.78 0.237 

0.222 

22.95 0.201 

26.08 0.207 

500 

17.78 0.223 

22.95 0.221 

26.08 0.213 

250 

17.78 0.253 

22.95 0.230 

26.08 0.217 

 

Table A.3 Measured particle-particle dry contact coefficient of the sliding friction. 

Case Particle diam-

eter (μm) 

Weight 

(N) 

Coefficient of 

friction (-) 

Average coeffi-

cient of friction (-) 

- (dp) W 〈μs〉
dp  =

∑ Fs
i3

i = 1

3W
 μs= 

∑ 〈μs〉
dp  1000

dp=250

9
 

Particle-particle 

dry contact 

 

1000 

17.78 0.300 

0.301 

22.95 0.318 

26.08 0.292 

500 

17.78 0.295 

22.95 0.315 

26.08 0.291 

250 

17.78 0.280 

22.95 0.320 

26.08 0.301 
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Table A.4 Measured particle-particle wet contact coefficient of the sliding friction.  

Case Particle diam-

eter (μm) 

Weight 

(N) 

Coefficient of 

friction (-) 

Average coeffi-

cient of friction (-) 

- (dp) W 〈μs〉
dp  =

∑ Fs
i3

i = 1

3W
 μs= 

∑ 〈μs〉
dp  1000

dp=250

9
 

Particle-particle 

dry contact 

 

1000 

17.78 0.276 

0.285 

22.95 0.305 

26.08 0.292 

500 

17.78 0.272 

22.95 0.282 

26.08 0.289 

250 

17.78 0.255 

22.95 0.305 

26.08 0.292 
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