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Outline

1. Motivation

2. State space model from superelement matrices

3. State space model from eigenfrequencies and

eigenvectors

4. Examples with comparision of both methods

5. Conclusions
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Motivation

Application of piezo sensors and actuators for active vibration/sound

control

Simulation for design of control strategy

integration in system simulation

⇒ application of simplified models is necessary

Focus practical application of simulation methods and models

use of commercial finite-element-code (ANSYS)

and system simulation code (MATLAB/Simulink)
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Motivation
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Motivation

System description by concentrated parameters

Only for simple coupling of DOF

Only for certain multivariable systems

Input/output transfer functions
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Motivation

System description by concentrated parameters

Only for simple coupling of DOF

Only for certain multivariable systems

Input/output transfer functions

System description by finite element simulation

For locally distributed actuation

For multivariable systems

K

D

u(t) B

A

x(0)
L y(t)x(t) x(t)1

s

A

B L

U

∫

State space representation
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State space model of mechanical systems

Discretized equation of motion

M · ü + D · u̇ + Kuu · u = F

General state space model with limited number of inputs and outputs

ż = A · z + B · f y = L · z + U · f

State variables, output and input parameters

z =





u

u̇



 y = u f = F

State equation and output equation





u̇

ü



 =





0 I

−M−1
· Kuu −M−1

· D









u

u̇



 +





0

M−1



 f y =
(

I 0

)





u

u̇
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State space model for piezo-mechanical systems

Discretized equation of motion for piezo-mechanical systems with large number of DOF





M 0

0 0



 ·





ü

Φ̈



 +





D 0

0 0



 ·





u̇

Φ̇



 +





Kuu KuΦ

KT
uΦ KΦΦ



 ·





u

Φ



 =





F

Q





General state space model with limited number of inputs and outputs

ż = A · z + B · f y = L · z + U · f
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State space model for piezo-mechanical systems

Discretized equation of motion for piezo-mechanical systems with large number of DOF
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D 0
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 ·





u̇

Φ̇



 +





Kuu KuΦ
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u
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Q





General state space model with limited number of inputs and outputs

ż = A · z + B · f y = L · z + U · f

State variables, output and input parameters

z =















u

Φ

u̇

Φ̇
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State space model for piezo-mechanical systems

Discretized equation of motion for piezo-mechanical systems with large number of DOF





M 0
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ü
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 ·
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General state space model with limited number of inputs and outputs

ż = A · z + B · f y = L · z + U · f

State variables, output and input parameters

z =















u

Φ

u̇

Φ̇















z =





u

u̇



 y =





u

Φ



 f =





F

Q
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System and input matrix

State equation according to choosen system variables





u̇

ü



 =





A11 A12

A21 A22



 ·





u

u̇



 +





B11 B12

B21 B22



 ·





F

Q





Equations of motion

M · ü + D · u̇ + Kuu · u + KuΦ · Φ = F

KT
uΦ · u + KΦΦ · Φ = Q

Elimination of electrical DOF

Φ = −K−1
ΦΦ · KT

uΦ · u + K−1
ΦΦ · Q

M · ü + D · u̇ +
(

Kuu − KuΦ · K−1
ΦΦ · KT

uΦ

)

· u = F − KuΦ · K−1
ΦΦ · Q

Comparision and determination of matrices of system equation





u̇

ü



 =





0 I

−M−1
·

(

Kuu − KuΦ · K−1
ΦΦ · KT

uΦ

)

−M−1
· D









u

u̇



+





0 0

M−1 −M−1
· KuΦ · K−1

ΦΦ









F

Q
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Output and feedthrough (direct transmission) matrix

Output equation of state space model according to choosen system variables





u

Φ



 =





L11 L12

L21 L22



 ·





u

u̇



 +





U11 U12

U21 U22



 ·





F

Q





Equation for eliminiation of Φ

Φ = −K−1
ΦΦ · KT

uΦ · u + K−1
ΦΦ · Q

Comparision and determination of matrices of output equation





u

Φ



 =





I 0

−K−1
ΦΦ · KT

uΦ 0



 ·





u

u̇



 +





0 0

0 K−1
ΦΦ



 ·





F

Q
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Determination of relevant matrices in ANSYS

General

Model reduction in ANSYS by superelement generation

Definition of structural MDOF to represent dynamic behaviour

Definition of electrical MDOF to represent piezo-sensors and -actuators

Definition of »dummy« (unity) forces and charges on all mechanical and electrical

MDOF, which build input and/or output signals of state space model

⇒ Load vector as list of MDOF and as input/output filter for state space model

Step 1
Nicolai, M.:

Untersuchungen zur

effizienten

numerischen

Simulation adaptiver

Leichtbaubasisstruk-

turen unter

dynamischen

Beanspruchungen,

Masterthesis.

Without active electrical MDOF

All electrical DOF set to zero (short-circuit)

⇒ Determination of mass (M), damping (D) and stiffness (Kuu) matrices

Step 2

With active electrical MDOF

All electrical MDOF without voltage boundary condition (open-circuit)

⇒ Determination of coupled stiffness matrix
(

Kuu KuΦ

KT
uΦ KΦΦ

)
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Modal approach

Modal analysis of undamped, piezo-mechanical system with eliminated electrical DOF

M · ü + Keff · u = 0 with: Keff =
(

Kuu − KuΦ · K−1
ΦΦ · KT

uΦ

)

Diagonal matrix of eigenvalues

Λ = diag(ω2
i )

Matrix of eigenvectors of mechanical DOF normalized with mass matrix

VT
u · M · Vu = I

Matrix of eigenvectors of electrical DOF according back-substitution (with Q = 0)

Φ = −K−1
ΦΦ · KT

uΦ · u

VΦ = −K−1
ΦΦ · KT

uΦ · Vu

Modal coordinates

q = V−1
u · u
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Transformation to modal coordinates I

Transformation of equation of motion

VT
u · M · Vu

︸ ︷︷ ︸
· V−1

u · ü
︸ ︷︷ ︸

+ VT
u · Keff · Vu

︸ ︷︷ ︸
· V−1

u · u
︸ ︷︷ ︸

= VT
u · F −VT

u · KuΦ · K−1
ΦΦ︸ ︷︷ ︸

· Q

I · q̈ + Λ · q = VT
u · F + VT

Φ · Q

Transformation of state variables, output and input parameters

zq =





q

q̇



 y =





u

Φ



 f =





F

Q





Transformation of state space equation





q̇

q̈



 =





0 I

−Λ 0



 ·





q

q̇



 +





0 0

VT
u VT

Φ



 ·





F

Q
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Transformation to modal coordinates II

Output equation for state space model with physical states





u

Φ



 =





I 0

−K−1
ΦΦ · KT

uΦ 0



 ·





u

u̇



 +





0 0

0 K−1
ΦΦ



 ·





F

Q





Matrix of eigenvectors of electrical DOF according back-substitution (with Q = 0)

Φ = −K−1
ΦΦ · KT

uΦ · u

VΦ = −K−1
ΦΦ · KT

uΦ · Vu

Modal coordinates

Vu · q = u

Output equation for state space model with modal states





u

Φ



 =





Vu 0

VΦ 0



 ·





q

q̇



 +





0 0

0 K−1
ΦΦ



 ·





F

Q
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State space model with modal states

State space equation





q̇

q̈



 =





0 I

−Λ −Dq



 ·





q

q̇



 +





0 0

VT
u VT

Φ



 ·





F

Q





Output equation




u

Φ



 =





Vu 0

VΦ 0



 ·





q

q̇



 +





0 0

0 K−1
ΦΦ



 ·





F

Q
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State space model with modal states

State space equation





q̇

q̈



 =





0 I

−Λ −Dq



 ·





q

q̇



 +





0 0

VT
u VT

Φ



 ·





F

Q





Output equation




u

Φ



 =





Vu 0

VΦ 0



 ·





q

q̇



 +





0 0

0 K−1
ΦΦ



 ·





F

Q





Direct results of modal analysis in ANSYS
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State space model with modal states

State space equation





q̇

q̈



 =





0 I
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 ·
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 ·





F

Q





Output equation




u
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 =





Vu 0

VΦ 0
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Direct results of modal analysis in ANSYS

Consideration of modal damping, constant damping and/or Rayleigh damping
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State space model with modal states

State space equation





q̇

q̈



 =





0 I

−Λ −Dq



 ·
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F

Q





Output equation
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 =
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Direct results of modal analysis in ANSYS

Consideration of modal damping, constant damping and/or Rayleigh damping

Static stiffness of pur electrical subsystem
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Determination of relevant data in ANSYS

General

No model reduction in ANSYS necessary

Definition of component of nodes, the DOF of which build input and/or output

signals of state space model

Step 1

Modal analysis of open-circuit system

⇒ Eigenfrequencies and eigenvectors of the input/output DOF

Step 2

All mechanical DOF set to zero

Static analysis of pur electrical subsystem with loadsteps of unity/zero combination

for all electrical input/output DOF

⇒ Reaction charges of the loadsteps represent static electric stiffness (KΦΦ)



Frequency response functions of state space models

2D-FE-Model with 6 mech. DOF and 3 electr. DOF

S1: mass, damping and stiffness matrix S2: 6 eigenvalues S3: 4 eigenvalues
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Comparision of state space models with direct FE-results
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Application to piezo-metal-modules

Finite element model of unit cell

Assumption:

constant fixed 
mechanical contact status
between cavity and insertion (piezo)

piezo

metal

fixed
boundary

active zero-
electrode

boundary linked
to masternode

masternode

rotationmomentstructural
boundary

electrical
potential

chargeactive
electrode

OutputInputMaster
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Application to piezo-metal-modules

2nd eigenform of unit cell
deformation of metal-phase and 
electrical potential of piezo-material

Frequency-reponse-
function (amplitude)
of voltage-charge-ratio 
at active electrode
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Influence of static, electrical stiffness on impedance
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Kĭĭ reduced by 10%

Antiresonance independent of Kĭĭ

Resonance depends on correct determination of Kĭĭ
with regard to frequency and amplitude

Frequency-reponse-
function (amplitude)
of voltage-charge-ratio 
at active electrode Φ/Q
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Conclusion

Two methods to generate state space models of piezo-mechanical systems based on

finite-element-discretization

Correct representation of impedance

Method 1: based on superelement matrices

Problem: selection of MDOF

Consideration of all types of mechanical damping (also discrete damper)

Relative expansive due to type of solver for superelement generation

Method 2: based on modal analysis and static electrical analysis

Relative inexpansive

Model reduction based on modal coordinates in MATLAB possible

Consideration of constant, modal and Rayleigh damping

Extension for other damping:

⇒ Consideration of damped modal analysis with complex eigenvalues and

eigenvectors
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Thank you

for your attention!
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