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A HYBRID OPTIMIZATION METHOD FOR FOCUSED
ULTRASOUND PLAN COMPUTATION

A. SCHERRER∗, , S. JAKOBSSON†, , A. BELYAEV‡, , A. HOFFMANN∗, , M. BORTZ∗, ,

X.-R. REIT§, , AND K.-H. KÜFER∗

Abstract. Focused ultrasound therapy (FUS) is a modern and promising modality for minimally
invasive cancer therapy. However, clinical routine still faces major problems in exploiting its full cu-
rative potential. The need for suitable mathematical concepts for FUS plan computation provides an
urgent and important topic of current research. This work introduces a novel FUS plan computation
method, which mimics the clinical planning workflow in form of a hybrid optimization method. This
method combines practically sound heuristics with goal-oriented continuous optimization methods
based on optimal control. It thereby provides a suitable compromise between the required numerical
expense and the achieved plan quality.

Key words. Focused ultrasound therapy, partial differential equations, heuristic methods,
nonlinear programming, optimal control
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1. Introduction.

1.1. Overview of focused ultrasound. Focused ultrasound is an emerging
modality, [23, 11], for minimally invasive treatment of several kinds of cancer, see
for example [28, 46, 25]. It relies on energy transfer into the sonicated tissue with
acoustic waves emitted by some ultrasound transducer, which there induce a pres-
sure field causing some tissue heating followed by cell coagulation [18, 37, 16]. The
technological innovation of independently controllable transducer elements, [49, 24],
increased the curative potential of FUS a lot compared with the former technology
of transducers with fixed focus. The quality of a FUS plan primarily depends on the
achieved cell-biological impact of temperature on tissue, which in the related field
of hyperthermia was quantified with the Arrhenius model, see [16], and has led to
FUS-specific mathematical models like in [8, 15]. Planning goals prominently com-
prise the therapy success by sufficiently high cell-biological impact in most of the
cancerous tissue and acceptably low side effects by wide sparing of the healthy tissue
entities, [47, 10, 48]. An adequate handling of the many degrees of freedom, the com-
plex structure of the underlying physics and a sufficient achievement of the several
planning goals requires efficient methods for FUS plan computation. Hence, a lot
of effort is spent on the precise and efficient simulation of the underlying physical
processes, see for example [7, 22, 28, 30, 51, 29, 13], and also the development of suit-
able numerical optimization routines is a major topic of research and development
[9, 50, 2, 33, 31, 32, 34, 21, 36, 27].

1.2. Motivation and contents. The complex structure and high dimension-
ality of the FUS simulation component and planning problem turn FUS plan com-
putation into a numerically very expensive task, see for example [32], and the above
mentioned literature indicates various approaches for efficient optimization of FUS
plans: Works like [7, 22, 28, 30, 51, 29] head for suitable physical models facilitating
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2 A. Scherrer et al.

efficient pressure simulation and approaches like [13] in addition exploit possibilities
for speedup provided by the used hardware framework. The first publications on FUS
plan computation use very simple optimization strategies like [9] or simulation surro-
gates, see for example [50]. The advanced approach of [33, 31, 32] uses optimal control
in combination with a specific goal function for numerical optimization of FUS plan
parameters. [21] addresses the incorporation of delivery aspects as additional plan-
ning goal into this approach. The delivery aspect contributes a lot to the complexity
of the FUS planning problem and is thus addressed as separate subproblem in works
like [36].

The research work presented herein tackles the complexity of FUS plan computa-
tion by adopting strategies of stepwise FUS planning widely used in clinical practice
while retaining flexibility in terms of used simulation method and planning prob-
lem formulation. Clinical routine often features a decomposition of the FUS planning
problem into the coupled subproblems of applicator positioning, sonication placement
and sonication design and addresses these subproblems one after the other. The pre-
sented approach mimics this strategy by means of a hybrid FUS plan optimization
method, which combines the algorithm concepts examined in the preliminary works of
[40, 19], an optimal control approach analogous to [31] with a generalized connection
to physical simulation and formulation of planning goals and the algorithmic studies
of [4], a nonlinear programming method, see [42, 43] and the multi-criteria decision
support concept invented in [41]. This approach allows for FUS plan optimization
with high efficiency in terms of computation time as well as memory consumption.
First, the general FUS planning problem is formulated and then decomposed into its
subproblems. Then the approaches for solving the structurally simpler subproblems
of applicator positioning and sonication placement are sketched. Main focus is put
on the much more sophisticated problem of sonication parameter optimization, which
in particular combines optimal control, nonlinear programming and connection to a
simulation component.

2. Methodology.

2.1. The FUS planning problem. A FUS plan is characterized by a config-
uration of technically applicable and time dependent, but piecewise constant plan
parameters u(t) ∈ RI . Sonication of a volume X ∈ R3 with a FUS therapy device
configured with control parameters u(t) induces a pressure field p(x,u(t)) over the
volume points x, which follows from the Helmholtz equation, see [18]. Denoting for
each space point x by ρ(x), v(x) and α(x) the tissue density, speed of sound and
attenuation coefficient respectively and by f the frequency, this equation reads

(2.1) ∇x ·
(

1

ρ(x)
∇xp(x,u)

)
+

(
2πf

v(x)
+ iα(x)

)2
1

ρ(x)
p(x,u) = 0

Computation of the pressure field by means of numerical solution of the Helmholtz
equation may happen in several different ways, see for example [7, 22, 28, 30, 51, 29,
13]. The research work presented herein uses the simulation approach presented in
Section A. The pressure field induces a time-dependent temperature field in the tissue

(2.2) T (x, t) in X × [0, tend]

which is implicitly described by the Pennes bio-heat equation, see [37]. Denoting for
each space point x by λ(x), c(x), wb(x), α(x) and v(x) the thermal conductivity,
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heat capacity, perfusion rate, attenuation coefficient and speed of sound respectively
and by Tb, cb and ρb the temperature, heat capacity and density of the blood, this
equation reads
(2.3)

c(x)ρ(x)
∂T (x, t)

∂t
= ∇· (λ(x)∇T (x, t)) + cbρbwb(x)(Tb−T (x, t)) +

α(x)|p(x,u(t))|2

ρ(x)v(x)

Eq. (2.3) can be written in operator form as

(2.4)
∂T (x, t)

∂t
= L(x)T (x, t) +Q(x,u(t))

where L is a linear differential operator and the term Q includes the effects of the
generated ultrasound field,
(2.5)

L(x) =
∇ · (λ(x)∇)− cbρbwb(x)

c(x)ρ(x)
, Q(x,u(t)) =

cbρbwb(x)Tb
c(x)ρ(x)

+
α(x)|p(x,u(t))|2

c(x)ρ2(x)v(x)

Computation of the temperature field by numerically solving the Pennes equation can
be done with methods from [6]. The temperature field T up to some point of time t
has a cell-biological impact at the tissue point x, which follows from the Arrhenius
model [16] in a logarithmic form as

(2.6) D(x, t) =

∫ t

0

d(T (x, t′))dt′ := −
∫ t

0

A(T (x, t′)) exp

(
−Ea(T (x, τ))

RT (x, τ)

)
dt′

A(T ) denotes the temperature-dependent reaction rate, which is 0 for body tempera-
ture implying d(Tbody) = 0, Ea(T ) the activation energy and R the ideal gas constant.
Alternative models for the cell-biological impact are provided in [8, 15]. Accumulation
of the cell-biological impact up to some tend over all points of some planning volume
in X yields a notion of FUS plan quality with respect to this specific planning volume.
In case of a tumor structure, one may evaluate plan quality with the function

(2.7) f(D(x, tend)x∈X ) =

[
1

|Xtumor|

∫
x∈Xtumor

(
max{Dcur − eD(x,tend), 0}

)2
dx

] 1
2

This function averages the undershooting of some curative and thus desirable cell-
biological impact Dcur over the planning volume Xtumor. In case of a healthy organ
at risk, one may use a function like

(2.8) f(D(x, tend)x∈X ) =

[
1

|Xrisk|

∫
x∈Xrisk

(
eD(x,tend)

)2
dx

] 1
2

The presence of multiple planning volumes in consideration yields a FUS planning
problem with a vector valued objective function (fj)j=1,...,J , hence plan computa-
tion for the resulting multi-objective FUS plan optimization problem requires some
(continuously differentiable) scalarization function like the Tchebycheff method, [45],

(2.9) F (D(x, tend)x∈X ) := ‖(wj · fj(D(x, tend)x∈X ))j=1,...,J‖p

with 1 ≤ p < ∞ and objective-specific weights wj ≥ 0 fulfilling
∑
j=1,...,J wj = 1

in order to obtain a single-objective optimization problems discussed in [41]. More
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information on multi-criteria optimization and decision making can be found, for
example, in [45, 35, 12]. The single-objective FUS plan optimization problem reads

(2.10)

min
u(t)

F (D(x, tend)x∈X ) subject to

∂

∂t

[
T (x, t)
D(x, t)

]
=

[
L(x)T (x, t) +Q(x,u(t))

d(T (x, t))

]
in X × [0, tend][

T (x, 0)
D(x, 0)

]
=

[
Tbody

0

]
in X

This problem is supplemented with boundary conditions for T of Neumann (insulated
boundary) or Dirichlet (prescribed temperature) type.

2.2. Problem decomposition. The configuration u(t) consists of FUS plan
parameters of different semantic type. The placement of the FUS applicator is de-
scribed by its origin and alignment in form of coordinate values, shifts and angles.
The sonication points in the tissue, whose number L is typically of the order 101, are
characterized by their coordinates and corresponding phase shifts of the FUS appli-
cator elements, whose number M is of the order 102, the sonication schedule contains
the starting times and durations of the sonications and each single sonication is char-
acterized by the powers of the FUS applicator elements. The large number of plan
parameters in combination with the dimensions of time and spatial discretization and
the numerical expense for solving the Pennes equation (2.4) gives the FUS planning
problem (2.10) an intractable computational complexity. However, the different se-
mantics of the plan parameters and their individual handling in FUS practice imply
a natural decomposition of problem (2.10) into a sequence of tractable subproblems
with moderate coupling:

1. In general, practitioners position the FUS applicator according to the location
and geometrical shape of planning structures such as tumor volume and organs at
risk without taking into account details of FUS propagation and tissue interaction
as described by Pennes equation (2.4) and Arrhenius model (2.6). They also prefer
to position the applicator once before FUS treatment starts and not to change this
setting between or during the sonications for technical reasons. The corresponding
subproblem of applicator positioning is the topic of Section 2.3.

2. Clinical FUS routine employs empirically validated strategies for placing the
sonication points in the tissue, which rely on fundamental knowledge about the re-
sulting cell-biological impact and the circumvention of certain problematic physical
effects without dealing with details of FUS propagation and tissue interaction. Sec-
tion 2.4 addresses the corresponding subproblem of sonication placement with a suit-
able heuristic.

3. After positioning the FUS applicator and placing the sonications, each single
sonication has to be designed in terms of its parameters. The selection of suitable
values requires detailed and numerically expensive FUS simulations on volume and
time discretization. The corresponding subproblem of sonication design and its com-
putation with mathematical optimization based on optimal control is the topic of
Section 2.5.
The real challenge of FUS plan computation lies in the third subproblem of sonication
design. The subsequent considerations therefore address the first two simple subprob-
lems only on a illustrative conceptual level and then focus on the algorithmically
challenging third subproblem.
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2.3. Applicator positioning. The subproblem for the positioning of the FUS
applicator strongly depends on the specific technical degrees of freedom. The subse-
quent considerations will thus stay on the conceptual level and provide an illustrative
example. The FUS applicator origin aorigin may be placed inside some set Aorigin,
which follows from the technical degrees of freedom for its alignment in terms of
translations or rotations out of some initial applicator position. The integral type of
criterion functions with respect to the tumor like (2.7) motivates an alignment of the
FUS applicator that provides a good average for all points of the tumor volume and
thus with respect to the tumor barycenter

(2.11) xtumor =
1

|Xtumor|

∫
x∈Xtumor

x dx

Without regard to the FUS modulation, the shape of the sonication cone basically
follows from the shape of the FUS applicator’s geometric cross section A(aorigin) and
thus reads

(2.12) XFUS(A(aorigin)) = {xtumor + α(a− xtumor) : α ≥ 0, a ∈ A(aorigin)}

The major tradeoff in the FUS planning problem (2.10)) takes place between the
sufficient coverage of the tumor volume and the maximal sparing of the healthy organs
at risk Xrisks, which requires maximal degrees of freedom in terms of FUS modulation
and thus a sonication cone of maximal size. The FUS applicator alignment problem
then reads

max
aorigin∈Aorigin

|A(aorigin)| subject to(2.13)

XFUS(A(aorigin)) ∩ Xrisks = ∅

see also Figure 1.
A suitable formulation for Xrisks depends on the individual form of problem (2.13).

Fig. 1: Schematic view on the FUS applicator alignment problem
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The most suitable formulation of this problem depends on the description of the
organs at risk and the geometry of the FUS applicator. For example, [40] considers
a flat FUS applicator of circular shape, which implies a circular cone, and covers
the organs at risk with ellipsoids and derives an analytic formulation of the boundary
points of cone and ellipsoids. The objective function of problem (2.13) then essentially
reduces to the opening angle of the cone as illustrated in Figure 1. This concrete
formulation allows for a computation with nonlinear programming methods, see [3].
From a general point of view, (2.13) belongs to the class of semi-infinite programming
problems [20], which in many cases allow for a reduction to nonlinear programming
problems, see for example [39].

2.4. Sonication placement. The subproblem for the placement of FUS son-
ications essentially features the coverage of the tumor volume with areas of tissue
coagulation due to major cell-biological impact (2.6) around the sonication points.
These areas basically have some uniform ellipsoidal shape oriented along the main
direction of FUS propagation and a maximal size defined by the properties of heat
diffusion in the tissue. Using the ellipsoid main axes e1, e2 and a third vector e3 with

‖e3‖2 = ‖e2‖2, e1 ⊥ e3, ∠(e2, e3) = 60◦

one can define a triangular sonication grid around the tumor barycenter with

(2.14) S = {xtumor + s1 · e1 + s2 · e2 + s3 · e3 : s1, s2, s3 ∈ Z}

as shown in Figure 2 and obtain the relevant sonication points as

(2.15) SFUS = S ∩ Xtumor

Fig. 2: Schematic view of the FUS sonication placement problem

Major cell-biological impact (2.6) causes changes in the tissue parameters in the
Pennes equation (2.10), which are difficult to predict. Clinical routine circumvents
the resulting uncertainties of FUS propagation and tissue interaction by a ”from back
to forth” approach, which first addresses the sonication points of maximal distance to
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the FUS applicator and then successively makes its way towards the points of minimal
distance. Different approaches for ordering the sonication points of the same distance
were examined in [19] with the conclusion, that a ”circular from inner to outer”
approach benefits most from the heat diffusion in the tissue in terms of the obtained
cell-biological impact. This implies a total ordering relation on the grid (2.14), which
ranks the sonication points first according to their layers from back to forth, then
according to the circles in a layer and then in their (counter-)clockwise order on a
circle, see Figure 2.

Taking into account the spatial discretization of X in form of the nodes xn for
n = 1, . . . , N , where N is typically of the order 106, the set of sonication points (2.15)
is basically obtained by assigning the tumor volume points xn ∈ Xtumor to the vicinal
sonication grid points.

2.5. Sonication design. After positioning the FUS applicator and placing the
sonication points, the remaining FUS planning problem (2.10) in terms of plan pa-
rameters u reduces to the search for best possible starting times and durations oof
the sonications and the powers for the FUS applicator elements, [49, 24], for each son-
ication based on a numerical FUS simulation and accumulation of the cell-biological
impact based on the Pennes equation (2.4) and the Arrhenius model (2.6). Therefore,
this is a PDE-constrained optimal control problem. In this section the discretize-
then-optimize approach [5] is used to formulate the costate equation and calculate
the gradient with respect to the control parameters.

Denote by T (t),D(t),d(T (t)),Q(u(t)) ∈ RN the temperature, cell-biological im-
pact and ultrasound source term respectively on the spatial discretization at time t
and approximate the differential operator L in Eq. (2.10) by the matrix L ∈ RN×N .
The FUS planning problem (2.10) then reads

(2.16)

min
u(t)

F (D(tend)) subject to

d

dt

[
T (t)
D(t)

]
=

[
LT (t) +Q(u(t))

d(T (t))

]
in (0, tend)[

T (0)
D(0)

]
=

[
Tbody

0

]
Lemma 2.1. Let u∗ : [0, tend] 7→ RM be the optimum of problem (2.16) with

the corresponding state z∗(t) := (T ∗(t),D∗(t)) ∈ R2N . Then there exists a costate
λ∗(t) = (λ∗T (t),λ∗D(t)) ∈ R2N that satisfies the equation

d

dt
λT (t) = −LtλT (t) +∇d(T )t∇F (D(tend))(2.17)

with the terminal condition λT (tend) = 0.
Proof. According to the formula (B.2) the Hamiltonian takes the form

(2.18) H(z,λ,u) = (LT +Q(u))
t
λT + d(T )tλD

where the costate vector λT corresponds to the temperature and λD corresponds to
the Pontryagin minimum principle, see Theorem B.1, provides for the costate vectors
the equations

d

dt
λT (t) = −∇TH = −LtλT (t)−∇d(T )tλD(t)(2.19)

d

dt
λD(t) = −∇DH = 0(2.20)
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The terminal conditions are

λT (tend) = 0(2.21)

λD(tend) = −∇F (D(tend))(2.22)

From the equation (2.20) it follows that λD(t) ≡ const. Hence, Eq. (2.22) implies
that

(2.23) λD(t) ≡ λD(tend) = −∇F (D(tend))

and, therefore, the statement follows from Eqs. (2.19) and (2.23). Since the costate
vector λD(t) is not affecting any of the other variables, we can omit it in the solution
process.

The considered time range is discretized

(2.24) 0 = t0 < . . . < tK+1 = tend

into intervals of suitable length τk = tk − tk−1 for k = 1, . . . ,K + 1. These intervals
make up for the sonication time intervals [tkl−1

, tkl) for l = 1, . . . , L, where kl increase
monotonously from k0 = 0 to kL = K. Each sonication is defined by a vector ul ∈ RI ,
where

(2.25) u(t) ≡ uk ≡ ul (t ∈ [tk−1, tk), kl−1 < k ≤ kl)

with the sonication time σl = tkl−tkl−1
, which is typically of the order of 101 seconds.

Computation of problem (2.16) on the time discretization (2.24) comprises a numerical
solution of the Pennes equation (2.4) in order to obtain the temperatures (2.2) and
the accumulation of their cell-biological impact (2.6). In order to make the integration
stable, the time steps τk have to be small, hence K is typically of the order 103. The
vectors u = (u1, . . . ,uL) ∈ RIL and σ = (σ1, . . . , σL) ∈ RL summarize the sonication
parameters and sonication times respectively.

The temperature T is computed with the explicit Euler scheme, [6], and the cell-
biological impact D is accumulated with the trapezoidal integration rule, [1]. Hence,
the FUS planning problem (2.16) reads

min
u,σ

F (DK) subject to(2.26)

Tk = Tk−1 + τk(LTk−1 +Q(uk)) (k = 1, . . . ,K)(2.27)

Dk = Dk−1 +
τk + τk+1

2
d(Tk) (k = 1, . . . ,K)(2.28)

T0 = Tbody(2.29)

D0 = 0(2.30)

In this section the formulas for computing the value and in particular the gradient
of the target function F (DK) with respect to the plan parameters u and σ are
provided. They are required for numerical solution of problem (2.26)–(2.27) with
nonlinear optimization methods.

The statement of the lemma below follows immediately from Eq. (2.27).
Lemma 2.2. Infinitesimal variation of Tk with respect to the parameters uk and

τk can be written as

(2.31) ∆Tk = ΘTk ∆Tk−1 + Θτ
k∆τk + ΘQk ∇Q(uk)∆uk,
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where

(2.32) ΘTk = I + τkL ∈ RN×N , Θτ
k = LTk−1 +Q(uk) ∈ RN , ΘQk = τk ∈ R

For the subsequent considerations, we use the conventions ΘTK+1 = 0, ∆T0 = 0 and
∆τK+1 = 0.

Lemma 2.3. Infinitesimal variation of F (DK) with respect to the parameters Tk
and τk can be written as

(2.33) ∆F (DK) =

K∑
k=1

(
ΨTk ∆Tk + Ψτ

k∆τk
)

where

ΨTk =
τk + τk+1

2
∇F (DK)t∇d(Tk) ∈ R1×N(2.34)

Ψτ
k =

1

2
∇F (DK)t (d(Tk) + d(Tk−1)) ∈ R

Proof. Infinitesimal variation of the target functional F (DK) and DK from
Eqns. (2.26), (2.28) reads

∆F (DK) = ∇F (DK)t∆DK = ∇F (DK)t
K∑
k=1

τk + τk+1

2
∇d(Tk)∆Tk

+∇F (DK)t
K∑
k=1

1

2
d(Tk)∆τk +∇F (DK)t

K+1∑
k=2

1

2
d(Tk−1)∆τk

and the claim follows with d(T0) = 0 and the above conventions.
Corollary 2.4. Under the assumption of similar time steps τk ≈ τk+1 for

k = 1, . . . ,K, computation of the costate with the implicit Euler method reads

λK+1 = 0

λk = (ΘTk+1)
t
λk+1 − (ΨTk )

t
(k = 1, . . . ,K)(2.35)

Proof. Discretized costate equation in Lemma 2.1 with the implicit Euler scheme
reads

λk = λk+1 − τk+1

(
−Ltλk+1 +∇d(Tk)t∇F (DK)

)
= (I + τk+1L)tλk+1 −

(
τk+1∇F (DK)t∇d(Tk)

)t
and substitution of ΘTk and ΨTk yields the claim.

Theorem 2.5. Under the sound assumption of almost equally scaling time steps

∆σl ≈ (kl+1 − kl − 1)∆τk (kl < k ≤ kl+1)

the partial derivatives of the target functional F (DK) have the form

∇ul
F (DK) = −

kl+1−1∑
k=kl

λtk∇ΘQk Q(ul)(2.36)

∂

∂σl
F (DK) =

1

kl+1 − kl − 1

kl+1−1∑
k=kl

(
Ψτ
k − λtkΘτ

k

)
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Proof. In order to calculate the partial derivatives of the target function F (DK)
with respect to the parameters uk and τk for k = 1, . . . ,K, the term

∑
ΨTk ∆Tk has

to be removed from Eq. (2.33) using the discrete costate equation (2.35)

K∑
k=1

ΨTk ∆Tk =

K−1∑
k=1

λtk+1ΘTk+1∆Tk −
K∑
k=1

λtk∆Tk

=

K∑
k=2

λtk

(
∆Tk −Θτ

k∆τk −ΘQk ∇Q(uk)∆uk

)
−

K∑
k=1

λtk∆Tk

= −
K∑
k=2

λtk

(
Θτ
k∆τk + ΘQk ∇Q(uk)∆uk

)
− λt1∆T1

= −
K∑
k=1

λtk

(
Θτ
k∆τk + ΘQk ∇Q(uk)∆uk

)
(2.37)

Now we substitute the result (2.37) in the target functional variation (2.33),

∆F (DK) =

K∑
k=1

(
ΨT
k ∆Tk + Ψτ

k∆τk
)

=

K∑
k=1

((
Ψτ
k − λtkΘτ

k

)
∆τk − λtkΘQk ∇Q(uk)∆uk

)
(2.38)

The statement of the theorem follows from Eqs.(2.25), (2.38) combined with the as-
sumption of almost equally varying scaling steps.

All previous considerations combine to Algorithms 1 and 2 for computing the
objective function value and gradient. Alternatives concerning the time stepping
method, the numerical integration rule and also the algorithmic exploitation of the
Pontryagin maximum principle of Theorem B.1 are discussed in [4].

Algorithm 1 Objective value computation - forward iterations

Initialize plan parameters and times
Create time discretization (2.24)
Initialize T0 and D0 from initial condition of problem (2.10)
for l = 1 up to L do

Get source term Q(ul) of Pennes equation (2.4)
for k = kl + 1 up to kl+1 do

Compute Tk with time stepping method (2.27)
Compute Dk with (2.28)

end for
Save Tkl+1

end for
Compute and store ∇F (DK)
Compute and return F (DK)

Algorithm 1 takes the source term of the Pennes equation (2.4) for the L son-
ications as input, which can be efficiently computed with the method of [13]. The
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algorithm computes the temperature information Tk on the time discretization (2.24)
with the time stepping method (2.27), the accumulative cell-biological impact Dk

with (2.28) and returns the value and gradient of the objective function F (DK). All
these vectors are defined on the spatial discretization with N nodes. The time step-
ping method uses the current source term and the discretized differential operator Lh
of the Pennes equation (2.4), which is a band matrix according to [6], and the previ-
ous temperature vector for obtaining the current temperature vector. An update of
the accumulative cell-biological impact (2.28) requires only the current temperature
vector. A computation run of Algorithm 1 thus happens with a numerical expense
of O(K · N) floating point operations and in this particular formulation a memory
consumption of O(N) bytes.

Algorithm 2 Objective gradient computation - backward iterations

for l = L down to 1 do
Get source term derivative ∇Q(ul) of Pennes equation (2.4))
for k = kl + 1 up to kl+1 do

Compute Tk with time stepping method (2.27))
end for
for k = kl+1 down to kl + 1 do

Compute ΘTk ,Θ
τ
k,Θ

Q
k with (2.32)

Compute ΨTk ,Ψ
τ
k with (2.34)

end for
Compute ∇ul

F (DK) and ∂
∂σl

F (DK) with (2.36)
Delete Tkl+1

end for
Return ∇uF (DK),∇σF (DK)

The saving of the temperature vector Tkl+1
at the start of the next sonication,

which has a memory consumption of O(L ·N) bytes, happens in view of Algorithm 2.
This algorithm takes the source term derivatives of the Pennes equation (2.4) and the
starting temperatures for the L sonications as input, performs backward iterations
over the sonications and computes the temperature information Tk for each sonica-
tion with the time stepping method (2.27). The benefit of this second temperature
simulation with an additional computational expense of O(K · N) flops lies on the
memory side, where a saving of temperatures for the whole time discretization (2.24)
in Algorithm 1 with a total memory consumption of O(K · N) � O(L · N) bytes
can be avoided. Algorithm 2 then computes the operators of the temperature up-
date (2.31) and the objective function update (2.33) and then the objective function
gradient with respect to the plan parameters (2.36) as final output. All these com-
putations require O(K ·N) flops and a total memory consumption of O(L ·N) bytes.
The obtained objective function values and gradients serve as input of some generic
nonlinear programming method, see for example [42, 43].

Acknowledgments. This work was supported by the Fraunhofer Internal Pro-
grams under grant no. MAVO 821012.

Appendix A. Pressure field simulation. Denote the transducer elements
Xm, m = 1, . . . ,M , with their powers Pm, phase shifts ϕm, densities ρm and speeds
of sound vm. The pressure field can be numerically obtained from Helmholtz equation
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(2.1) by means of the Rayleigh-Sommerfeld integral, see [26, 18, 17], as

p(x,u) = 2πifρ(x) ·
∑

m=1,...,M

eiϕm · φm(x)

with the velocity potential for the mth transducer element in the volume point x

φm(x) =
1

2π

√
2 · Pm

|Xm| · ρm · vm

·
∫
x′∈Xm

exp

(
−
∫
x′′∈[x′,x]

(
2πif

v(x′′)
+ a(x′′)

)
dx′′ · ||x′ − x||

)
1

||x′ − x||
dx′

A suitable ray-tracing along the line segment connecting x′ and x is an integral part
of the simulation approaches, see for example [13]. Rewriting the velocity potential
as

φm(x) =
1

2π

√
Pm · φ̃m(x)

where φ̃m contains only the frequency f as the only plan parameter, which is con-
sidered predefined in this context, the source term (2.5) of the Pennes equation (2.4)
reads

Q(x,u(t)) =
cbρbwb(x)Tb
c(x)ρ(x)

(A.1)

+
α(x)

c(x)ρ2(x)v(x)

∑
m

∑
m′

√
PmPm′e

i(ϕm−ϕm′ )φ̃m(x)φ̃∗m′(x)

This term attains its maximal value in x for the phase shifts

(A.2) ϕm = − arg φ̃m(x) ⇐⇒ eiϕm =
|φ̃m(x)|
φ̃m(x)

which can thus be analytically found and excluded from the sonication design problem
of Section 2.5. Equation (A.1) allows for a computation of the source term as well as
its partial derivatives with respect to the plan parameters Pm, which serve as input
of the Algorithms 1 and 2, based on precomputed φ̃m.

Appendix B. Fixed time, free endpoint problem. Consider the fixed time,
free endpoint optimal control problem with the terminal payoff F : RN 7→ R, [38],
which can be formulated as

(B.1)

min
u(t)

F [z(tend)] subject to

d

dt
z(t) = y(z(t),u(t)) for (0, tend),

z(0) = z0,

where y : RN × RM 7→ R is given, u(t) : R 7→ RM is a control vector and z, z0 ∈ RN
are the state and initial state respectively.
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The control theory Hamiltonian for the problem B.1 is the function

(B.2) H(z,λ,u) := y(z,u)tλ,

where the vector λ is called the costate vector.
Theorem B.1 (Pontryagin minimum principle, [38]). Let u∗ : [0, tend] 7→ RM be

the optimum of problem (B.1) with the corresponding state z∗ : [0, tend] 7→ RN . Then
there exists a costate λ∗ : [0, tend] 7→ RN with

d

dt
λ∗(t) = −∇zH(z∗(t),λ∗(t),u∗(t))(B.3)

d

dt
z∗(t) = ∇λH(z∗(t),λ∗(t),u∗(t))(B.4)

and

H(z∗(t),λ∗(t),u∗(t)) = min
u(t)

H(z∗(t),λ∗(t),u(t)) (0 ≤ t ≤ tend)

In addition, the mapping t 7→ H(z∗(t),λ∗(t),u∗(t)) is constant. Finally, there is a
terminal condition

(B.5) λ∗(tend) = −∇F (z∗(tend))

Appendix C. Impact-volume histogram. [41] introduce the impact-volume
histogram (IVH) based on the DVH concept from radiation therapy, see [44, 14],
which allows for a comprehensible overview on medical plan quality. The IVH maps
the total cell-biological impact D(x, tend) for a tissue entity X ′ to a histogram curve

h(D(x, tend)x∈X ′) = (h(D′, D(x, tend)x∈X ′))D′∈[0,∞)

which depicts for each (non-logarithmic) cell-biological impact value D′ the volume
percentage

h(D′, D(x, tend)x∈X ′) =
1

|X ′|

∫
x∈X ′

1[D′,∞)(e
D(x, tend))dx

of the entity receiving at least this impact. The value of a criterion function like (2.7,
2.8) for some tissue entity can be considered as some average of the corresponding his-
togram curve according to [41], which in turn provide a more refined view on medical
quality than the criterion values themselves, but a more comprehensible view than a
volume-based visualization of the time-dependent temperature field or accumulated
cell-biological impact.
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