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Abstract
Fachbereich Mathematik

Homogenization and Dimension Reduction of a Textile Shell and Minimization

of Buckling with Microstructure-Optimization

Stephan WACKERLE

For technical textiles it is important to understand the influence of weaving pattern, fiber
properties and contact between the fibers on the macroscopic properties. In particular, if the
macroscopic behavior of the textile should be optimized the exact relation between micro-

structure and effective properties are crucial.

The thesis begins with the simultaneous homogenization and dimension reduction of textile
structures. The rigorous derivation of a homogenized elasticity problem is shown for two
different energy regimes, linear and von-Karméan-type. The homogenizations for both energy
regimes begin with the decomposition of displacements and general Korn-type estimates of
the displacement fields. These estimations yield together with an textile-adapted unfolding

operator the limiting problems.

In particular, the linear elasticity problem is augmented with a Signorini-type contact condi-
tion, which further defines the limit problem. Here we present two different orders of contact
and distinguish a linear elastic plate or a Leray-Lions-type problem in the limit. For the non-
linear elasticity problem with glued fibers, the energy scaling is specifically chosen such that
in the limit the von-Karmén plate arises. Due to the nonlinearity of the problem the limit is
derived with means of I'-convergence. Eventually, we prove that for isotropic homogeneous

fibers and the given symmetries of the textile the homogenized plate is orthotropic.

The end of the thesis is dedicated to the investigation and optimization of buckling of textiles.
The critical strain for buckling of an orthotropic plate is derived for both compression and
tension and given in terms of the elastic properties. For a plate under uniaxial compression
an optimization scheme for the delay and shape-modification of buckling is presented and

illustrated with implemented examples.
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Zusammenfassung
Fachbereich Mathematik

Homogenization and Dimension Reduction of a Textile Shell and Minimization

of Buckling with Microstructure-Optimization

Stephan WACKERLE

Fiir technische Textilien ist es essentiell den Einfluss von Webmuster, Fasereigenschaften und
Kontakt zwischen den Fasern auf die makroskopischen Eigenschaften zu verstehen. Insbeson-
dere, wenn das makroskopisches Verhalten des Textils optimiert werden soll, ist die genaue

Beziehung zwischen Mikrostruktur und effektiven Eigenschaften entscheidend.

Die Arbeit beginnt mit der simultanen Homogenisierung und Dimensionsreduktion von tex-
tilen Strukturen. Die Homogenisierung ist mathematisch hergeleitet fiir zwei verschiedene
Energieregime, linear und von-Karman. Die Homogenisierungen fiir beide Energieregime
beginnen mit der Zerlegung von Verschiebungen (Decomposition of dispalcements) und all-
gemeinen Korn-Abschitzungen der Verschiebungsfelder. Zusammen mit einem Entfaltung-
soperator (Unfolding operator) fiir die textile Struktur ergeben diese Abschétzungen die

Grenzprobleme.

Insbesondere wird das linear elastische Problem durch eine Signorini-Kontaktbedingung
erganzt, die das Limitproblem weiter spezifiziert. Wir stellen hier zwei verschiedene Ordnun-
gen flir den Kontakt zwischen Fasern vor und unterscheiden im Limes zwischen einer linear
elastischen Platte und einem Leray-Lions-Problem. Fiir das von-Kéarman Elastizitatsproblem
mit geklebten Fasern ist die Skalierung der Energie gezielt so gewéhlt, dass im Grenzfall die
von-Kérméan-Platte entsteht. Aufgrund der Nichtlinearitdt des Problems wird der Grenzwert
mittels der I'-Konvergenz hergeleitet. Abschlielend beweisen wir, dass fiir isotrope homogene

Fasern und den gegebenen Symmetrien des Textils die homogenisierte Platte orthotrop ist.

Das Abschluss der Arbeit ist der Untersuchung und Optimierung des Knickens von Tex-
tilien gewidmet. Die kritische Dehnung, die das Knicken einer orthotropen Platte induziert,
wird in Bezug auf die elastischen Eigenschaften sowohl fiir Kompression, als auch fiir Zug
angegeben. Fiir eine Platte unter uniaxialer Kompression wird ein Optimierungsschema fiir
die Verzogerung und Forménderung der Knickung vorgestellt und anhand von implemen-

tierten Beispielen illustriert.
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Notation

Throughout the thesis the following notation is used:

Notation Explanation
€ a small parameter; size of the periodicity cell
K small parameter, independent of
r a small parameter, radius of the beams, generally r < ke
wp = (—r,r)? the beam’s cross-section
(1,q) index for the ¢-th ej-directed beam, ¢ € {1,..., N}
(2,p) index for the p-th eg-directed beam, p € {0,..., N:}
PP the reference beam domain, curved beam domain
Se or QF beam structure
Q=(0,L)? the limit plate domain
. = é eN number of periodicity cells in each direction
Cyq mutual contact area of beam ¢ and p
Ke set of contact-mid-points, K = {0, ..., 2N.}?
A, L Lamé constants
C(Q) space of continuous functions over
H(Q) or H*(Q) | Sobolev-space of functions over {2
Vu gradient of a function u
e(u) = VUHQV“)T symmetric gradient of u
alb the cross-product of two vectors a, b € R?
1y identity mapping
I3 unit matrix







Chapter 1

Introduction

The topic of this thesis originated from industrial projects at the Fraunhofer ITWM about the
buckling of belt-shaped textiles. While the buckling under compression is a commonly known
problem [34, 44], it may arise also under tension, see [9, 42]. In many industrial applications
such buckling effects are unwanted, since the shape of an originally flat object is disturbed.
This leads to deformations, which can not be handled in a subsequent treatment, or lead to
different load distributions within the specimen or the environment. The idea is to modify
the textile’s micro-structure in such a way that buckling is reduced or delayed. Additionally,
it is possible to adjust the buckling shape, which means that once the critical regime is
reached, the buckling deformation of the specimen is as uncritical as possible. However,
for the production it is necessary to keep the periodic structure for an easy fabrication
and to satisfy the requirements for its designated applications. Furthermore, the periodic
structure helps to exclude defects of the final product, be it optical or mechanical. In recent
investigations textiles are very present, since they are in a way customizable, such that they
can be used in many situations ranging from clothes to structural parts in vehicles.

To model the buckling behavior one typically uses the von-Kéarman plate. The model is at
the verge between linear and a fully non-linear elasticity. As shown in A hierarchy of plate
models derived from nonlinear elasticity by I'-convergence (see [21]) there are different limit
models varying from a fully nonlinear membrane model to the standard linear plate model
depending on the inherent energy, cf. Table 1.1. Note, that in [21] the powers are shifted by
one, since an energy normalized w.r.t the thickness is considered.

In the following analysis we only consider a linear energy, which corresponds to ||e(u) ||%2(Qh) <
h®, and the energy regime for von-Karman, i.e., le(u)| 12(q,) = h°, (see also [20, 36, 46]). For
simplicity, we assume indifferently He(u)H%z(Qh) < RS, yet start with a linear or a nonlinear
strain tensor respectively.

For textile structures it is crucial to resolve the contact between the fibers. This is presented
in Chapter 3, where the linear elastic energy is augmented by a non-rigid contact condition
between the fibers. The contact, i.e., the order of possible sliding at the contact areas, plays
a crucial role for the determination of the limit although the overall energy is assumed to
be still in the linear regime. Indeed, strong contact leads to the typical homogenized plate,
while for weak contact the limit problem is not even macroscopically a plate anymore. In
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He(u)H%Q(Qh) = h* | limit model
k>5 Linear plate
k= von-Karmén plate
5>k>3 Linearized isometry constraint
k=3 Bending theory
k<3 Membrane theory

Figure 1.1: Different asymptotic models w.r.t [|e(u)[|z2(q,), a measure for the elastic
energy, in terms of the plate’s thickness h occupying the domain €, = (0, L)? x

(=5:%).

this thesis the contact is restricted to two different orders, which result in either linear cell
problems or in a type of Leray-Lions-operator (e.g. see [19, 32]).

The general strategy in this whole thesis is to obtain a homogenized model of the textile with
an additional dimension reduction from 3D to 2D. The different regimes of linear elasticity
with contact and of the von-Karman plate are investigated separately, due to a different
analysis. For the buckling optimization the von-Karman is important, which is addressed in
the last part of this thesis.

Specifically, for the first homogenization and dimension reduction the textile is resolved on
the fiber scale with a canvas weaving pattern. These fibers with radius r and periodicity
¢ are modeled as beams, which are periodically in contact with each other. The contact
is modeled via a gap-function g.. In the linear energy regime, i.e., of order [e(u)|[z2(q.) <
Ce®2, the decompositions of displacements (see [25]) are adapted for the beam structure.
This decomposition allows to split the displacements into elementary (displacements of the
middle-line and rotation of the cross-section) and residual displacements. In particular, the
decomposition for beams yields middle-line displacements and rotations of different order
(w.r.t. € and r). On the basis of the beam displacements global fields are introduced. These
are defined on the whole plate and give rise to Korn-type inequalities and estimates for the
textile displacements. These estimates are necessary to obtain compactness results for the
asymptotic analysis. The limit displacements are derived with the help of an unfolding-
rescaling operator, i.e., an unfolding operator with an incorporated dimension reduction (see
e.g. [16, 28]). Depending on the contact conditions between the fibers we identify two
different limit problems. The cases of cubic contact g. ~ €% and g. ~ €37 with a > 0 are
further investigated, which lead to a Leray-Lions problem or a standard homogenized linear
plate, respectively.

For the second homogenization concerning the von-Karman plate the same textile structure
with glued fibers, ie., g- = 0, is considered. To utilize here the decomposition of plate
displacements, we introduce an extension to the plate domain without holes. For this type of
extension the assumption of glued fibers is crucial. The decomposition for plates yields again
elementary and residual plate displacements. We again provide the Korn’s-type estimates
for the displacements. The asymptotic behavior of displacements and the strain tensor is



investigated and the results are similar to [4, 5, 16, 25]. In the derivation of the limit problem
a I'-convergence argument yields the limiting energy of von-Karman-type. The corresponding
cell problems remain as in chapter 3 with contact condition g. = 0.

The last part of the thesis is dedicated to the investigation and optimization of buckling for
textile plates, to show the effectiveness of the derived homogenized models. There are two
cases discussed: tension and compression induced buckling. Note, that the tension gener-
ates a cross-compression leading to buckling in the lateral direction. For the compression
dominated case, direct or induced, a macroscopic optimization scheme is developed, which is
designed to improve buckling-shape and delay its appearance. The optimization accounts for
constraints coming from textile-industry and is implemented in MATLAB. Numerical exam-
ples underline the effectiveness of the macroscopic optimization. Additionally, the influence
of the Pareto optimization front is discussed, which arises naturally due to the two considered
objectives. By a second step, the macroscopic results are transfered to the micro-structure
with a given design space. This is shown for an academic example.

The thesis is concluded by a summary.
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Chapter 2

Introduction to Homogenization

Homogenization of partial differential equations is an asymptotic method for studying prob-
lems with highly oscillating and usually periodic coefficients or geometry. It is an efficient
way to find a representative model for complex problems, thereby reducing the effort in an-
alyzing or computing the whole structure. Since the method provides simpler macroscopic
models with additional corrector problem containing the microscopic information, it is used
whenever multiple scale arise in the problem. A typical homogenization problem is

v (A (g) vug) - f, (2.1)

where ¢ is a small parameter, A(y) a 1-periodic coefficient, u. the solution and f the force.
Usually, the variable z is referred to as the slow or macroscopic variable, while y = Z is
called fast or microscopic variable. It is obvious that such problems heavily depend on € and
the smaller € the more oscillations arise. However, in the field of homogenization the idea is
to obtain a representative problem without this parameter by investigating the limit ¢ — 0.
The homogenized model is then a good approximation of the original problem for small €,

yet without depending on e. For introductory literature see for instance [15, 16].

Chronologically speaking, the first homogenization method is the asymptotic expansion,
which is a formal method to obtain a hierarchy of problems corresponding to the original
problem. For this approach the actual solution is replaced by a series

Uz = Ug <x, E) + euq (3:, f) + c2uy (x, E) cee (2.2)
€ € €

This substitution is inserted into the problem and by collecting the coefficients for each
order of £ a hierarchy of problems arises. This hierarchy allows to successively compute the
solutions u; to determine the full problem.

The mathematical treatment began with Bensoussan et al. [2] and Giorgi and Spagnolo
[22]. In the year 1989 as Nguetseng [37] introduced the two-scale convergence as notion for
homogenization problems.



8 Chapter 2 Introduction to Homogenization

Definition 2.0.1 (Two-Scale-convergence [17]). Let p € (1,00). Then a bounded sequence
{w:} C LP() two-scale converges to some w € LP(Q,Y), if

/ we(x)p <w, £> dx — w(z,y)p (z,y) dedy, Vo e D(QAXY). (2.3)
Q € Qxy

Obviously the two-scale convergence is similar to a weak convergence, yet special test-
functions are necessary to account for the oscillating scale. In the following decade it was
further investigated and developed by Allaire [1] and many others.

In 2002 the periodic unfolding method was introduced by Cioranescu et al. [17] and later
extended and refined in [16, 25]. This method gives rise to an operator calculus incorporating
the splitting of the scales, i.e., slow and fast variable. The so called unfolding operator 7; is
a mapping from LP(2) into LP(Q x Y).

Definition 2.0.2. Let 2 C R™ be an open set and Y a reference cell. Furthermore, let w be
a measurable function on Q. Then the unfolding operator is defined as

w(e [2], +ey) ae for (z,y) € Q. xY

(2.4)
0 a.e. for (z,y) € A xY

Te(w)(z,y) = {

where Q. = int {e(E+Y) | e(€+Y) C Q,€ € Z"} denotes the interior cells and A, = Q\ Q.
the boundary cells.

This splitting of the variables via an operator translates the two-scale convergence to a more
general weak convergence of the unfolded sequences. In fact, the two scale convergence
and the weak convergence under unfolding are equivalent, see [18, Prop. 2.14]. Hence, for
bounded sequences {¢.} C LP(Q), p € (1,00) the convergences

To(we) = ¢ weakly in LP(2xY) <= {w.} two-scale converges to w (2.5)

are equivalent. Note that an advantage of the unfolding method is that the weak convergence
works with the direct dual space LP' (€2 x Y'). Moreover, it is possible to use smooth functions
D(Q x Y) together with density arguments.



Chapter 3

Homogenization of the textile in
linear elasticity with contact

3.1 Homogenization of a textile

The homogenization of the textile begins with general results for single periodically oscil-
lating beams in the textile. The beam is analyzed with the help of the decomposition of
displacements (see [6, 16, 25]). Especially for the oscillating behavior in the textile new
displacements are introduced to simplify estimates and asymptotic behavior. The results are
transfered to the textile structure and a splitting into global and local displacements is intro-
duced. The global fields are defined by the displacements on the contact areas and extended
to the plate domain Q = (0, L)? by extension. This special definition allows to improve
the primal estimations by the regularity coming from the contact condition. The derived
estimates give the bounds and compactness results necessary for the asymptotic analysis.

The limit € — 0 is investigated with the unfolding operator. For the textile an adapted
unfolding-rescaling operator is introduced, which includes the unfolding operator on the
textile structure and a dimension reduction. With this definition it is possible to study the
simultaneous limit of both, homogenization and dimension reduction. The properties of this
unfolding operator together with the estimates on the displacements yield the limit of the
displacements and the symmetric strain tensor. A special attention is drawn to limit contact
condition for which the unfolding operator is adjusted, similar to a boundary unfolding
operator (see [16, 27]).

The unfolded limit problem arising from the convergences is investigated in this chapters

last section. First the cell problems are identified, where due to the contact condition of

3

order g. ~ €° an additional nonlinear corrector is introduced to obtain the homogenized

coefficients. This implies that the final homogenized problem is of Leray-Lions-type. The
existence of solutions for this problem is shown, the uniqueness, though, can not be proven.

3

However, a contact of order g. ~ €° results in the vanishing of the additional nonlinear

corrector and the typical homogenized linear plate is recovered.
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Further literature on homogenization and dimension reduction of beam-structures we refer
to [26-28, 30, 43]. For general literature on elasticity and plate theory we refer to [10-13, 45]
and many others. The work presented in this chapter is published in [29].

Hereafter, the notion of beams, fibers and yarns is used equivalently.

3.2 Periodically curved beams

In this section, we introduce the curved beams of which the textile consists. We concentrate
on the geometry, the displacements and the orders of the different displacement components.

The basic parameters of the yarns are the length L and the radius r and in this case the
periodicity . Observe that the fibers have a beam character, i.e., I > 7, which is important
for the subsequent treatment. Furthermore, assume r < ke with kK < kK = % This assump-
tion assures that the fibers do not overlap and that the curved character does not imply a
penetration of beams. Although we later assume r = ke we keep for the sake of generality
both parameters r and € in the displacement-estimates. This allows to transfer the results
to other choices for the parameters (e.g. r = ke?).

The textile with the typical canvas structure admits two main-directions for the beams: the
ej-direction and es-direction. Due to their similarity of definition and the further treatment
we only consider here the e;-directed beams and transfer the results.

To describe the reference domain of a single curved beam in the textile, define the 2-periodic

function
—K, if z € [0, K],
(z=r)> _ 4 (=R)> : _
o(z) = 5(6(1_25)2 A0 1) if z € [k,1 — K], (3.1)
K if z€[1—k,1],
D2 —2) if z € [1,2].

Rescaling ®.(z) = e®(Z) yields the oscillating middle line within the textile. Note, this
function is almost everywhere C?(R) and overall C!(R) and satisfies by definition

r
1Pelloe(00) < Oy @2l po20) < O (3.2)

Remark 3.2.1. If it is necessary to keep r and € separated, use

—r if z € [0,r],
(z=r)? _ g (z=1)® ; _
B.(2) = r(6 oz~ A 1) if z € [r,e — 7], (3.3)
r if z € [e — €],
O, (26 — 2) if z € [g, 2¢],

instead. The estimates (3.2) remain true.
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Hence, define the oscillating beam with the main-direction e; by the parametrization
M(Zl) = z1€e1 + <I>€(z1)e3. (34)

Note that the keyword main-direction for this beam is justified by the fact that for negligible
oscillations we arrive at a straight beam with direction e;.

This parametrization gives rise to the local Frenet-Serret frame (or TNB-frame) consisting
of the three vectors (t.(z1),e2,n.(21)). The arc-length s; and the curvature c. of the curve
are easily computed

ds
51(0) =0, d—ziz%, ce(z1) =

7 (21)
¥2(21)

(3.5)
where

Ye(z1) = 1+ (D(21))*. (3.6)

Although, the parametrization with respect to the arc-length (3.5) has some advantages,
we choose here to parametrize the beams with respect to the length of the textile (0, L) to
simplify the limiting behavior.

Then, the Frenet-Serret vectors can be expressed by

1 dt dt

t8 - % (el + @;(2’1)63) ) T; - Cé‘néa T; - 6676n€7
1 dn dn

ne = i (e3 - (I)/s(zl)el) ) dsla = —cCete, dzl‘E = —CeVete,

while the binormal vector e; obviously remains constant. These vector fields are almost ev-
erywhere t.,n. € C*(0, L), thus H'(0, L). For simplicity we treat hereafter t.,n. € C*(0, L),
which can also be achieved by a smoother ® but keep in mind that this is not necessary and
does not disturb the following analysis.

To end this section about the curved reference beam and the necessary differential geometry
denote the straight beams of length L and cross-section w, = [—r, r]2 or the curved beam
respectively by

P=(0,L) x wy, (3.7)
735:{:E€R3|:U:d)€(z), z€ P}

with the transition map
Ve(2) = Me(21) + 2262 + 231, (3.9)

from a straight to a curved domain. In fact, for obvious reasons the arc-length of the curved
fibers actually do not coincide with the length of the straight reference beam.

The mobile Frenet-frame (t-(z1), e2,n:(21)) is the natural one for the beam and thus mainly
used. Nevertheless, switching between this mobile frame and the global one (e1, ez, e3), to
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which the whole textile is referred to, requires that the transition map . is a diffeomorphism,

which is proven in the following Lemma.

Lemma 3.2.2. Consider the functional determinant det(Vi).) and define
Ne(z1) = det (ng(z)) = '75(21)(1 — 2308(21)), Vz1 €0, L],

where ¢z is the curvature.

r —~ . . . . .
Furthermore, if — = k < K the transformation . from P, onto P. is a diffeomorphism with
€

ne 0 0
Vipe = (nat€|e2‘na) =C.|10 1 0],
0 0 1
1
= 0 0
_ 1 T Ne
(VUJE) b= <7ts|92|ne> :Cz 0O 1 01,
e 0 0 1

with C, = (tE | e | ns). The functional determinant 7. is bounded from below and above

1
c < Ml oo 0,y < C.

The constant C' is independent of € and r.

Proof. By differentiating with the help of the Frenet formulas the Jacobian

dM dn.
V%(Z):( dz(fl) + 2 ndifl)’%

ne(zl)) = (ve(z1)(1 - 2305(21))’05(21)‘eg‘ns(zl))
is easily obtained as well as the Jacobian determinant
det(Ve)(2) = ne(21) = ve(21) (1 — 23c€(z1)).

One has 1 < y.(z1) <1+ Cr for every z; € [0, L] (see (3.2)).
For the diffeomorphism condition it is now left to show that 0 < 1 — z3c.(21) < C. The
boundedness follows immediately from the boundedness of ®. and r®. in L for fixed x

small enough. Recall that

"

(I)a (zl)
Cce(z1) = ——%=.
) = L)
Hence
" 12/4,2
L= zace(a) 2 1=rl® fimory 2 1= 7500

and thereby K < kK = ‘/%fl. Here it suffices that 1. is piecewise C? on a compact interval. [
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Lemma 3.2.3. Suppose s € [1,400). There exist two constants Cy, Cy independent of €
and r such that for every ¢ € L*(Pe)

Collg o VellLs(p) < lellLsp.y < Crlle o ellLa(p,)- (3.10)

Proof. The equivalence of norms is a simple application of the transformation theorem. Then
the claim follows by the identity

/ o(e)[*di = / (e (2)[* | det (Vie(2))|d=
Pe P

and the diffeomorphism-property of ¢. from Lemma 3.2.2. ]

Consequently, we henceforth write indifferently ¢ in place of ¢ o). for all functions.

For the rest of the thesis, we restrict ¢ such that the number of oscillations for one beam is
given by N, = 2% € N. This is important to address the contact correctly and even more it
yields that there are cells intersecting the boundary. The latter implies that A, in Definition
2.0.2 is a set of measure zero and is thus not considered in the analysis.

3.2.1 Decomposition of displacements

A crucial ingredient for the subsequent investigation of the textile are estimates on the dis-
placement fields of the beams and the full textile. Typically, these are Korn-type inequalities.
For the derivation of the estimates we introduce the decomposition of displacements follow-
ing the paper [25]. In particular, we consider beam-displacement for every fiber, which is
necessary to resolve the structure and contact between the fibers.

During the remaining part of this section we omit the indices € and r because the additional
indices lead to overloading and a reduction of comprehensibility. Only in some cases they
remain to clarify certain issues. Keep in mind, though, that almost all fields and functions
have such a dependence.

Now, let u € H'(P-;R3) be a displacement for a beam. Then we recall the decomposition
obtained in [25, Theorem 3.1 and in [23, Lemma 3.2]

u(z) =U(z1) + R(21) A (22€2 + z3n(21)) + u(2), for a.e. x = .(2) € P, z € Py,
(3.11)

where U, R € H'(0,L;R3) and w € H'(P,;R3). The warping u satisfies for a.e. z; € (0,L)
(see [25])

/ (21, 22, 23)dzodzs = 0, / u(z1, 22, 23) A (2292 + zgne(zl))dZde;), =0. (3.12)

For the understanding of the decomposed fields we recall the definition from [25].
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Definition 3.2.4. The clementary displacement associated to a beam-displacement u €

HY(P,) is defined as
U(-,22,23) =U + R A (2002 + z3n),  (22,23) € wr

with the local frame (t,n,b) of the beam. The functions are defined via the original displace-

ment:
1
U(z1) = / u(z1, 22, 23) dzodzs,
|w7“| Wy
1
R(z) t=——"—7- {Ze—l—zn /\uz,z,z}-tdzdz,
(21) (11+12)7“4/w(22 sng) A u(z1, 22, 23) odz3
1
R(z1) e = 4/ [(2’262 + z3ng) A u(z1, 22, 23)] - ey dzodzs,
Ir* /.
1
R(z1) -n= T |:(2'292 + z3n2) A u(z1, 22, 23)} -n dzodzs,
1
with the area moments I, = [ 22 dndzy = % and |w.| = 4r%. The warping denotes the

residual displacement

u=u—U*ec H(P,). (3.13)

The warping captures remaining displacements, which are not represented via the elementary
displacement. Although the warping is negligible for the global behavior of the structure, it
is crucial for the cell problems.

The strength of this decomposition lays in the possibility to separate the middle line dis-
placements and the rotation of a beam. Treating these two separately grants more control
for the asymptotic analysis, since each field admits different orders with respect to the radius
of the beam as it is shown in the next section.

3.2.2 Estimates for a curved beam

For one single curved beam the fields introduced by the decomposition of displacements
satisfy Korn-type estimates depending on the geometry. As shown in [25, Theorem 3.1] the
decomposed fields satisfy

@l z2(prey < Crlle(w) | z2p.), IVl L2 (p, r3x3) < Clle(u)|| L2 (p. r3x3), (3.14)

and

¢
r

<
“llz20.n)

cwlipy |5 —RAL le(lizzpy.  (3.15)

|o% < e
dsq1L2(0,L) r2

All constants are independent of r and e (recall that 2r is the thickness of the beam).

In (3.14) and (3.15) it is possible to consider the gradients with respect to both sets of
variables (z1, 22, 23) or (s1, 22, 23). Indeed, since the Jacobian determinant 7. of the change
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of variables is bounded (see Lemma 3.2.2) and the estimates only change in the constant.
Hence, we replace (3.15) by

5
L2(0,L) — 2” ( )||L2(PE)’ Hle le

C
< —
L2(0,L) T

| X T e(W)z2p,.  (3.16)

Hereafter, we write d; instead of ;- for the sake of simplicity.

Additionally to the above decomposition we define another splitting of the displacement U,
cf. (3.11).

Definition 3.2.5. Splitting of the middle-line displacement. Set

U=TU+®.RAes. (3.17)

The reason to define this additional field for the beam is provided in the following Lemma,
which simplifies estimate (3.16)2 by eliminating the high oscillations therein. It may also be
interpreted as pulling the middle-line displacement back to the middle-plane of the textile.

Lemma 3.2.6. The field U satisfies
C
|d1U = R Aer| 2 < Sletlzzp.,  1Ua = Uall2o,r) < CTIR 20,0y (3.18)

The constants does not depend on € and r.

Proof. Estimates (3.18) are the immediate consequences of the L>-norm of ®. and (3.16).
Indeed, inserting the definition and using the estimates for the remaining parts yields

M.

HmU—RAeﬂm@mgHmU—RAda Hmm+”%mRAeﬂm@m
C

< e lzap + 12l 1= 0.0l Rl 20y < ©llew)]2m

O]

Note that there exist discrete versions of the estimates (3.16); and (3.18), which are necessary
to establish global estimates.

Lemma 3.2.7. The fields R and U defined above satisfy

2N.—1 2N:—1
- - p+1 — U(pe) 2 Ce
> [R((p+1)2) ~R(pe)| + > E —R(pe) Aet| < rlle)p,).

(3.19)

Proof. Consider the left hand side and transform the expression using the fundamental the-

orem of calculus and the Jensen inequality:

2N.—1 , IN-=1  (pt1)e ,
Z IR((p+1)e) — R(pe)|” < e Z / |diR(21)| dzy < eHleH%Q(O,L).
= p=0 “PE
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Then use the estimate (3.16) to conclude the first inequality.
By the same means we obtain

2N:.—1 2N.—1

N U((p+ 1)) ~ U 2 T~ 1 [lere

) o< S 1 e
p=0 c p=0 /e

(3.20)

Additionally, note that by introducing now the function R we obtain

(p+1)e 9 (p+1)e 9 (p+1)e 9
/ |diU — R(pe) Ae| dz</ |diU — R A e dz1+/ IR — R(pe)| d=
p p

€ pe e

(p+1)e 9 (p+1)e 9
S/ ‘dﬂU—R/\eﬂ d2’1+€2/ ‘817—\{‘ dz1,
D

€ pe

in every interval (pe,(p + 1)e). The second inequality is an application of the Poincaré
inequality. Finally, we conclude the claim by inserting this into (3.20), where the remaining
two terms are covered by the estimates (3.16) and (3.18). O

Finally, introduce a splitting of the decomposed displacements. Specifically, any function
can be decomposed into a piecewise linear function and an additional function capturing the
higher orders. To do so, note that a function ¢ defined on the set {pc |p=1,...,2N. — 1}
is easily extended to Lp(”ad) € W by linear interpolation. Hence, define the linear interpo-
lations R(0d) Urod) ¢ 171,00 with the values in the vertices

RUD(pe) = R(pe)  and UMD (pe) = U(pe).
Then, the original displacement admits the decomposition
R(z) = RMD(2) + RO (2) and  U(z) = UMD (2) + UO(2). (3.21)

Here the functions R and U©® capture the high oscillations and are by definition zero on
the nodes, i.e., RO (pe) = U (pe) =0 for all p € 0,...,2N..

Lemma 3.2.8. The functions R, U©) R(od) gnd UMD satisfy for i = 2,3

no. Ce
1RO 120,y + elldR | 20,1 + el AR 20,1y < —lle@)lz2p.),
0 0 r 0 0 g
10 20,0 + eldU 20,0 + ZIU izon) + AU 20,0 < Clle(w)2gpys (3:22)

Ce

Jauted — RO A ey|zo,p) + AU = RO el aor) < 5

le(w)ll2p.)-

Proof. Note that dR(m0d) ig constant in every interval (ps, (p+ 1)5) and that R and U©

(nod)

are zero on the nodes. Thus, dR and dR(® are orthogonal to each other in the L2-sense.

Indeed, we have

(p+1)e
(dRTD, ARD) 1y (p1)e) = AR / R dz = 0

pe
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where dR](D"Od) = (R(nOd)((p +1)e) — RMod(p 5)) /e. The integral is zero due to the values

on the nodes R (pe) = RO((p + 1)e) = 0. With this orthogonality and summing over all
cells we obtain

Q

[dROD g 1) + RO P agq 1) = 4RI Z2(0.r) < glle(w) e,
Then, the Poincaré-inequality yields
IR = R"D| 1201y = IRl 220,y < elldR| 20,0y < C 2H e(u)|l2(p.)-

For estimate (3.22)2 similar considerations lead to

Q

nod 0
U1z 2(0,0) + 14U 320,y = AU 20,0y < 5 lle@)lZacp,)-
From this it is easy to obtain

|dU© HL2(0L < [|[dU =R Aetllr2(o,z)
+ | U™ — RMD Aey 2o ry + IR = R 120, 1)

Together with

2N.—1
no no. = U((p+ 1)) — U(pe 2
|dUmed) — R( d)/\el‘|i2(o,L) < E: E‘ (¢ )5) ( )—R(pg)/\el
p=0
Ce?

+ C ARl 2y < (@) 2, (3.23)

this yields

2
U 20,0y < eldU |20,y < © 2H e(wllL2(p.)-

The last estimate in (3.22) is a consequence of (3.23) as well. O

3.2.3 Symmetric gradient for one beam

The gradient with respect to the set of variables (z1, 29, 2z3) of the whole displacement w is
split

V.,u=V,U®+ V.,u,

with the elementary displacement U® = u — w and the warping w. First, consider only the
gradient of the elementary displacement:

V. U® = (8ZIU6 | 0.,U° | 8Z3Ue)
= (dﬂx[ + diR A (2262 + 23115) — 23CcY-R At

‘R/\ng).
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Obviously, this is in the local coordinate system of the parametrized beam P.. This is not
sufficient for the problem, since the Cartesian system of the composed textile is needed.

The transition between the reference systems is done via a change of basis and variables.
First, one has V u = V,uV.. Hence

1 i% t % t % t
— 0 0 MNe 321 c 82’2 c 82’3 c
CI'v,uC.=Cl v, u " = i%e %e %e
€ v ° e N 0 L o= Ne 82’1 2 822 2 823 2
1 Ju ou ou
0 0 1 -7 Z7 . Z7 .
Ne 021 e 0z9 fe 0z3 e
1
Recall that e, (u) = 3 <qu + (qu)T> and define the symmetric tensor e,(u) by
1 ou
— 27 ¢
ne 021 : i ’
1,1 Ou ou ou
() =Cle,(u)Co=| =(—=— — .t -
e:(u) e exlv) 20, 0z €2t 0z ‘) 0z €2 *
2\, 0z ° Ozy ) 20z ° 0Oz 2 Oz3  ©
(3.24)

Now, we change the notation for the symmetric strain tensor. Due to the symmetry of this

tensor, it can be rewritten as a vector with six entries. Hence, define

T
E, (’LL) = (ex,lly €x,22, €x,33, \@ez,lb \@ez,l& \661723) )

T
E.(u) = (62,11762,2276z,33, V2e, 12, V2e, 13, \@62,23> .

Similar to (3.24), there exists a matrix C. € C(P.)*6) such that

E,(u) = C. E,(u), (3.25)
where
7\2 /
w0 SE 0 O
0 1 0 0 0
_ (q>e,52)2 0 % 0 _\/gq)ﬁ: 0
C.=| * A - (3.26)
0 0 0 5 0 755
_ / / (P2
—_ 1
0 0 0 Ve 0 Ve

Observe that C; is an orthogonal matrix.
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The gradient for the elementary displacement is a straight forward computation and com-

posed of

oue oue oue

82’1 . ta = dlu . te — le . (ZgnE — 2362), 822 . ta =-R- ng, 82’3 . te =R- €,
ou -eg =dild -ex — 23d1R -t — z3¢.Y:-R - ng, ou ceo =0, ou cep = —R -t
82’1 822 823

6U€ (C)Ue

‘ne = dild -ng + 20d1R - te + z3¢.7-R - €9, ‘n. =R -t., oU®0z3 -n. = 0.

821 822

To compute the complete strain tensor note, that it is also a linear operation and we can con-
sider the elementary displacement and the warping again separately. The symmetric gradient
for the elementary displacement (given by (3.24)) is obtained by combining the respective
terms and yields e, 22(U®) = e, 33(U¢) = e, 23(U¢) = 0 and the nonzero components

1
ez711(U6) = — [(dlu — ‘)/57?, A ts) te —di'R - (Z2n€ — deg)] ,

e
1
ex12(U°) = Prs [(did =R Ate) -e2 — z3diR - tc]
€
1
ex13(U°) = o [(dih — R At) -ne + 20d1R -] -

In the following, we pass over to the new displacement defined in Definition 3.2.5 and with

the identity
iU =R -te = (iU - R Aey) + PediR Aes, a.e. in (0, L)
the strain tensor is transformed to

P
Neezg1 = (iU —-RAey) -te +diR - ((78 + z3)€2 — Zom. ),

€

2775€Z712 = (d1U —RA e1) -eg —d1'R - (thg + (13581), (3.27)
PP’
27]562713 = (d1U —RA e1) ‘n. +di’R - (Zztg — ; Eeg).
e

The completion of the strain tensor for the full displacement e, (u) = e,(U€) + e, (@) includes
the warping terms again and with e, (@) = C! e,(u) C. given by (3.24).

3.3 The textile structure

In the remaining work, we drop the index r if there is a dependence on ¢ as well. This is for

comprehensibility and prevention of index-overloading.

Set

PY = {2 €R?| 21 € (0,1), (22,25) i,
PP ={zeR%| 2 €(0,L), (21,23) €w},
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Figure 3.1: The left picture shows a portion of the textile structure containing a
part of the periodicity cell. The right picture shows the contact areas C,, of the
beams as gray-striped rectangles.

for the reference beams in the two directions. Then the curved beams are defined by

P = (o e R? o= ¢ll(:), z € PV},

PEN = {a e R |2 =y(9(2), z€ PP},
with the diffeomorphisms

YD (2) = MED (21) 4 29e9 4 23019 (27),
PP (2) = MPP) (29) + z1€1 + 2302 (2),

and the corresponding middle lines

Ms(l,q) (Zl) - z1e1 + geeq + (—1)q+1@5(21)e37
z

ME@’p)( 9) = pee; + zae9 + (—1)P P (22)es.
The whole textile structure is then given by

2N, 2N,

S.=JPraulPEn. (3.28)
q=1 p=0

Moreover, observe the respective local Frenet-frames <t£1"I), es, ngl’q)) and (el, 5;2’]9 ), ng’p )>

with

dM(l’q)
(00 = PG a0 =0 ne, eI
1
dM(Q’p)
t3P) (29) = ————(20),  nPP(z) =e At (), 2 €0,L).
rdsy
Denote by C19) = (tgl";’),eg,ngl";’) and C2p) = el,tgz’p),ng’p) the respective basis-

transformation matrix. Note that we work mostly on the straight reference beams, i.e., with
1] -

respect to (z1,22,23). Thus denote PL = szi (qseg + PT(l)) and PE = U;ﬁg (peel +

PT(2)) the collection of the straight refence beams. Then, for every ¢ € L1(S.), the couple
(90[1], <p[2]) erL! (PE]) x L} (P?]) is associated, with

o (geey + 2) = ¢(qees + 1/19"7)(2)), for g€ {1,...,2N.} and a.e. z € PV,
ol (pee; + 2) = ¢ (peer + P 2P) (2)), for p € {0,...,2N.} and a.e. z € P?,
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Then, the integral over the whole structure is split to the single beams by

Jewiz = [ et (Tell@)ids + [ o) dot (VoP() iz

P2
2N,

q_] 17-
2N5

+> /P o, PP peer + 2)| det (Vo) (2))|dz.
p=0"""

Finally, given this structure define the displacements for the respective beams as
u(lvq) 6 1{1 (P(LQ)) and u(27p) 6 HI(P(va))

Remark 3.3.1. Note that for the beams in es-direction we have similarly a diffeomorphism
with the same condition as in Lemma 3.2.2. Indeed, consider

VU (2) = ne(z) = (e1 | 7o(z2) (1 = 250 (22)) 82 (z2) | 0P (20))), (3.30)

where we denoted all functions with the index (2) to distinguish them from the beam considered

before.

3.3.1 Boundary conditions

The only assumption applied on the textile-structure is a clamp-condition on its lateral

boundary zo = 0 and every displacement there equals zero. In fact, due to the structure

(2,p)

(3.28) only the displacements u2P) are affected by this condition, i.e., U —o

pe{0,...,2N.}.

= 0 for every

3.3.2 The contact condition

The contact between the fibers is restricted to the portions, where the beams are right above
each other. Define the contact domains as small surfaces included in the lateral boundary of
the beams

Cpg = Cpg X {0}, Cpg = (pe, q) + wr, (p,q) € Ke,
with
K. = {(p, q) € Nx N/ (pe, qe) € ﬁ} ={0,... ,2N5}2. (3.31)

Observe that in these contact domains the centerlines of the beams reduce to

MY (z1) = z1e1 + gees + (—1)PTres,
) . for a.e. (z1,22) € Cpq.
MBP)(25) = peey + z9eg + (—1)PT 1 res,
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Then, the beam-to-beam interaction is characterized by the gap-function g. : K. — [0, +-00)3
and the condition

|u&1"J) —ul?P)| < Je.as a.e in Cpy, (p,q) € K¢,
for in-plane displacements, while the third direction
0< (uglvq) _ u§2’p))(—1)p+q < ge 3, a.ein Cpy, (p,q) € Ke.
needs to account for the oscillating manner of the beams switching the vertical positions.

Further restrictions and specifications on the contact are given later in the work.

3.3.3 The admissible displacements of the structure

Given the structure, the boundary condition and the contact, the convex set of the admissible
displacements is denoted by

2N, 2Ne
V., = {u = (uD, 82N (20 22Ny e TT HY(PL)? x [ HY (PPP)? ‘
qg=1 p=0

such that 0 < (uél’q) (x) — uéQ’p) (2))(=1)P*? < g, 5(pe, ge),
]u&l’Q) (x) — u((f’p) ()] < ge,alpe, ge), for a.e z € Cpy and (p,q) € K,

(2,00 _ (21 _ _ (2,2NE):0}

u|22:0 - ‘22:0 R u‘zgio

(3.32)

where g.;, i € {1,2,3}, is a non-negative function belonging to C%(Q). The space V; is
equipped with the semi-norm

2N, 2N,
Vue Ve, le@)Zas,) = D le(@ )2, o, +ZH w2 pemy-
q=1

3.3.4 The elasticity problem

The original problem of the textile is stated as the three dimensional elasticity problem on
the given space. Thus, for a complete description a material law a is needed. Hereafter, we
consider the usual Hooke’s law satisfying for (i, j, k,1) € {1,2,3}* that

e a. is bounded: ac ;i € L*°(S;)

® a. IS Symmetric: g ;jkl = Qe jikl = Qe klij

® (g is positive definite: 360, C() >0 : C()&'jfkl < as’jikl(a:)fijfkl < C()&'jfkl for a.e.
x € S, where £ € R**3 is symmetric



3.4 Preliminary estimates 23

It is also convenient to use the stress tensor o, instead of the material law a. and the stress
tensor is defined as 0. ;j(u) = acjrer(u). The textile problem in variational form reads as

Find u. € V. such that:

(3.33)
/ aze(ug) : e(us — ) dx — fer(ue — ) dx <0, Yo e V..
£ SE
Later on the vectorial notation of the problem is used. Thus, recall
Find u. € V. such that:
(3.34)

/ AcEr(ue) - Bx(ue — ¢) do — o fer (ue — ) dz <0, Vo € Ve.

where A, € L>=(S.)%*6 is bounded, symmetric and positive definite, which is easily deduced
from the properties of a.. Furthermore, it satisfies

col¢? < Ac(x)¢- ¢ < Col¢)?,  forae x€S. and V¢ € RO,

Remark 3.3.2. Note that the problem in the current form is solvable but not unique. This
follows from the boundary conditions, which allow rigid motions, i.e., motions in the kernel
of the symmetric strain tensor. Namely the displacements u(»9 can have an in-plane rigid
motion, since they are only subjected to the rather loose contact condition in V.. To circum-
vent this ambiguity equip the space with a glued contact at z1 = 0 whereby the e;-directed
beams inherit the clamped condition at zo = 0. This does not change the limit behavior in
the following hence w.l.o.g. we omit this condition below in the estimates and the limit. It is
only necessary for the uniqueness of the original problem.

With the additional condition (glued contact at z1 = 0) existence and uniqueness of this
problem is ensured by Stampacchia-Lemma (see [33]).

3.4 Preliminary estimates

This section is dedicated to define a splitting of local and global fields for the textile, which
are necessary to investigate the asymptotic behavior of the textile structure. The splitting
here is comparable to the technique of the scale-splitting-operators in [18, Section 4]. The
first step is to define global fields by interpolating the existing decomposed displacement
fields in a suitable way to obtain plate-like displacement fields. That they really resemble a
plate displacement is shown in the subsequent estimates for the fields and verified at the end
of the section.

For the derivation of the estimates we focus especially on the contact within the structure.
As for real specimen the entanglement of the fibers generates stability, which is necessary
to obtain suitable global displacements and different contact condition lead to very different
limits. At some point we show where such differences of the contact plays an important role.
However, we do not present all possible cases, since this would go beyond the scope of this
work.
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3.4.1 An extension operator for the textile structure

In this section we characterize the extension for the textile structure. The definition of
global fields on Q = (0, L)? is characterized by an extension of the fields between the contact
midpoints (pe, ge). First, for the general procedure consider a function ¢ defined on K.. We
extend ¢ as a function belonging to W1°°(Q), denoted ¢, in the following way: in the cell
e(p,q) + €Y, (p,q) €{0,...,2N. — 1}? and Y = (0,2)? we define ¢ as the Q-interpolate of
its values on the vertices of the cell e(p,q) + €Y.

Lemma 3.4.1. Let ¢ be a function defined on IKC. and extended as above to a function denoted
@ and belonging to WH*°(). One has

lellFz) < Ce Y le(pe, g (3.35)
(p,q)€Ke

The constants do not depend on € and r.
Moreover, @ satisfies

Po1,2) = l21,02) + (2 — 42) 52 (o1, 22)

Vz1 € [0, L], forae z € ((g— 1), (¢+1)e) N[0, L], g€ {0,...,2N.},
Plo1,22) = (o, ) + (o1 = 1) 52 (21, 2)
(

Yz € [0, L], fora.e. z1 € ((p—1)e,(p+1)e)N[0,L], pe{0,...,2N.}.
(3.36)

Proof. Since the function ¢ is a @i-interpolate, it is decomposed using the four @);-basis
functions {N;(z,y)}i=1,..4 in the cell Y. Then, with ¢; denoting the four values on the
vertices, we obtain

4 9 4 4 4
/Y p|?dxdy = /Y > wii(e,y)| dedy <43 P IVl = 5 Dol (337)
i=1 i=1 i=1

Consequently, with a rescaling argument transfer this to the cell €Y and the fact that every
node is part of four cells we obtain the claim by summing over all the cells.
A straightforward calculation gives (3.36). O

This estimation of the interpolant is crucial for the upcoming estimates of the extended fields.
Furthermore, the defined extension leaves a function on 2 linear on the edges of the cells
e(p,q) + €Y and thereby on the middle lines of the beams, which is desirable as shown in the
next section.

Henceforth, denote by g. the extension of g., defined in section 3.3.2.
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3.4.2 Decomposition of the displacements of the beams structure
Throughout this section the fields depend on ¢, which is not further indicated to simplify the
notation.

We decompose the displacements w19, ¢ € {1,...,2N.}, u®P), p € {0,...,2N.}, as in
section3.2 (see (3.11))

ulD (z) = UD (z1) + RED(21) A (20€3 + 230D (1)) + 719 (2),
for a.e. € P9, 2 e PO,

(3.38)
uP) (z) = UPP) (29) + REPP) (2) A (z1€1 + 230PP) (29)) + T3P (2),
for a.e. x € P3P 2 e P,
Following (3.17), set for every (pe,qe) € {0,...,2N:} x {1,...,2N¢e}
UD) =y — (—1)7H 1 RLD A e, (3.39)
URP) =P — (—1)P0. REP) A es. (3.40)
Denote U@, U@ and R(®, o = 1,2 the functions defined on K., by
U (pe, ge) = UM (pe), U (pe, ge) = U (ge),
UW (pe, ge) = U9 (pe), U@ (pe, ge) =UP)(ge),  (p,q) € K-, (3.41)
R (pe, ge) = RM9 (pe), R (pe, ge) = R*P)(ge),

and then extended, without changing the notation, to functions belonging to W1>°(Q) as
defined in the previous subsection 3.4.1.

Moreover, it is necessary to identify the remaining displacement covering the fast oscillations
on the middle lines. Thus, similar to (3.21) set

UD(,qe) =UBD () — UV (- qe),  UD(pe,) =UPP () —UD (pe, ),
UV () = UMD () —UD (- ge),  TD(pe,) =UCP() —UPD(pe, ),  (p,9) € Ke.

7’5’(1)('7 q&‘) = R(Lq)(') - R(l)(v qE)v 7%(2) (p57 ) = R(27p)(') - R(2) (p€7 ’)7
(3.42)
These fields denoted by  are only defined on the lines
LY = U {gees + 21 | z1 € (0,L)},
q
(3.43)
LY = U {peei + 22 | 20 € (0,L)},
P

and are equal to zero on any knot (pe, ge) € K. Furthermore, they coincide with the fields
U©® and RO defined in (3.21).

Note that P[ga] = L[(.;a) x w, and that Zj(a),ﬁ(a),@(a) € Hl(Lga)). The following Lemma
recalls the results of Lemma 3.2.8 for the new setting.
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Lemma 3.4.2. The fields ﬁ(a), R satisfy the estimates

a €
1D g0, + 0T 2 o0y < C ) 2cs.)
~ 2
1T g0, + €l0aT mﬂww<02u<wg@% forita  (3.44)

IR o g0 + ENBRD o o0 < ﬁlle(U)lle(sg),

or equivalently
05|

2y €0 Ul I L2py < Celle(u)ll 2 s,y

2
o) € .
[ I 2ty +€ll0a U ||L2 pey < Clle@llizs,),  fori#a (3.45)

a) €
IR o pter + €llOaR | o piey < < O lle()llz2s.)-

The constants do not depend on € and r.
Proof. A direct consequence of Lemma 3.2.8. O

Concluding this section, note that the estimate on the warping (3.14) is easily ported onto
the complete structure and we obtain

2N,
;;H7wpﬂn+ﬁwuﬂu”mp
2N.
+pzo(||u(2’p HL2 P + 72| val ’p)||L2(p(2>)) < Crlle(u)||Za(s, ) (3.46)

3.4.3 First global estimates

Below we estimate the extended fields UM, U@, ¢y, ¢y RO R From Lemma 3.2.6
and estimate (3.16), we get the following Lemma:

Lemma 3.4.3. Suppose r < ke with k < %, then

&
[9aR ”L?(Q e(w)llz2(s..)

(3.47)
o g
10U — R A eqll 120 <c“ﬁ<mm@ﬂ

The constants do not depend on € and r.
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Proof. Recall the definition (3.41) of the global fields. Then consider (3.47); for a = 1:

IRy < 22 3 1R )

+1)e,ge) — RW (pe, ge) 2
e Z -
2

)

<2y’ !Rm«p +1)e,q2) — RV (pe, ge)
p,q

where upon we apply (3.19); and obtain (3.47);. The case a = 2 is analogous.
The second estimate (3.47)2 is a consequence of (3.19)2 by the same means as for (3.47);. O

Corollary 3.4.4. Furthermore, the fields satisfy

£
022 < € YE (@)l s, -
" (3.48)

R gy + 0 oy < € N5,

Proof. Use (3.47), the Poincaré inequality and the boundary condition in order to get (3.48).
O

3.4.4 Estimates on contact

The contact between the fibers gives rise to estimates on the global fields and their difference.
The latter is very important to determine the limits and whether or not they coincide. First
recall that for a.e. © € Cp, (note that |z3] = r in Cp,) the displacements reduce to

w9 () = UD (e + 21) + RED (pe + 21) A (2200 + (—1)P T reg) + b9 (),
L9 (pe 4 21) + RED (pe + 21) A z9e9 + uhD (2), (3.49)
u(2P) (x) = U(2’p)(q€ + 29) + (qe + 22) A (z1e1 + (= 1)p+qre3) + u? ’p)( ), '
= UCP) (ge + 2) + R(Q’p (ge + 22) A z1eq +a>P) (z),
with (21, 22) € wy.
To estimate the fields independently, it is necessary to start with the warping.
Lemma 3.4.5. Let u be in V., then we have
Z (Hﬁ(l’q)H%%cpq) + Hﬂ(Q’p)H%%cpq)) < CTHQ(U)H%%SE)- (3.50)

(p,q)EX

The constant does not depend on € and r.

Proof. First, we recall a classical inequality. For any ¢ € H'(0,r) we have

rlo(0) < 2llel 2 + 71 1200
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This inequality applied in the third direction yields

2N¢

> Nz g, + P c,,) < CD (B, o, + 2 IVEEDU, L))
(p,g)EKX- q=1
2Ne

+c§j|mva py TEIVECT 2, L)

Then (3.46) implies (3.50). O

Lemma 3.4.6. We have

9
mwmg+ﬁwwm@» (3.51)

0O~ 0P| b < Cllgelze +7|| e(w)| r2(s.))-

C
[R® - RO gy <&

Proof. From the equalities (3.49), the jump conditions on C,,; in the definition of V, (see
subsection 3.3.3) one first obtains

Z/ La) p€+z1)+R( ’q)(p5+21)/\Z2€2

—URP) (ge + 29) — RPP) (ge + 23) A z1€1 ‘Zdzldzg (3.52)

_ _ 2
< (1@, + TN )+ 7296 (pe 0)]).
p,q

Then estimates (3.19) and (3.50) lead to

Z ]U(l’q) (pe) — e (g2) ’2 42 Z |R(1,q) (pe) — R(2p) (¢e) ’2
b, q

2 C
< CZ|ga(p€7q€)} +?H€(U)||%2(sg)-

p,q

Now, applying Lemma 3.4.1 yields the claim. 0

As a consequence of Lemma 3.4.6 and (3.48), we get

Corollary 3.4.7. The fields satisfy

10220 < C (lellizy + L llelizgs. ).
ROl ey < & (leelliz + e lzags. ) (3.53)

g
10 220 < C (el + Y5 e lzags. )

Proof. A direct consequence of Lemma 3.4.6 and Corollary 3.4.4. O
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3.4.5 The bending and the membrane displacements

In this section, the estimates on the global displacements are revisited and improved by the
estimates on the contact areas.

Lemma 3.4.8. The rotations R(* and bending displacement U fulﬁll

o € C
IR 11y < OV le(w)lzzs.ny + ez

NG

o (3.54)
10571y < O le@liags. .y + gl iz)-

Proof. First, note that the global fields are piecewise bilinear and any such function satisfies

C
Vol L2 < ;HSOHL?(Q)- (3.55)

This yields together with (3.51):

Coy C
105RY — 95RP) | 120y < ;HR( ) = RP|| 2 < g”geHL?( \[H e(w)llz2(s..,)»

Ly
e

C C
10505 = 505 2oy < 205 = Uy < lgelliacey + 2 lle(@llzzs. o

Collecting the estimates (3.47), (3.48)2 and (3.53)2 3 yields the claim.

The next Lemma estimates the membrane displacements in the strain tensor.

Lemma 3.4.9. One has

< 05\[

C
ler2(UD) | 20y + llerz(UP) | 20 le(@)llz2s..,) + - llgell2 (@)

Proof. Observe that
10108 + 82U | 120y < (010D = RO Aey) - sl 20 + H (02U — R®) Aey) - €120
+ 0208 = U 2y + IREY = RSV 1200
Then from (3.47)2 and (3.51); o, it yields
)

C
lle(wllz2(s. ) + - llgellz2 @)

£
H€12(U(1))HL2( < (W

and together with r < ke we recover the claim. In the same way ||e12(U®)) | 22(0) is estimated.
O

The estimate on the symmetric gradient allows to transfer the estimation onto the membrane
displacements itself. The next Corollary uses the 2D-Korn-inequality to obtain the H'-
estimates on U@,
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Corollary 3.4.10. The membrane displacements and ”R,éa) satisfy

€ C
I ey < €% el lgasuny + el zx,
(3.56)

€ C
IR 1) < O e lsags. . + el

Proof. By the clamp-condition at zo = 0, the estimates in Lemmas 3.4.3-3.4.9 and the 2D-
Korn inequality we deduce (3.56);. The second estimate is a consequence of the first one
and (3.47)s. O

Remark 3.4.11 (The complements). From Lemmas 3.2.6, 3.4.3 and 3.4.7 we obtain

HU(l) — < CTHR(1)||L2(Q)3 < CHgs

Cye
—r

e(u)llz2(s..)

UD | 2o 357)

|u® — < Crl|RP || 20 <

)HLQ(Q)S e(u)||L2(ng)‘

3.4.6 Final decomposition

Since UM and U®) (respectively RM and R(2)) converge to the same limit, it is convenient
to define a combined field. Hence, set

U= %(U(l) +U®), R = %(R(l) +R),
@ — Lo _ye 0 — Lipm _ @ (3:5%)
9) — = _ 9) — = _
U0 = SO0 -U®), RO = (RO -RO).
Observe that these fields vanish on zo = 0 by definition and moreover one has
UM = U +UW, U® =U-1UY,
(3.59)
RO =R + R, RO =R -RY,
and for the original beam-displacements
VD (21) = Ulz1, g2) + U9 (21, ¢¢) + U (1),
UW’ (22) = U(pe, 20) — U9 (pe, 20) + UPP (), (3.60)
D (z1) = R(z1,¢¢) + RY (21, ge) + R (21), '
P)(29) = Rpe, z2) — R (pe, z0) + RZP) ().

The Lemma below is an immediate consequence of the above results for global fields.
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Lemma 3.4.12. One has

€ C
Rl < OV e lzags.. + - eelzo
€\/€ C
Rsllzzy < O e@lizesy +  lleellizca

EVE C
UL @) + 102l 1) < C;[He(u)HLz(SW) + ?HgEHLz(Q), (3.61)
NG

C
1Us]| 1) < CTQHG(U)HLQ(&,T) + ?Hgsllwm,

c
10U = R Aeallr2) < Cill (W)l + - lgellrz ),

and

9
IRD|| 12 + VR 20 < (”gs||L2(Q)"’WHG(U)HL?(SE))a

(3.62)

9
U 20y + el VU | 2 < (lgellzz@ + —Zlle@lzzs.))

The constants do not depend on €.

Proof. The estimates of the gradients in (3.62) are the consequences of the fact that all these
fields are piecewise linear between two knots. ]

3.4.7 Estimate on the right hand side

The elastic energy corresponds directly to the force applied to the structure and with the
estimates on the displacements one can show, that the force f(® ¢ H'(Q) (a = 1,2) with

(@) = 5Tf1 certe’ ( )e + €T+1f35 (3.63)
and then restricting to the mid-line of every beam, i.e., for (p,q) € Ke:

FBD(z1) = (21, qe) for ae. z € (0,L),
5(2’17)(22) — f5(2) (pe,z2) for a.e. 29 € (0,L).

is sufficient to estimate the elastic energy. Henceforth, write indifferently f. for the collection
of the forces f(19) and f2P) in the beams, since the difference is in most cases obvious and
a distinction is not necessary.

Indeed, the estimates from section 3.4 lead to

B} 1
| /S feruedz| < Ce™ 2 (1 Ollay + 1D oy ) le(we) s, o+ ( 2 VE) gl |
By the coercivity of the problem, we obtain for ||ge||12(q) < Ce™

Colle(ue) s,y <O (170 sy + 17Ny ) [llelwe) sy +<7+77]
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and thus
le(u)llzz(s.,y < Ce™ 2 F Dy + 1 Plan)) < Ce™ 2, (3.64)

which finalizes the estimates on the fields.

3.5 Asymptotic behavior of the macroscopic fields

From now on, we assume that r = ke with x < ¥ and to identify the problem completely we
assume the gap-function g. = e3¢ with g € C(Q)? such that g. satisfies

g- =g, g€C(Q)?, hence g. € C(Q)? and 9ellz2) < CegHg”Loo(Q). (3.65)

This condition is important and bequeaths much information and regularity for the whole
problem.

Furthermore, we assume for the elastic energy
le(ue)llz2(s.) < Ce®?, (3.66)

which is achieved by estimate (3.64) for a right-hand side in the form (3.63) and 7 = 2.

3.5.1 First limit of the macroscopic fields

Lemma 3.5.1. Let {u} be a sequence of displacements belonging to V. and satisfying (3.66).
Then there exists a subsequence of €, still denoted ¢, and functions Uy, Us, Ro € HY(Q),
Us € H?(Q)and 2, € L*(Q)3 such that the following convergences hold ((a, 8) € {1,2}2):

1 1rl(0)3
E—ngg) -0 weakly in H*(Q)°, (3.67)
1
ER?) —0 weakly in H'()3, (3.68)
and 1 1
Uea ?Ufa —~ U,  weakly in H* (),

1
EUE 3 EU(’@ — Us weakly in H'(Q),
1 Lo ol (369)
“Rear RIa—Ra  weakly in H (Q),
1 120\3
= <8QU5 — R A ea) — Z, weakly in L*(92)°.

The fields satisfy the boundary conditions U(-,0) = R(-,0) = 0. Moreover, in the limit the
identity

8ﬂU3 = —Ro, 62U3 =R (3.70)

holds true.
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Proof. Lemma 3.4.12 gives

[Rell1(@) + Usll 1) < Ce,
1Ueallar o) + Ue2ll ) + 1Resll22(0) < Ce?,
”aa[Ug - RE VAN eaHLQ(Q) S CEQ,

and

IR oy + I VRS 120y < O
3

US| 2y + €l VUL | oy < CE®.
Hence, there exist a subsequence of ¢, still denoted ¢, and functions Uy, Us, Us, Ry and Ro
in H'(Q) such that the convergences (3.67)-(3.69) hold. Moreover, one has

1 c T2

—(0aUc —R:Ney)-e3—0 strongly in L*(Q),

€

from which we obtain (3.70). Hence Uz belongs to H?(f2). For the boundary conditions we
refer to the definition of the fields, then U;(-,0) = R,(-,0) = 0 is an immediate consequence.
U

Beside the weak convergence of the rotation field R, we have in the limit that R3 = 0 by
estimate (3.56)2 in Corollary 3.4.10.

3.5.2 The unfolding operator for the middle-lines

In this section, we introduce the unfolding operator 7T; especially for the global fields U, R,
U@, RW, U@ and R,
Set Y = (0,2)2, the periodicity cell of the global fields. Furthermore, set

Yhs — U {(zl,b)‘z1G(a,a—l—l)}u{(a,ZQ)|22€(b,b+1)},

(a,b)€{0,1}2

Y= {(@.b) | (a,b) € {0,1,2)?},

for set of lines and set of contact-points in ).

Definition 3.5.2. For every measurable function ¢ in the domain 2 define the measurable

function Te(p) on Q x Y by

T-(o)(s,X') = 4p(2p5e1 + 2geceq + EX,) for a.e. s € (2pe,2qe) +e), X' €.

Note that 7; maps LP(£2) into LP(€2 x ). The properties of the unfolding operator can be
found in [18]. The most important property here is described by the next Lemma.

Lemma 3.5.3. The unfolding operator T : LP(Q2) — LP(Q2 x V) satisfies

1 7(@)ll L2axy) < CllellL2()
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where C' is a constant only depending on ).
Proof. Consequence of [18]. O

For the determination of the limits, especially for the limit-contact, a special property of the
unfolding operator is needed.

Lemma 3.5.4 (see [16, Lemma 11.11]). Let {(us,v:)}: be a sequence converging weakly to
(u,v) in the space HY(Q) x HY(Q)2. Assume furthermore that there exist Z in L*(Q)? and
v in L2(Q; HY, o(V))? such that

per,0
1 . 2/0\2
E(Vu,E —i—va) — Z  weakly in L*(Q)=,

To(Vv.) = Vo +Vx0  weakly in L*(Q x Y)?*2

Then u belongs to H*(Q) and there exists u € L*(); H!

per0(Y)) such that, up to a subsequence,

1
EE(VUE + vg) —~ Z+Vxu+7v weakly in LQ(Q X y)Q.

To conclude this subsection define the spaces of special Q'-interpolates by

QYY) = {go e Wh () | ¢ is the Q; interpolated of the values on the points in yK},
per (V) = Q1Y) N Hyer (V).

Note that the macroscopic fields are in Q'())) by definition.
3.5.3 Unfolded limits of the macroscopic fields

Lemma 3.5.5. There exist [[Aja, @3, 7/€a € L2(Q;Q;1)er(y))7 7/55 € LQ(Q;Q;M(J/)) and
U@, R@ e L2(0;QL,.()))? such that

L
éE(VUE,Q) VU, + VU, weakly in L*(Q x V)2,

éﬂ(vns,a) — VR4 + VxRa weakly in L*(Q x V)%

ST(Reg) = Rs weakly in I(9:Q1(7), (371
STU9) =T weakly in 2205 Q'(9))

1

827}(R§g)) —~R) weakly in L*(€; QY(Y))3,
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Moreover, one has

1 .
67272(81[[}5 — RE VAN e1) e — 81[U1 + 8X1U1 weakly m LQ(Q X y),

1 ~ ~

;272(31[[}5 —R:Nep) ey = Uz +0x,Us — Rg weakly in L*(Q x V), (3.72)

5%7;(81[[]5 —R.Aei) ez — Ziz+ dx,Us + Ry weakly in L*( x )),
and

8%72(321[}5 —R:Nep)-ep — dU; + dx, U1 + R weakly in L*(Q x V),

6%72(32[[}5 —R:Ney) ey — Uz + dx,Us weakly in L*(Q x V), (3.73)

1

ST(3U. — RoAep) -es — Zog + 0x,Us — Ry weakly in L2(Q x V).

o

Proof. Convergences (3.71) are the consequences of the estimates in Lemma 3.4.12 and the
convergences in Lemma 3.5.1 (see [18]). Convergences (3.72)12-(3.73)1,2 are the immediate
consequences of (3.71), while convergences (3.72)3-(3.73)3 come from the convergence (3.69)4,
Lemma 3.5.4 and denoting @3 =u. O

Set
Vo = (a,a+1) x (b,b+1), (a,b) € {0,1}2.

In Lemma below we specify the function [[AJ;»,.

Lemma 3.5.6. There exists Us € L2(;QL.,.()) such that

per

. _ 1
Us(-, X1, X2) = Us(-, X1, Xo) (X1 —1)201,U3 — 5(XQ — 1)209,Us. (3.74)

!
2

Proof. Write
Rea = Me(Rea) + (Rea — Mc(Rea)),

) )

where

1
Me(Rea) = 37 [ Te(Re)(, X, Xa)dXdXo,
VI Jy
One has from the estimate of R. o, convergence (3.71)2 and Theorem 3.5 in [18]

Te(Rea — Me(Rea)) = (X1 — 1)% + (Xy — 1)% +Ro weakly in L*(Q x V).

1
2 821 8z2

3
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Hence, due to (3.72)3-(3.73)3 and the above convergences, we obtain the following weak
convergences in L2(Q x ))) (recall that 9;Us = —Rs, and 92Uz = R1):

1 OR OR
;27;(61@ — M(R:) Net) ez — Ziz + 9x, Uz — (X1 — 1)512 — (X5 —1) Oz;
=213+ 9x,Us + (X1 — 1)011Us + (Xa — 1)912U3,
1 OR OR
?7;(82]1.]5 —M:(R:) A eg) — Zo3 + 8X2U3 + (X1 — 1)71 +(X2—1) 821
2
=Z93 + 3X2U3 + (Xl 1) 1oUs + (XQ — 1)822U3

Set

1
*(XQ — 1)2622U3.

- _ 1
Us(-, X1, X2) = Us(-, X1, Xo) + §(X1 —1)%01, U3 + 5

This function belongs to L2(Q; HL,.())).

per
Now, observe that by construction 7:(01U:)(+, X1, X2) is piecewise constant with respect

to X; and linear with respect to X5 in each domain Y,;, conversely 7:(02U¢)(+, X1, X2) is
piecewise constant with respect to Xo and linear with respect to X; in each domain ).
As a consequence, the function 8163(-, X1, X3) is piecewise constant with respect to X7 and
linear with respect to X5 in each domain Y, and 82@3(-, X1, X9) is piecewise constant with
respect to Xo and linear with respect to X in each domain ),;. It means that @3 belongs

to L(; QL,, (V). O

3.6 Asymptotic behavior of the unfolded fields

3.6.1 Unfolding for the Textile

Set for (a,b) € {0,1}2 the beam-periodicity cell Cyls = Cyls™) U Cyls? with

Cyl™Y = bey + (0,2) x (—k, k)%, Cyl?) = qe; + (—k, k) x (0,2) X (—k, k),
Cyls(l) = C’yl(l’o) U C’yl(l’l), Cyls@) = Cyl(Q’O) U C’yl(Q’l).

Definition 3.6.1. For every measurable function ¢ in the domain PLQ], one defines the
measurable function H£a1(¢) in Q x Cyls(®) by (o € {1,2})

() (2, X) = ¢(2peer + 2gees + £ X), z € 2peel + 2qees + €Y, X € Cyls'®).

Furthermore, for every ¢ € L*(S:) (s € [1,+00)) we define the unfolding operator

I () = (T (), I (1))

as a mapping from L*(S.) into L¥(Q x CylsM) x L3(Q x Cyls?) and we set

s s 1/s
HHE(‘P)HLS(QXCyIS) = (HHE](QD(D)||Ls(Q><Cyls(1>) + HHz[-:Q](90(2))”Ls(gxoyls(2))> :
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To characterize the unfolded functions, it is necessary to state a relation to the original
function. Note that this unfolding operator changes the convergence-rate, since a dimension
reduction is directly incorporated. To address this individually, it is possible to define it as
a composition of an unfolding operator and a rescaling operator, see [16].

Lemma 3.6.2. For every ¢ € L! (PLOC]), one has

/ go(z)dzzg// Ml () (s, X)dsdX, o€ {1,2}.
plel 4 Jo Joyis

Proof. 1t is an easy consequence of the transformation of integrals and the definitions above.
Indeed, we have for a =1

/ 2)dz = Z Z/ ©(2qces + 2peey + z)dz
pl

Cyls<1)
N: Ns
=3 Z Z/ ©(2qcey + 2pee; + eX)dX
q P Cyls(1)

= ©(2qees + 2pee; +eX)dXdz
4e? Z Z /2pz—:e1+2qsez+(0 2¢)2 /Cyls< D)

//Cmn[l )(z, X)dX dz.
yls

Analogously for o = 2 which yields then the claim. O

Lemma 3.6.3. For every p € L*(S;), s € [1,+00] one has

Coe'*|TI(9) | L+ (axcyts) < N1@lles) < CLIT(9) || (xcyts)- (3.75)

The constants do not depend on € and .

Proof. First assume s € [1,400). As a consequence of the above Lemma and (3.29), one gets
for every ¢ € L*(S;)

2Ne

1l / (e |dx—2 / U(gees + 2)[°| det (V0 (2)) |dz
—G—Z/ |g0[2 (pee1 + 2)|°| det (V¢ ’p( ))\dz

ch(HHsl](@ )HSLS(QXCyZS(l)) + ||H[52 (90 )HSLs(QchlS@)))'

Since the Jacobians are bounded from below, we also obtain

O (I )13, reyiamy + TGP 15 areyiam ) < I9leqs,-

Hence (3.75) is proved for any s € [1,400). The case s = +00 is obvious. O
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Actually, the case s = 2, where

C
I ()l 22 (@xcyts) < \ﬁllwl\m(se), Vo € L*(S.).

is the most important for the following analysis.

In fact, the unfolding operator 7, defined in Definition 3.5.2, is a restriction of the unfolding
operator I of the complete textile. Indeed, we find for a function ¢ defined on K. and
extended as in subsection 3.4.1 into a function belonging to W1>°(Q), denoted ¢, then

HL”((PD}KS)(S,X) = cp((2pe1 + 2geq)e + cbey + €X1e1) =T(p)(s, X1,b),
s € (2pe; + 2qez) +€), be{0,1}, X;€(0,2), (p,q) €{0,...N.—1}% (3.76)
The second direction
H?](go‘yzS)(s,X) = go((2pe1 + 2geq)e + caey + 5X2e2) =T(p)(s,a,Xs),
s € (2pe; +2qe2) + €Y, ac{0,1}, X,€(0,2), (p,q)€{0,...N.—1}2 (3.77)
is derived analogously.
First consider the limit of the unfolded basis-frame in the following Lemma.

Lemma 3.6.4. The oscillating function ®. converges strongly

énw(cpgal) — @) strongly in L2(Q, H(Y'9)) (3.78)

with ®(@b) = (=1)*TP®(X,). Moreover, we have the following strong convergences

d3 ® @) (X, —c)
o] el ~a,c) — Xao @
Hs (Cs )—> c (Xa) ’)’(Xa _ 6)3

1 (pledy = pled) (X, X3)= v(Xo — o) (1 — X3¢ 0 (X, — c)) strongly in L2(Q x Cyls'®)

strongly in L*(Q; H'(0,2))

1
[a] (¢le] (@) - - (@o)(x _
I () — ¢l 9 (X,) S X =0 (eq + dx, @'Y ( Xy — c)es3)
strongly in [L*(Q; H'(0,2))]3
1
[a] (1ol (@) - - (_ (o) x  _
I n)— nl*9(X,) ’)’(Xa—C)( dx, ') (Xo — c)eq + €3)

strongly in [L*(Q; H'(0,2))]3
with y(t) =1/1+ (<I>’(t))2 and thereby

i (vpll) - (10408 | ey | n(1), (V) - (e | nD42) | n2a)),

Proof. The proof is trivial and uses just the properties of the unfolding operator and the fact
that the unfolded functions only depend on the microscopic set of variables. O
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Remark 3.6.5. Note that the identity n, = t. Aes remains for all the original, the unfolded
n(1,0)

and the limit vectors. Additionally, the curvature fulfills the identity ddX = —¢1h) '7t(1’b)

1

at the limit.

3.6.2 Limits of the unfolded elementary displacements

Lemma 3.6.6. Under the assumptions of Lemma 3.5.1, the following convergences hold

((a, B) € {1,2}?):

1 1l (o ‘ )
EHL ](Uég)D;és) — Us weakly in L*(S; H' (Cyls'®)),

1 1, o ' .
EHE: ](Riﬁ)lyés) — Rﬁ weakly in LQ(Q; gt (Cyls( )))7

1 o _ .
ﬁﬂ[a] (Uigwes) — Ug weakly in L*(S; H (Cyls'™)),

where the above macroscopic limit fields are given by Lemma 3.5.1.

Proof. These convergences are the consequences of the definitions (3.58), the convergences
in Lemmas 3.5.1 and the definitions of the unfolding operators H[ea], 7z and (3.76)-(3.77). O

Denote

Hyy(0,2) = { € H'(0.2) | (0)=v(1) = $(2) = 0}.

Recall, that the fields U., R. and [Uég ), ég ) have to be restricted to L@ the center lines of
the beams, to build the actual beam displacements, cf. (3.60).

Lemma 3.6.7. Under the assumptions of Lemma 3.5.1, there exist a subsequence of {e} (still

denoted {e}) and R(@Y) Ulb) ¢ L2(Q; HY)(0,2))% such that the following convergences hold

((a,b) € {0,1}?, (. B) € {1,2}*):

1 ~ ~ ~
S (REY) = Rajxams + Rk, + RS weakly in LX(Q; H' (CylD)),
7 _ 0w _ .
STP(R2) = Rapxyma = Rk, + R weakly in 12(2; H' (Cyi®),

EH‘[E” (817%21 ) hRp + 3X1R5|X2 —p+ BXIR( 9) + ale( ) weakly in L?(Q x Cyl(l’b)),

B X2=b

o T 8X2R( ) weakly in L?(Q x Cyl(z’a)),

1 2
P (0RE) = 03R + Ox, R =a — Ox, R ¢
(3.79)

Bl X1=
and

1 ~ ~ ~
grﬂ;} (61U~ &g + alegg‘)XFﬁ 0x, Up|xtyp + 05, U weakly in L2(Q x CylMD),

1 Y ~(2,a .
—H?] (92 Ug] )= 92U — 9x,U ) o O U x —a + (9X2U(2’ ) weakly in L*(2 x Cyl?®).

Blx1= E
(3.80)
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Moreover,

égngl @ — R A 6y) —

~ ~ my(9)
81[[}1 —taXl U1|X2ib 6X1 Ugl’b) Aa‘Xl Ulg\}Xgib
N Uz + 0x,Usjxp—p — Rajxp=b | + Ox, U5 — R |+ | o, U(Zé&'zzb - Ri(’f&zzb
Z13 + 0x,Us|x,—b + Ro|xo=b Ox, Uél’b’ + R Ix, U:(;\];Q:b + R%@:b
weakly in L?(Q x C’yl(l’b))?’,
(3.81)
and
1
L 120,02 — R A eg) —
5
~ ~ ~(2.a ~(9.4 m(9) 5(9)
AU + 8X2U1\X1ia + R3x,=a 8X2U§2’ ) + RéQ’ ) 6X2U17X1ia + R:’ﬁxlza
02Uz + 0x,Us x,—q + Ox, U - 6X2U$(1:a
=3 - =(2,a 5(2,a Ca -~
Z93 + 0x,Us1x, =0 — R1jx1=0a QXQU;(», ) — R§ ) aszé‘(&l:a - Rﬁ;(l:a
weakly in L*(2 x Cyl?))3,
(3.82)

Proof. First, as a consequence of estimates (3.44), there exist a subsequence of {e} (still
denoted {}) and R(*9) Ul ¢ L2(Q; H}(0,2))? such that the following convergences
hold (c € {0,1}, (o, B) € {1,2}?):

1 . .
—QH[O‘] (Rga)) — R0 weakly in L2(Q; H' (Cyl(@?)))3,
T ) (3.83)
—MPNU@) = U@ weakly in L2(Q; H (Cyll@?))3.

Furthermore, note that the displacements are split according to (3.60), which is why Lemma
B.1 is needed and the reason for the restrictions of the limit fields.

In fact, it is a priori not clear if the limit functions admit a trace. Actually, to obtain this
result note that due to the piecewise-linear character of the functions, one has

eve C
[[01Ue — Re Ae1] - €3] 120y < C;Q[He(U)HL?(Sw) + ?HgaHm(Q) < Ce?,
€ C
102 [(01Uc — R- Aer) - €3]]l 12(q) < C\gle(u)HB(ss,m + — lgellzz () < Ce.

As a consequence the restricted unfolded function equals the unfolded restricted function,

ie.,

HE] ([01Ue — R Aeq] - e3) HE} (([01Ue = Re Aeq] - eS)\L(l) )

|Xo=b —

and we have by Lemma B.1

HHE] ( [alwa - Ra N el] . e3)\Xg:b||L2(Q><(yﬁ{X2:b}) < 062.
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The second direction is derived analogously.

Observe that the resulting restrictions only apply to the variable in the ”lateral” direction,
i.e., Xo = b for the fields corresponding to the fields with index (1,b) (or X; = a for (2,a)
respectively).

Then, convergences (3.79)-(3.80) are the consequences of the above (3.83) and those in
Lemma 3.5.5. From (3.79)-(3.80) we also derive (3.81)12-(3.82)12. For the convergences
(3.81)3-(3.82)3 we use Lemma 3.5.5 together with again the convergences (3.79)-(3.80). O

Remark 3.6.8. The limit displacements themselves converge strongly in the unfolded spaces,
i.e.,

: e (u[ﬁa]s) — Up — <)§3 + CI’> 05Us3 strongly in L*(Q; H (Cyls'®)),
1
gH[sa] (u?f“i) —Us  strongly in L*(Q; H (Cyls)).

Note that for ® = 0 they coincide with the usual Kirchoff-Love displacement for a plate.

3.6.3 The limit of the warping

Now set for the convergences of the warpings

WO = [0 = (00 400) ¢ fieyis®) | w9 (2, X — b X5) = o39(0, X5 — b, Xa)},
wW® = {0(2) = (20 @Dy e gl (Cyls?) | v3D (X —a,2, X3) = 0>V (X — a,0,X3)}.

Lemma 3.6.9. There exists a subsequence, still denoted by ¢, and a ©w® € LQ(Q;W(“))3
such that the following convergence holds

1
6—31'[[“]( al°ly = w9 weakly in  L*(; HY (Cyl'@))3,  ae{1,2}, ce{0,1}.

Furthermore, the fields t?, b € {0,1}, satisfy a.e. in Q x (0, L)

/ a0 (-, X)dXod X5 = 0,

(3.84)
/u(l’b)(-,X) A (X2 — bes + X3n(X1))dX2dX5 = 0,
or respectively for w2, a € {0,1}
/ 7?9 (., X)dX1dX5 = 0,
w (3.85)

[ 9650 A (06— a)en + Xon(Xz)) X1 Xs =0
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Proof. From (3.14)-(3.75) we obtain the estimates for the warping terms

”Hi[:a](ﬁi[:a])”L2(Q><Cyls(a)) \[HU N2, < C\[H (ue)| r2(s.) < Ce,

HaX 1l (gl Zlod

L2(Q2xCyls(®) H (82;[&])’ L2(Qxcyzs<a)) \[Hazz
< CVelle(us)ll 2 s.) < C<.

L2(Se)

(3.86)
The conditions (3.84) and (3.85) are the result of the conditions (3.12) on the warping. [J

For simplification define the spaces
w ={ve w( ) | v satisfies (3. 84)}, w ={ve w2 ) | v satisfies (3. 85)}.

To conclude this section note that the limit of the corresponding strain tensor is directly
inherited of (3.24), i.e., the symmetric gradient of one beam, resulting in

1
ST (e (@) - £ @@))  weakly in  L2(Q x Cyl@)33 ¢ e {0,1}

with
1
SO ¢ * ’
1, 1
EQV(0)= 2(71(1 pOx ¢ - €2+ Ox,0- t1Y) Oxap - €2 ’ ’
1 1
5(77(1,1:) Ix, 0 -0 49y - 1Y) 5(8X @ -0t oy, ez) Ox,¢ n! )
(3.87)
8X1<,0 €1 * :
1
. - . ¢(2:9)
X 0)=| 2 30x¢- 1) g et ' ’

1

1
5(3x1s0-n “ +0x390'61) 3 (@ 0xe n® W+ ox,e t0) Ox,0-n®

(3.88)
for the first and second direction respectively.
3.6.4 The limit strain tensor for the elementary displacement

First note that the strain-tensor admits a weak limit in form of a weak convergent subse-
quence. Indeed assumption (3.66) gives rise to the estimate:

1
< 52 le(ue)ll 2(s.,) < C-

| S e i)

L2(QxCyls(@)

Hence, there exists a weak convergent subsequence, but mere existence is not enough to give
the limit problem. Thus, to obtain the actual form of the limit strain tensor the convergences
of all fields in the section above are needed. To simplify the representation of the limit strain
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tensor we split the limit into two main parts

E%Hm (ex(us)) — ELY) 4 5( )( (1L9)y weakly in L2(Q; HY (CylM ), b e {0,1},

where E(Y) denotes the limit of the strain tensor for the elementary displacements.

Recall the form of the strain-tensor for one beam (3.27). Then for every field use the decom-
position developed in sections 2-4 and with the convergences above we find for the elementary
displacement the limit strain tensor entries

U1+ 9x, U1 x,-
nEMY = [ 9,0, + 0x, U R (D)
211 = | 01Uz 4 Ox, Uaxp=b = Ra|xp=p
Z13 + 0x, Uz x,=0 + Rojxp=p

O, DD 6X1U§‘&2A
ol ) e e
8X1U3 ’ + RZ ’ 8X1 z())‘;(QZb + Ré‘?;(gib
5 5(9) S (1) o) (1,6)
+ (817?,4- 8X1R|X2:b + 6X1R\X2:b + 8X1R ’ ) . (( )ez — (Xg — b)n ’ ),

ap 01U; + 8X1U1|X2 —b
2nE; 13 = | 01Uz + 8X1U2|X2 —b— 733\)@ S
213 + Ox, Ug xpmp + ’R2\X27b

O, T AE)XIU%C&A
FlonBy R e | on Dk R | e
Ox, O + R 8X1U(j’§(2 b+R§f|’;(2:b

— ((91'R + 8X1R|X2=b + 8X17/€|(X)2:b + 8X1R(1’b)) . (th(l’b) + q)(l’b)el),

81.[U1 + 8){1IUI|AX2 =b
20E) = | 0105 + 0x, 0 ~-R -
2,13 1U2 + 0x, U xp=b 3[Xo=b | "1
Z13+ 6X1U3|X27b + 732\)(271;

O, T 3X1U§“(\’;(2A
I TN 1 i
Ox, Uz ™" +Ry” Ix, Ufﬁ;@:b + Rg&g:b
~ ~ ~ d1L0) g P1:b)
+ (DR + 0x, Rixpmp + Ox, R,y + 03, RED) - (X — )t 1) — +e2).

To simplify this expression define the purely microscopic displacement

7= (O + O R,y +00Y)
+ (Z+Rxymp + ﬁffgzzb + RAD) A (310ey + XznP) 4 (X — b)es) + T, (3.89)
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where 1
7 = —Z93e1 + Z13e9 — 5(81[[}2 — aQUl)eg.

Then the strain tensor limit for the elementary displacement can be written as
Egl’b) + gg(lab) (H(Lb)) — b 4 g)((lvb) (a(lﬁb))
or equivalently write directly

Elzngﬂ (e=(uz)) = WV 4 &M@Y weakly in L2(9; HY(Cyl™))?, b € {0,1},

(3.90)
where
e11(U) 012U3
1 H(Lb)
51(},17) (©) ~ @b [ e12(U) | -t + | —911Us | - <<X3 N > - n(Lb)) ] ,
m> 0 0 ~
" 1 [ [e11(U) O012U3
51(27 )( ) :277(171)) 612(U) -eg — | —011U3 | - (th(l’b) + (I)(l’b)el> ,
L 0 O
e11(U) 012U3
1 (I)(l,b)d H(L.d)
51(;;17)(TU) :277(1,17) [ ep(U) | -0 4 | —9,U5 | - ((X2 ~ b)) - +e2 .
0 0
(3.91)

and Eé;’b) = Séé’b) = Ez(é’b) = 0 include all macroscopic fields. Note that for this representation
the identities (3.70) were used.

3.6.4.1 The limit strain tensor for the es;-direction

For the sake of completeness the limit strain tensor for the second directed beams is dis-
cussed hereafter. Nevertheless, due to the very similar character only the end result for the
elementary displacement is shown. Besides the zero-components Egﬁ) = Efi%) = Eggé) =0

we have:

o) U1 + 0x, U x,=a + Rs|x1=a
nEz,éé = 9 Us f 3X2[U2|lea . t(2.0)
293 + 0x,Us)x,=0 — R1|x1=a

Ox, T 4+ R 8X2[[J§“&1ia + R:(),!\J;g:a
+ aXZUéQ,a) . t(2,a) _ 6X2U§$‘7;(1:a . t(Q,a)
3(2,a 5(2,a 3 =
Oy, D2 _ 72 0%, 0%y = RN s

d(2.9)

— (82R + 8X27/€\X1=a — 8X27/€|(§()1:a + 3)(275(2’@) . (( + Xg)e1 — (X1 — a)n(z’a)),
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o) U1 + 0x, U x,=a + Rs3|x1=a
QHEZ,’C; = 02Us i— 8X2]U2|X1fa - el
Za3 + 0x,Us)x,=a — R1jx,=a

73(2,a 5(2,a m(9) 5(9)
Ox, U + RE aXsz\]Xlia + R,
+ 8X2Ug27a) e — 8X2U;%(1:a - e
17(2,0) _ 55(2,0) my(9) 5(9)
Ix, Uy — Ry 9x:.Uslx,—0 — Ri{x12a
+ (82R + aXQﬁ‘Xlza - aX?ﬁ\(g{')lza + 8}(27/2\,(2’(1)) . (th(Q’a) + <I>(2’a)e2),

o) Uy + 8X2®1|X1ia + 7/—\5/3|X1:a
2By = 92Uz + 0x,Us|x, =0 -n(&)
Z23 + 0x,U31x,=a — R1jx,=a

8X2®g2,a) i 7’@:(32@) 6X2®§£\7;(1:a + ﬁé‘&lza
8X2®Z(32’a) - 7/?\’52@) 8X2[/[\Ji(’j?;(1:a - ﬁg‘(\};ﬁ:a
~ ~ ~ & 2:9) g+ P(2:9)
— (317?, + 8X2R|X1:a — 8X2R|(§()1:a + 8X2R(2’a)) : ((Xl — a)t(Q’“) — $e1).

Yy

Define analogously to (3.89), the microscopic displacement
W= (O = 0% +0)

+ (Z(2,a) + ﬁ\Xlza R ﬁ(z,a)) A (@(2,a)e3 + X3n®9 4 (X1 — a)el) 4+ w(2a),

|X1:a
(3.92)
For the same reason the limit strain tensor splits into two parts
1 @)
EHLQ} (ex(ue)) — £2a) 4 Sg’ )(u(Q’a)) weakly in L2(Q x Cyl?))?
with
o ) e12(0) o 022Uz $(2.a) (0)
£y ' (U) = ) e2o(U) | - t29%— [ =012Us | - | | X5+ e — (X1 —a)n™¥ | |,
ms vy
0 0
) 1 [ (e12(U) 022U3
51(27‘1) (U) = 2.a) e22<[U) -e1+ | —012U3 | - (th(2’a) + <I>(2’a)e2> ,
SO 0 0

e12(U) 022U3

a 1 (2:0) p(2:a)

52(37 )(U) :277(2’(1) [ GQQ(U) . H(Q’a) - —812U3 . ((Xl - a) t(Q’a) —_ €] .
0 0

and local displacements £ )((2 ) (u*>9)) in the form (3.88).
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3.6.5 The contact limit conditions

Recall the decomposition in the contact parts, see (3.49), and note that it reduces to

w9 () = ULD (pe + 21) + RED (pe + 21) A z0e0 + 79 (),
ulP) (z) = ULP) (ge 4 22) + RPP) (g + 20) A z1€1 + T3P ().
for a.e. z € Cp, or equivalently z = (21,22) € w, and |23] = r. Using additionally the
splitting (3.60), we obtain for the displacements in the contact parts
uhD (x) = UL (pe + 21, ge) + U (pe + 21, ge) + ULD (pe + z1)
+ [Re(pe + 21, q8) + RY (pe + 21, ge) + R (pe + zl)} A zpey + T (x),
u®P)(z) = U (pe, ge + 22) — U9 (pe, ge + 22) + URP) (ge + 2p)
T [Relpe, gz + 22) = RO (pe, ge + 20) + RED gz + 22)] A z1er + 729 (@),

From (3.36), one obtains (same equalities with R)

ouU
Ue(pe + 21, g + 22) = Ue(pe + 21,q¢) + 2278 = (pe + 21, g2 + 22),
=2 V(z1, 22) € wy.
oU,
Ue(pe + 21, ge + 22) = Ue(pe, ge + 22) + 2‘17821 (pe + 21,4 + 22),

These identities yield for a.e. x € C,, that the difference between two beams in contact can

be written as

ulh D (z) = ulP)(z)

oU, oU.
= _22(82’2 — R A 82> (pE + 21,9 + 22) + 2’1<321

+ U9 (pe + 21, ge) + U9 (pe, e + 22) + UL (pe + z1) — UPP) (ge + 2)

—R. /\el)(p5+ 21, q€ + 22)

(3.94)

+ [228 -

D2 (pe + 21, g€ + 22) + RY (pe + 21, ge) + RED (pe + Zl)] A z2€9

OR. ~
+ {zlaz(pa + 21,96 + 22) + Rgg) (pe,qe + 2z2) — RgQ’Q) (ge + 2’2):| A z1€eq
1

+T0(2) - 7P (a).

This expansion allows to estimate the jump and obtain the correct convergences via the
following Lemma.

Lemma 3.6.10. The difference of ugl’Q) and ug’p) satisfies

( )Z [l — w2, ) < CE°.
p,q)€K

Proof. The estimate of the Lemma is an immediate consequence of (3.94) and the Lemmas
3.4.2, 3.4.12 as well as the estimates (3.86). O
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To obtain the limit it is necessary to introduce a third unfolding operator. Therefore, let
1
= U Cab, Cab:wn+ael+be27 (a7b) S {071}27
a,b=0

denote the limit contact area. Then, the unfolding operator for the contact areas is defined
for every ¢ € LP (qu Cpq> by

ot (w2 ve(3) v (v~ ()

with T¢(¢) € LP(2 x C). Note that this operator is related to the previous defined unfolding
operators via the identities

Tz—:C(SO)(WXlaXQ) = 7;(90)|Q><C('7X1’X2)7 for RS LP(Q)7 (395)
TE (9)(, X1, X2) = I () 1. = I (0) (-, X1, Xo, (—1)*T* k), for p € LP(PI),
(3.96)

The following Lemma demonstrates the main property of TEC

Lemma 3.6.11. The unfolding operator TS satisfies

ITE @)ooy < Cllellin,, cpr  for cvery o € 17| Cpy )
pq

Proof. Follows directly from (3.95); and Lemma 3.5.3. O

Due to Lemmas 3.5.5, 3.6.6, 3.6.7, 3.6.10 and 3.6.11 the following limit is obtained (- repre-
sents the macroscopic variable z = (21, 22)):

[Tc( ) = T8 ()] —

53
Uy + ang[\h + 7/?\,3 Uy + 8X1[U1
— (Xg — b) Uy + ?\XZUQA + (Xl — a) 0 Ug + 8X1U2 — 'Rg
Za3 + 0x,Us — Ry Zi3 4 0x,Us + Ry

+ U9 (., X1,0) + U9 (-, a, X3) + UID (-, X7) = U (, Xy)

— (Xg = b)2(8R + 0x,R) (-, X1, X2) Aea + [RW (-, X1,b) + REV (L X1)] A (X — b)ey
+ (X1 — a)? (iR + 0x, R) (-, X1, X2) Aer + [RY (-, a, X2) = RED(, Xo)] A (X1 — a)e
+ a0 (- X, Xo, (1)) — w39 (X, Xo, (1)) weakly in L2(2 x Cgp)°.

Moreover, since Ug (-, X1, X3) belongs to Qer(V), one has in w x ([a,a + 1] x [b,b+ 1])

(X1 — a)0x,Ua(-, X1, X2) = Ua(-, X1, X2) — Ua(, a, X3),
(Xy — 0)0x,Ua(-, X1, X2) = Ua (-, X1, Xo) — Un(-, X1, b),
— (X1 — a)0x,Ual-, X1, X2) — (Xo — b)dx,Ua (-, X1, X2) = Un (-, X1,b) — Ua(-, a, X2),
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and similar identities for R, and Us. Using (3.74), one obtains in w x ([a,a+ 1] x [b,b+1])

(Xl - a>8X1®3(’7X17X2) - (X2 - b)aX2®3('7X17X2)

o~ AN 1
= Us(-, X1,b) — Us(-, a, X3) (X1 — a)?0,1Us + 5(X2 — b)%095U3.  (3.97)

1

2
The above limit is equal to (taking into account the fact that R = 9;Use; — 01 Useq, equalities
(3.89)-(3.92) and the above ones)

82U1 81[U1 1 1
—(Xo=0) | U | + (X1 —a) | 01Us | - §(X2 — b)2099Uze3 + §(X1 — a)?911Use;
Z93 Z13

+ H/j(Lb)('v Xl) - @(27a)<,’ XQ) + ﬁ(y le b) - [[/j(a a, X2) + ﬁ(g)(a X17 b) + ﬁ(g)(v a, X2)

+ [7/?\/(, Xla b) + ﬁ'(g)(7 Xla b) =+ ﬁ(l,b)(" Xl)] A (X2 - b)e2 + H(Lb)('v X17 X27 (7]‘)a+b+lli)

- [7/?\’(7 a, XQ) - ﬁ(g)(v a, X2) + 7/?\’(2’(1)('7 XQ)] N (Xl - a)el - ﬂ(27a)('7 Xl; X27 (_1)a+b/€)

= My (U)(X1, X2) + a0 (-, X1, Xo, (1)) — a9 (- X1, Xo, (—1)*0k).
with the macroscopic part

(X1 —a)e11(U) — (X2 — b)er2(U)
Map(U) (X1, X2) = [ (X1 —a)era(U) — (Xz — beaa(U) | . (3.98)
%(Xl - a)2811[U3 - %(XQ — b)2822U3

Finally, remember that g. = 3¢ with g € C(Q)3 (coming from the assumption (3.65)). Then,
the unfolded limit contact condition for (a®),a®) € L2(Q; W) x L2(Q; W) is defined
by

M 05(U) + a0 — 329 | < g, ae. in QxCgu, (a,b) € {0,1}2,  (3.99)
0 < (1) (Ms0p(U) + 4" — ) < g3 ae. in Qx Cuy, (a,b) € {0,1}%,  (3.100)

for the in-plane and outer-plane components respectively.

3.6.6 The limit space

Consequently, after investigating the limit displacements it is possible to define the limit
space for the unfolded problem. Thus, first set

HY Q) ={V e H'(Q) |V =0o0nz =0},
H2(Q) = {V e H*Q) |V =3V =0on 2 = 0}.

Then, the limit fields (Ul, Us, Us, ﬂ(l),ﬂ@)) belong to the convex set

X = HU(Q)? x H2(Q) x L2 WD) x L2(9; WE).
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In fact, we restrict the space further

X = {(Vl,vg,vg,a<1>,a<2>) eX ‘
Mypo (V) + 300 —529| < g, ae. in Qx Cy, (a,b) € {0,1}2,
0 < (—1)* P (Mups(V) + 2 —5Y) < g5 ae. in Q x Cyp, (a,b) € {0, 1}2}, (3.101)
in order to satisfy the contact condition. The space X is a closed subset of the space
X C HY Q) x HA(Q) x L2 HY (CylsM)?) x L2 (4 HY (Cyls)?)

endowed with the product norm.

3.7 The test-functions

In this section the used variables have to be split according to the splitting of the unfolding
operator, i.e., the global and the local variable. Hence, note that for z € R? there exists a
unique decomposition

z = [2] + {z}, [2] € Z*, {2z} €[0,1)2 (3.102)

The composition of the test-functions has to take the contact into account, i.e., the test-
functions have to satisfy the contact condition in (3.32) and yield in the limit (3.99)-(3.100).
To ensure this behavior, it is necessary to choose the test-functions in a special way. First,

for illustration of the split cell-domain, see Figure 3.2.

Cp+1,q

Figure 3.2: The 2D-cells for test-functions, with the different areas.

Let (Vl,Vg,Vg,ﬁ(l),ﬁ(z)) be in the space X N C%(Q2)? x C3() x Cl(ﬁ;\/ﬂ\/(l)) X CI(Q;W@))
such that 5(®)(-,0) = 0 vanishes at the boundary z; = 0. Now, replace 0 by 7’ defined by

N N 1
o0 =5b) 5(81\’2 — 3V1)es A (<I>(1’b)es + X3nY) (X5 — bes),

v N 1
v (2a) — U(Q’a) + 5 (81V2 — 82V1)63 A ((I,(2,a)e3 + X3n(2’a) + (Xl — a)el).



50 Chapter 8 Homogenization of the textile in linear elasticity with contact

We easily check that (Vl,Vg,Vg,i}\'(l),ﬁ/@)) satisfies the following contact conditions

| ML, o (V) + 5,00 —5.29| < g, ace. in Qx Cgp, (a,b) € {0,1}%,

0 < (—1) (Ml (V) + 57 = 5,5) < g3 ae. in 2 x Cyp, (a,b) € {0,1)2,
(Xl — a)en (V) — (XQ — b)82V1
My, (V) (X1, X2) = (X1 —a)01Vy — (X2 — b)exa(V)

%(Xl — a)2811V3 — %(XQ — b)2822V3

First, we define the functions VE&(, qe) € WhH*°(0, L) and Vilg(, qe) € W2°°(0, L) for every
q €{0,...,2N.} as well as VS&(ps, ) € WH(0,L) and ng (pe,-) € W2%(0, L) for every
pe{l,...,2N.}.

1
Denote 2’/ = (21,22) and p = [%}, q= [2;2 + 2} Then define

Va(pe, qe) + (21 — pe)01Val(pe, ge) in Cpy,

Vg% linear interpolated in the stripe w](j}]),

02V3(pe, qe) + (21 — pe)012V3(pe, qe)  in Cpy,

(82V3)§1) linear interpolated in the stripe wz(ulz),

1 .
V3(pe, ge) + (21 — pe)01V3(pe, ge) + 5(21 — pe)?011V3(pe,qe) in Cpg,
Vglg cubic interpolated in the stripe "Jz()}z)'
(2
&,

On the strips in direction e define V7 accordingly by

Va(pe, ge) + (22 — q€)02Va(pe, qe) in Cpy,

V() =
linear interpolated in the stripe w%),
9, 01V3(pe, qe) + (22 — qe)012V3(pe,qe) in Cpy,
(V)P () =

(81V3)§2) linear interpolated in the stripe w}(,?,

and

1 .
V3(pe, ge) + (22 — q)02V3(pe, qe) + 5(22 — qe)?022V3(pe,qe) in Cpg,

Vggz cubic interpolated in the stripe "Jz(uzz)‘
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At last, the remaining displacements 91) and 5(2) are subjected to an analogous transforma-

tion. Hence, define

o (10 X in C —
, v e, g€, a.e. in X (=K, k),
ﬁa(l,b)(z' X)= { (v ) pa X :

linear interpolated with respect to z; in the stripe w]();),

6/(2’“)(p5,q5,X) in Cpy X (—K, K),

020, X) = {

linear interpolated with respect to z3 in the stripe wz(f]).

Lemma 3.7.1. One has the following strong convergences:

o] (y(@)y strongly in L?(Q x Cyls'®)?,

£

SICAYS ) — 8,V strongly in L*(Q x Cyls(®)3,
[

G Vg) — 0aaV3  strongly in L*( x C’yls( ))

= 4

=

m
[

(ﬁng)( ) ) = 02V3  strongly in L*(Q x Cyls" ))
1]
€
[

(

(

(

(

(1 (82V3) ) = 012V3  strongly in L*( x Cyls!),
2](

(

@,

0 9 4

v (81V3)(2) ) = 01Vs  strongly in L*(Q x Cyls®),
21 (8, (81V3) ) = 01 V3  strongly in L*(Q x C’yls@)),

€
[

=

al
€

I ’UE ) = 5@ strongly in L*(Q; H' (Cyls'®)))?.

Proof. The proof of this Lemma is an easy consequence of the unfolding properties and the
regularity of the test-functions. O

The beam test displacements in the directions e; and ey are composed by (recall that 2’ =

(21, 22) and z = (21, 22, 23))

V@) = VEID(e) + 500 (2, 2{ 2] 2{ 2} -5, 2), (3.103)
Vi20) () = Vea) () 4 520) (Z/, 2{%} _a, 2{2%} %3) (3.104)

Observe that the above couple (Vg(l’b), Vi a)) belongs to V..
The elementary displacements for the ej-directed and the es-directed beams are defined

respectively by

€2VS1) g2 (82V3) il)
veth=| 2vi) |+ | —e2,v) [ A (@00 (2{52}) eat (2{ 52} - 0) e

a0 (o)),
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e2v?) 20,V
= | o | (500 (o (o)
v 0

2 (o{2))).

The test-functions are build to satisfy the contact-conditions before and after the limit as
well as to yield the same strain tensor in the limit. In the following, we show the strain-tensor
and the contact condition and their limit for both types of test-functions.

The unfolded limiting strain tensor of the test-functions is then an immediate consequence
of their definition and the convergences in Lemma 3.7.1 and the limit is written in the exact
same way as in section 3.6.4.

Corollary 3.7.2. The unfolded strain tensor of the test-functions 3.103 satisfies

E%Hm (ez(VE(l’b))> — (V) + 5)((1’17) @10y, strongly in L?(Q x Cyls™M)3*3,

1 a) -~ .

6—21'1[2] (ez(Ve(Q’a))) — £@a W) + 5)((2’ )(U(Q’“)), strongly in L*(Q x Cyls®)3*3,
where 1) and S)((l’b), respectively €29 and 5)((2’“) are the same as in (3.91), (3.87), (3.93)
and (3.88).

Proof. Easy consequence of Lemma 3.7.1 and the properties of the unfolding operator. [

3.7.1 The contact condition of the test-functions

It is necessary to check the contact condition for the test-functions, as they must satisfy
this cone-condition to be in the correct space. Due to the special choice of test-function in
the section before, this is an easy task. Indeed, the functions on the contact parts C,, are
chosen such that a Taylor expansion of the macroscopic fields is exact and does not admit
any remainder terms. To check this, observe that, on the contact area C,, the elementary
test-functions reduce to

A (EomPe
Z,) + —5261V§’1?2(z/) N (2{275} — b> eq,
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Consider now the difference of the two test displacements in Cpq. One has

VO, (—1)++r) - TR (-

: 1)**or) =

A0 Vi (pe, ge) — 27E0:V1(pe, ge)
e3 Z1 ps@ 1Va(pe, qe) — ZTq Vs (pe, qe)
(

(Zl ps 811V3 pe, qs) (z2 q) 622V3(p€ qs)

T 22

- e €
13 (1,b) (ps,qa, —b ’ 24 7 (_1)a+b+1ﬂ>
£ £

_ 3520 (pe, ge, 2 ;pe, 2 - e (—1)“*%). (3.105)

Hence, the contact conditions are satisfied for every € by the definition of the test-functions.
Indeed, note that by the conditions on the test functions (3.101) the microscopic contact in
(3.32) as well as in the unfolded limit (3.98)-(3.100) follows immediately and even includes
the case of a rigid contact where g = 0.

Now, that a set of test-functions is prepared and verified, it is necessary to span the full
space of displacements. Finally, we conclude by density of the spaces

CHO) NHNQ) Cc HLHQ), C2Q)NHAQ) C HAQ), CHLW@) c L2(Q; W),

that the convergences of the unfolded strain tensor and the contact condition hold not only
for these specific test-functions, but for all functions in X.

3.8 The limit problem

In this section, all tools and results developed in this thesis lead to the homogenization of
the textile elasticity problem. Thus, recall the initial variational inequality in the vectorial
notation:

Find u. € V. such that:

(3.106)
/ Ac Ep(ue) - By dw—/ fe ( v) dx <0, Yo € V..
Se

Let us denote by éé""c) the orthogonal matrices as in (3.26) for the different beam directions,
such that Eé“’c)(u(‘%c)) = Cga’c)Egc(u(a’c)) and define the matrices

Al — ()=t 700 Cha) and  ARP) = (C2P))~142r)CEP)
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respectively. Then, unfolding the problem (3.106) we obtain (for every ¢ € V)

Ne

Z( /P (M)[gg,q>Ez(ug,q>). Bl — o0y — f0) . (00 _ S0(1,q>)} }nél"”!dz)

q=1

+ g (/(2 ){ ¢ 2,p) E, ( gz,p)) . Ez(ugzp) 90(2’[’)) f€(2) . (ugz,p) _ 80(2’1’))} ’ng,p)‘dz) <0.
PP >
(3.107)

For the following analysis we introduce a new notation in order to simplify the expressions
of the different microscopic and macroscopic problems.

Notation 3.8.1. Set

(X1 —a)C — (X2 —b)¢2
Mp(€) (X1, X2) = (X1 —a)Ce — (X2 —b)C3
3(X1—a)% ¢ — $(X2 — b)2Cs

Moreover, define the displacements

G G
WE(O(X) =00(X1) | G | + | =¢u | A (Ba(X1)er + 61 (X1)(Xz — bes)
0 0
Co
-G A (q’(l’b)(Xl)es + X311(17b)(X1)) ;
0
. G2 G
WED(C)(X) = 01(X2) | G | + | —C6 | A (B2(X2)ea + (X1 — a)b1(X2)er)
0 0
G
[ =G | A (22 (Xa)es + Xan®9) (X))
0
where 0, € C}.,.(0,2) (resp. 02 € Cp,,.(0,2)) is 2-periodic and satisfies

1
O1(t) =t —c (resp. 6O2(t) = 5(75 —¢)?) ae infc—r,c+r], ce€{0,1}.
Then the difference on the contact area can be expressed by
WD) = WD) (X) = Maup(O)(X1,X2)  ace. on Cap (3.108)

and hence resembles the original contact condition.

Similarly, define the strain tensor in vectorial notation in the according form

6
£(Q) =EMN (O lgyaam +EPNO)Lpysen = Y ml(en),

i=1
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with
£(0) = (09, €5, 659, Vaels?, Vagly ) VaERT) @09)
and
(1) 1 G G (1)
En Q) = 1,) G| M+ [ =g X3+ e — (Xo —b)nt0) | | |
0
1,b 1 _ G So
5%2’ )(C) :2 D) Gl ea— | =G |- (XBt(l,b) + <I>(1’b)e1>
T o 0
(G 6
1 (I)(l,b)d (I)(l’b)
gl(évb)(o 21D G- n(Lo) 4 —G |- <(X2 —b) g(Ld) _ ’;92> 7
0 0

and 52%’{))(() = S?g’b) €)= 52(;)’17)({) = 0. Accordingly, the tensor £ (() is defined by

G2 s
a 1 d(20)
52%’ )(C) :77(2@) [ C3 : t(27a) — —CG . <<X3 =+ ~ ) e — (Xl — (I) n@@)) ] ,

0 0
2 1 _ G2 &
51(2@)(0 :m G3|-er+ | —C |- (th(2’“) + @(2’“)e2) 7
n ] 0 0
G2 (s
¢ L d(2.0) 4p(2,0)
52% )(C) :m [ (3 .nZo) _ —G | - ((X1 _ a)t(Q,a) AL .
T 0 0 Y

and E29(¢) = £27(¢) = £29(¢) = .

Additionally, without renaming rewrite the local strain tensor in vectorial form, i.e.

e = (i) el eln vael) Vae s Vaels) (3.110)

Furthermore, for the sake of comprehensibility and readability define

2 1 1
AX) =YY AN X Lpen (X), Ex(@) =33 8 (@)L ayiatan (X)),
a=1 c=0 a=1 c=0
2 1 2 1 1
n(X) = Z Z 7N (X) Loypgtaer (X), p(X) = Z Z chylswc) (X).
a=1 c=0 a=1 c=0
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Finally, define different function spaces accounting for different contact conditions. First,
for every w = (ﬁ}(l),{l}(?)) e WD x W2 get

> / @) dx = [ @ax.
(a,c)e{1,2}x{0,1} Cyls(a c) Cyls

Then, define
Wi = {@ = (@D, 5?) e WO x W ]

oM = 5@ a.e. on Cy, (a,b) € {0,1}2, / wdX = 0},

Cyls

and K¢ . and K, the convex subsets of WO x WO, (¢, 2) RO x Q)

Ke. = {@: @D, 5®) e WD x WO | |Myp0(¢) + 00" — 29| < go(2) a.e. onCa,

0< (—1)“+b(Mab73(() —i—ﬁél’b) — @?’a)) < g3(z) a.e. on Cyp, and /C l wdX = O},
yls

K, = {@ = @D, 5@) e WO x W | 509 — 529 < g.(2) a.e. on Ca,

0<(— 1)a+b( ~(1,b) §2,a)) < g3(z) a.e. on Cyp, and /Cl ﬁ)\dX:O}.
yls

3.8.1 The unfolded limit problem

Lemma 3.8.2. Let (w,v) be in Wzm X W;m (resp. in K, x K, K¢, x K¢ ) satisfying

Ex(w) =Ex (V) a.e. in Cyls, (3.112)

then

o~

v=w a.e. in Cyls.

We also have

VW € Wi, @] 1 cys) < ClEX (@) L2(Cypis);
Ve K., H’&]\”Hl(c’yls < C(HE (@)||L2(Cyls) + HgHLOO(Q))7 (3.113)
Ve K., @1 (i) < CI1Ex (D)2 (i) + N9l o= (@) + 1C])-

Proof. Let (w,v) be in Wzm X V/Vlm satisfying (3.112). Set r10) = G0 _ 51 and similarly

720 = $22) — 529 with (a,b) € {0,1}2. These displacements are rigid motions, so we

write

rO(X) = ALY 1 BUY A (Xep + 1Y (X7 )ez) + BUY A (X — b)es + X3nMY) (X)),

r29(X) = AR 4 B2 A (Xpey + 03V (Xs)es) + B3I A (X1 — a)er + X3nY(Xy)).
(3.114)
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Furthermore, they are periodic in the respective direction. Hence
(0, Xy, X3) = r9(2, X2, X3)

yields B Ae; = 0 and 729 (X1,0, X3) = (29 (X1, 2, X3) analogously BZ% A ey = 0.
They also satisfy the contact conditions, hence

rb (X1, Xo, (1)) = r@P(X1, Xo, (-1)*TF k), V(X1, X3) € Cap.
The first condition yields
A0O) 4 BUO) A Xoey = ARO) 4 BRO A Xie; V(X1 X2) € (=5, k)2

That gives B19 Aey = B20) Aep = 0 and then taking into account the preceding equalities
one has B0 = B0 = 0 and also A1 = AR0) In the same way, we obtain

B = gb — A0 = AR y(q,b) € {0,1}2.

Thus, the difference of @ and ¥ is constant and there exits A € R3 such that @ —o = A. The
last condition in the definition of Wlm implies A = 0. The Korn inequality gives (3.113);.
Now, if (@, 7) belongs to K, x K, the periodicity yields again B(:Y) Ae; = 0 and B%) Aey = 0.
The difference between the two cases lies in the contact conditions and we obtain on Cyg
that

A(LO) _A(2’O) < z , A(I’O) _ A(270) < z ,
| A} 1< 9i(2), A 2 )|;92( ) ¥ (X1, X2) € Copo. (3.115)

0< A8 4 x,BMO - AR 4 x, B < ga(2),

Since (X1, X2) € (—k, k)2, the third condition in (3.115) gives 0 < Aél’o) - A:(f’o) < g3(2)
as well as 2/@(|B§1’0)| + |B£2’0)|) < g3(2). In the same way, we get similar conditions for the
other contact parts:

A0D _ ACY| 4 | BOD| 4 [BEY| < Ollgllpmy  W(ab) € {0,1)2

Set

A (A(LO) + ALY L 420 A(Q,l)).

_1
4
One has
A — A] < Cllgllpoeqay, 1A = Al < Cligllz~@ — V(a,b) € {0,1}7.

This leads to

[0 = All 2 eypanony + 1113 = All eyaan < Cliglle@)  ¥(a,0) € {0,1}%. (3.116)
Finally, the above inequalities and the Korn inequality yield
(@ =) = Al 2.0y + | (@ D)

@0 — Al 2 oyrsczry < Cllglleoy,  V(a,b) € {0,132

The last condition in the definition of K, implies A = 0. The Korn inequality gives (3.113)a.
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In the last case (w,v) in K¢, x K¢, we replace (3.116) by
1P = All g2 eypsaan + 173 = All 2 oyaseny < O+ llglle@) — Vla,b) € {0,1}2.

The conclusion is analogous. O
Theorem 3.8.3. Suppose that fs(a) is defined as in (3.63) and that

g- = &3¢, geC(Q)>. (3.117)
Moreover, assume that AW = A(a)(é) with A € [L®(Cyls(®)]6%6 satisfies the assump-
tions of section3.3.4.

Let u, = (u(l’l), o u(B2Ne) (20) ,u(z’QNE)) € V. be a solution to problem (3.106). Then
there exists a subsequence, still denoted by €, and (U, u) € X' such that the fields satisfy the
unfolded limit problem:

Find (U, u) € X such that for every (V, v) € X:

/Qxcyls pZ&[S(CHSx(ﬂ)} : [E(C—f) +5X(ﬁ—6)}\n| dzdX < /QF.([U_V) dz,
(3.118)

where

(e11(U), e12(U), e22(U), 011Uz, 022U3, 012U3),
(e11(V), e12(V), e22(V), 011 V3, 022V3, 012V3).

¢
§
The tensor-fields & and Ex are defined in (3.111) (and in section3.6.4) and F = f0) 4 f2),

Proof. Choose the test-functions according to section3.7. Then the limit (3.118) is a conse-
quence of the unfolding for integrals, the assumptions and the convergences in Sections 3.6
and 3.7. The form of the right-hand side follows by the integration over the other parts of
the displacement, which vanish due to symmetry.

Note that until now the test-functions are in the space
(V,3)) e X n [C1(@)? x C2(Q) x C1(Q, W)].

The density-argument of this space in X is a bit more involved due to the cone-condition
coming from the contact. This issue is resolved by truncation and regularization of the
functions, which then allow together with the typical density argument to conclude the
claim. O

Before investigating the existence and uniqueness, it is necessary to describe the homogenized
problem completely. Hence introduce the correctors and their respective problems. In fact,
since the problem (3.118) is nonlinear, it is split into multiple problems, of which most are
linear but one remaining problem captures the nonlinearity.
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The corrector-problem for the field u is obtained by choosing V = U in (3.118) leading to
the following microscopic problem:

For (¢,z) in R® x Q, find 0, € K¢z,

" _ S R (3.119)
/C pPA [E(C) + gx(vc,z) . gx(vc’z — w)\n| dX <0, Yw € K(,z-
yls

This variational inequality admits solutions by the Stampacchia-Theorem (see [33]). Two
solutions ¥¢ . and w¢ . of this problem satisfy

Ex (64,,2) =Ex (Q/Egz)'

Indeed, consider the problems of the two solutions with specific test-functions
| pA[E© +Ex@c)] - xtic. — e nl ax <o
yis
/C l pA [5(0 +5X(@<,z)} - Ex (We,z —v¢,2)Im| dX < 0.
yls

Adding these two inequalities yields
| pRex(iic. ~ i) Ex (. ~ Tc.)n] dX <0, (3.120)
Cyls

Hence, it follows that Ex(v¢,.) = Ex (W ) since by coercivity (3.120) is also non-negative
and solutions of (3.119) differ only from rigid motions, see Lemma 3.8.2. Thus, there exist
rigid displacements réaz’c), (o, c) € {1,2} x {0,1} such that

@éfvz’c) _ 62,020) — Téfi’c), (a,e) € {1,2} x {0,1}.

One has

(e

I 2 eyisteoary < CUC+ gllz@y),  (are) € {1,2} x {0,1}.

Now, we introduce the six typical linear corrector problems as the solution of the following
variational problems:

Find %, € WO x W® such that o) 4 ﬁ/\(l’b)(en) =gz 4 W(Q’“)(en) a.e. on Cgyp,

/ pA[é‘(enHé‘X@m Ex(@)|n| dX =0, V@€ Wy, ne{l,...6}
Cyls

(3.121)
and the unit-vectors e, € R® Due to the definition of Wy;, the problems (3.121) admit
unique solutions.
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Denote S the vector space generated by {X1,...,Xs}. Every function v € K¢, is uniquely

written as
6

6
622@5&4—@, ZQS&ES, we K,.
i=1 i=1

Hence, the solution of (3.119) is uniquely decomposed as

6
e =T¢tin+Xer Ocun = GXi €S, Rcz € K. (3.122)
i=1

The additional corrector X¢,. takes into account the nonlinearity and is the solution of the
variational problem

For (¢, z2) in R® x Q, find X¢. € K,

/ pA {5(C) + Ex (V¢ in) + Ex(X¢,2) | - Exm(Xe,. —W)n| dX <0, V€ K.
Cyls

(3.123)
This variational inequality admits solutions by the Stampacchia-Theorem [33]. Here, two
solutions ¢ . and X¢. of (3.123) differ only by rigid motions (see Lemma 3.8.2). Hence,
there exist rigid displacements réo;’c), (ar,c) € {1,2} x {0, 1} such that

R =X =9 (a0 e {12} x {01}

and one has

1 o opistoeny < Cllgllzm(@y:  (one) € {1,2} x {0,1}.

Lemma 3.8.4. The map ((,2) € R x Q +—— Ex(X¢.») is continuous. Moreover, one has

HgX(SZCvZ)HLz(Cyls) < C’C‘v

V(¢ 2) € RO x Q, R
1Reell o < €U+ lgllzeen)-

(3.124)

The constants do not depend on (¢, z).

Proof. First, choose w = 0 in (3.123), that leads to the estimate (3.124);. Then (3.124)3 is
a consequence of Lemma 3.8.2.

Now we prove that the map is continuous. Let ((,z) be in R® x Q and {((n, 2n) }nen+
sequence satisfying

(Cny2n) € RS x Q, (n — ¢, and 2z, — z.

Due to (3.124) and Lemma 3.8.2, the sequence {X¢, ., tnen+ C H'(Cyls)? is uniformly

bounded in H!(Cyls)®. Hence, there exist a subsequence {n’} and Yo € H'(Cyls)? such

that

- - gl 3

Xeyzy = X0 weakly in H'(Cyls)” and X¢ , . (X) — Xo(X) forae. X € Cyls.

X¢,s,2,, — Xo  strongly in L*(Cyls)? e
(3.125)
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First, using the definition of K, and passing to the limit gives ((a,b) € {0,1}?)

~(1,b ~(2,
Ko = R0 < galz)

a.e. on Cg, and / XodX =0,
a ~(1,b ~(2,a
0<(-1) +b(xé,g) - xé,g )) < g3(2) Cyls

which implies that Xo € K. Then, from (3.123) one has for all w,y € K, , that

/C lpiex(&nhzn,)-Sx(>?<n,7zn,)!n|dX < — /C lpzis(cn/)-gx(ygn,,zn, — @y)|n| dX
yis yls

- / p;&gX (@\Cn/,lin) ' 8X (X\Cnl,znl - ﬁ}n’)‘?ﬂ dX + / p_:&gx (X\Cn/,znl) ' gX (@n’)’m dX.
C

yls Cyls
(3.126)
Now, for every w € K,, we build a sequence w,s of admissible test-displacements strongly
converging to @ in W) x W@ Set (i € {1,2,3}, a € {1,2})

(69), = 0 (w0, waro (al), = (@), ¥ a0

Clearly, due to the continuity of g, the sequence {(@S,),@fj))}n/eN strongly converges to
(@M, ©®?) in WO x W®). Then, observe that the left-hand side of (3.126) is converging by
weak lower semi-continuity of the integral and the weak convergence of £x(X¢,,,z,,)- In the
right-hand side we have a sum of integrals with a product of a weakly L?-convergent term
with another one, which converges strongly. Hence, for all w € K, one has

/C l PAEX (o) - Ex(Xo)|n|dX < lim inf /C l PAEX(R¢, ) - Ex (R )M AX
yis yls

n/—0

n/—0

< Timsup /C PAEX (o) - Ex (Rl dX
yls
<- /C pRE(Q)- Ex(Ro — D] X
y S

- / pAEX (F.in) - Ex (o — D)l dX + / pAEX(R0) - Ex(@)|n| dX.
Cyls Cyls

Therefore, the field X solves the problem (3.123). Recall that
gX(S(\Cnth/) — gx(j&o) Weakly in LQ(CyZS)G.

Due to the uniqueness of the strain tensor of the solution to problem (3.123), one has
Ex(Xo) = Ex(Xc¢,2)- As a consequence the whole sequence {€x(X¢, .z, ) tnen+ converges to
Ex(Xo0) = Ex(Xc.2). That gives the continuity of the map (¢,z) € RS x Q +— Ex(X¢.). O

Remark 3.8.5. Denote v¢ the solution of (3.119) with g; =1, i = 1,2,3. Then consider
the variational inequality (3.119) with g1 = go = g3 = G(2). In this case one has

Ex ()?C,z) = G(Z)‘SX(S(\C/G(Z))
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Proposition 3.8.6. Under the assumptions of Theorem 3.8.3, the function A"™ defined by
(me{l,...,6})

Azom('za C) = /C’ l P:& [8(() + 8X(7/)\C,z)} ' (g(en) + gX(SZn)) |"7’ dXv (3'127)

with V¢, the solution of problem (3.119) is of Caratheodory type and monotone.

Proof. First note that from Lemma 3.8.4 the map
(¢,2) € RO x Q+— Ex(c.) € C(R® x Q; L*(Cyls))°

is continuous. Hence, the map (¢, z) € RS x Q +—— A" (¢ 2) € C(R® x ©;RY) is continuous.
Moreover, due to (3.122) and (3.124);, it satisfies

|Ahom (2 ¢)| < C[¢| for every (2,¢) € Q x RS, (3.128)

Monotonicity is easily shown by

(A" (2,¢) = AM™(2,€)) - (¢ =€)
- /C PALEC =)+ Ex(Toe = )] - [E(C— &)+ Ex(is — )] nl dX

+ /C AL )+ Ex(Tes — )] - Ex(Res — Teo)lnl dX.
y S

The last integral is non-negative by problem (3.123) and the first one by coercivity of the
matrix A. Hence, using the above Lemma 3.8.7 we arrive at

(A" (2, ¢) — AM™(2,€)) - (C—€) > C . IEC—€) + Ex(Ter —Te2))? dX >0 (3.129)
yls

with constants independent of (, £, z and C' > 0. O

Lemma 3.8.7. There exist two constant Cy, C' > 0 such that

V(2,0 e QxR (| = Cillgllpe@ = A""(z,¢) ¢ =P

Proof. Step 1. In this step we show that there exists a constant Cy > 0 such that, if the
equation

E(Q) +Ex(@) =0
admits a solution in K¢ ., (¢,z) € R® x Q, then [¢] < Co|lgl| . (q)-

The solution of the above equation is given by

o) — A0 pLb) A ((X2 —bles + X3H(X1))v
9EO— A2 BN (X; — a)e; + Xan(Xa))



3.8 The limit problem 63

with
€ Cs
B (X)) =bM) —(X; 1) | ¢ |,  B®(X)=bEY — (X, —1) | ¢ |,
0 0
G 1 Co
A(l’b) (Xl): a(l’b) +(X1 — 1) b(l’b)/\ e1— | (o — §(X1 — 1)2 - |Ner
0 0
— (I)(l’b) (Xl)[)’(l’b) (Xl)/\ es,
G2 1
A(2’a)(X2): 3(2’a)—|—(X2 — 1) b(2’a)/\ ey — C5 X2 — 1 N ey
0

2’a)(X2 B(Qa X2 N es,

where b0 a(lbt)  p(2a)  5(24) helong to R3.

First, note that the functions X; — (X; — 1)? and X3 — (X2 — 1) can be extended in
2-periodic functions. Then, the periodicity of A1) and B1:Y) (resp. A29) and B ) with
respect to X1 (resp. Xo) yields (1 = (3= = ( = (6 =0 and

bgl,b) 0
b(l’b) — 0 , b(2,a) — bg?,a)
G —(2
This reduces the displacements tremendously to
bgl,b)
i)\(l’b) (X) = a(l’b) — 0 A\ [q)(l’b) (Xl)eg + (X2 — b)eg + Xgn(l’b)(Xl):| ,
G2
0
520 (X) = a9 — | p@ | A [@ﬂva)(x?)eg + (X1 — a)e; + X3n>9) (Xg)} .
—(2
Then the displacements on the contact parts read as
bgl,b) 0
(X)) =al® — [ 0 | A(Xz—bles,  TEI(X)=alY — | bV | A (X1 —a)es
G2 —C2
Hence,
—2(X2 = 0)C2
Mop(€) + 518 — 520) = a(10) _ a(20) 4 2X1 — a)Go

(X5 — b)bMY + (X7 — a)b)
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and thereby 2r|Ca| < [|g]| Lo (0)-

Step 2. In this step, we prove by contradiction that there exists a constant C1||gl|pe(q) > 0
such that for all (2,¢) € Q x R? and all ¥ € K¢, it holds that

ICI = Crllgllee (@) = 2Collgll L) = (£©) +5X(5))2dX > C1llgll oo (€17

Cyls
(3.130)
Suppose (3.130) is not satisfied. Then, for every n € N* there exists (z,,(,) € Q x R? with
ICnl = Chllgll oo (@) and ¥, € K, -, such that

/Cl (E(Ca) + Ex ()7 dX < %|¢n|2, neN*. (3.131)
yls

e Case 1: a subsequence of {|(,|}» is bounded. From (3.131) and (3.113)3 the sequence {vy, }»
is bounded in W) x W(2)_ Then, there exists a subsequence of {n} (still denoted {n}) such
that

Cn—> (¢, Tp—10 weaklyin WO x W@,

One has [(| > C1||g]|z=(q)- Now, passing to the limit in (3.131) gives

/ (E@¢) + Sx(ﬁ))de < liminf/ (E(Gn) + 5X(an))2dX <0.
Cyls Cuyls

n—-+o0o

Hence,
EW)+Ex(v) =0.

C o0
Using Step 1, this yields that |(| < Cullgll=@

the fact that |C| > C1l|gl| (). Hence, lim |(,| = +oo.
n—-+00

= Col|g|| o (), which obviously contradicts

C oo n C 00 () ~
119/l Loo ()€ and 7 — 1llgllL @) 5

[¢nl n [Cal n. Then one has

e Case 2: lim |[(,]| = +oo. Set (], =
n—+oo

|Cn| = C1llgll Lo (@) and from (3.131)

2 1 C?
/ (£ +Ex(@)" dX < =GP < gl iy
Cyls n n

Then, proceeding as in the first case one obtains a contradiction and (3.130) is proved.

Step 3. In this step we show
V(2,0 € QxR (|2 Clllgllim@) = A"™(2,0)-¢ = C'[¢

For every (z,¢) € @ x R? such that || > C1]|g|| (o) one has

A (z,0)- ¢ = [ R IE) + Ex i) + Ex (Ree)] - (E) +Ex(Fen)) i dX
- /C PRIEQ)+Ex ()] [E(0) + Ex(e. )] nl 4

B /C PA[E(C) + Ex(Tc2)] - Ex (Re,)Im dX.

yls
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The last integral is non-negative by problem (3.123). For the first term we apply Step 2 and
the coercivity of the matrix A. We conclude thereby that

Arem(z,¢) - ¢ = C'|¢

Theorem 3.8.8. Under the assumptions of Theorem 3.8.3 the homogenized problem:
Find U € [H'(Q)]? x H*(Q) such that:

/ Ahom(Z,C(z)) <€(2) dz = / F(2)V(z)dz, YV e[H(Q)?xHAQ)
@ Q

(3.132)

with

(e11(U), e12(U), e22(U), 011Us, 022U3, 012U3),

¢ = (e
€= (e11(V),e12(V), e22(V), 011 V3, 022V3, 012V3),

and the nonlinear differential operator (m € {1,...,6})
AR (- €) :/cz PALE(Q) +Ex(Bc2)] - [E(em) + Ex(Rm)]Inl dX, (3.133)
yls

admits solutions.

Proof. The solvability of the problem (3.132) is a direct consequence of the Caratheodory-
type, monotonicity, coercivity and boundedness (3.128) of the function A", O

The operator-structure of the homogenized problem is known as Leray-Lions-operator.

3.8.2 The linear case

As seen in the previous section the limit-problem is an overall nonlinear problem due to
the contact. In particular, this corresponds to the contact g. ~ €3 but in the case where

349 with ¢ > 0 the problem reduces to a linear problem in both the

g: =0 or at least g. ~ ¢
microscopic and the macroscopic level. Indeed, in this case the limiting contact-condition

degenerates to an equation
M(¢) +a? — @t = o, (3.134)

with ¢ = (e11(U), e12(U), e22(U), 011Us, 022Us, 012U3) as above. Thus, we find that the correc-
tor problem (3.119) reduces to (3.121). Hence, all necessary information is already captured
by the linear correctors and the nonlinear corrector vanishes, i.e., X¢ . = 0. This reduces the
homogenized operator to a matrix with the entries

%WMZAlM$®m%A%Nk@mwﬂ%MWM,mnqh“m
(3.135)
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and leads to the homogenized problem:
Find U € [H1(Q)]? x H2(Q) such that:

/ Ahemdline ¢ g — / FVdz, VVe[H(Q)]?xHQ) (3.136)
Q Q

with

(e11(U), e12(U), e22(U), 011Us, 022U3, 012U3),

¢ = (e11
€= (e11(V),e12(V), e22(V), 011V3, 022V3, 012V3).

Theorem 3.8.9. Under the assumptions of 3.8.8 and additionally that the contact satisfies
lgell < e3%9 with § > 0 the problem (3.136) is uniquely solvable.

Proof. The existence is a direct consequence of Theorem 3.8.8. The uniqueness is a conse-
quence of the coerciveness and the Lax-Milgram-Lemma. O
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Chapter 4

Homogenization of the textile in
the von-Karman regime

While the first part considered a geometrical linear setting and yielded a macroscopically
linear limit plate, we investigate below the textile in the von-Karm&an regime yielding a
nonlinear plate model. The von-Karmén plate is widely used by mathematicians and en-
gineers, yet for long time not entirely accepted due to inert assumptions. The reasons are
discussed and partially resolved in multiple publications and we want to refer particularly to
[12, 14, 20, 21].

For the homogenization of the textile with a von-Karman plate in the limit a different ap-
proach as in chapter 3 is needed. Although nonlinear elasticity models are usually stated
with respect to deformations, the von-Karmén plate is still stated with respect to displace-
ments. However, it is necessary to care about additional nonlinear terms arising from the
Green-St.Venant strain tensor. To achieve the von-Karman model in the limit we consider
an elastic energy of order |le(u)||r2(q.) < Ce®?, which is in consensus with [4, 20, 21].

For the von-Karmén limit for textile structures we restrict the contact condition introduced
in Section 3.3.2 to g. = 0. This corresponds to a textile with glued fibers. This assumption
is necessary to use the extension operator for the displacements of the structure.

The homogenization starts with the definition of the structure. Similar to Section 3.3.2 a
decomposition of plate-displacements is used and provides the basis for the estimates on the
different displacement fields. Due to the nonlinear setting some additional estimations with
respect to the geometric energy ||dist(Vv, SO(3))[|12(q.) are introduced. The asymptotic
behavior of the displacements are derived with the help of the unfolding-rescaling operator.
For the asymptotic behavior of the problem it is important to consider the nonlinear term
in the Green-Lagrange strain tensor. With the established convergences the limiting von-
Karmén energy is deduced with a I'-convergence argument. The existence of minimizers for
the limiting von-Kéarman plate is shown. The uniqueness of solution, though, is not provable.
The end of the section is dedicated to the derivation of the homogenized problem and the
associated cell problems. Although the initial and the homogenized problem are nonlinear,
the cell-problems for the von-Karman plate are linear and in fact the same as obtained for a
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linear elastic plate. At the end we show that for isotropic homogeneous fibers the textile is
orthotropic.

4.1 The structure

4.1.1 Parametrization of the yarns

Bearing in mind that we want to transfer partial results of chapter 3 we choose the same
structure as before, see Section 3.3 for further information. For convenience, the basic defi-
nitions are recalled hereafter.

The middle line of a beam is parametrized by rescaled function ®. = e®(%) of

—K, if z € [0, K],
L Gl SN Gl WS R BT k,1—
(I)(Z) _ ( (1—2k)2 (1—2k)3 ) [ ] (41)
K if z € [1 —k,1],
D2 - 2) if z € [1, 2],

with x € (0, %) The reference beams in the directions e; and eg are defined by
1)i{z€R3]21€(O,L), (22,23) € U}, P2 = = {z€R® | 2 € (0,L), (21,23) € U }.

The curved beams for the textile structure are defined by

pla) = {x RS |z =pl9(2), 2 ¢ P,gl)}, PP = {x ER |z =p®P(2), 2 ¢ P}”},

with the diffeomorphisms

D (2) = MU (21) + 2900 + 230D (1), PP (2) = MPP)(29) + z1e1 + 230l (29),

and the corresponding middle lines

M§1,q)(zl) = z1e1 + qeeg + (—1)TT D (2 es, M8(2,p)(22) = peey + zep + (—1)PP.(22)es

The periodicity cell of the structure Y* C Y = (0,1)? x (—2x,2k) consist of the curved
beam-parts within Y, as depicted in figure 4.1.

4.1.2 The complete structure

Denote the whole structure (see chapter 3 for more details) by

2N, 2N
=.n(JPMIuJPEY), Qo =wx(-26e22),  w=(0,L?  (42)
p=0 q=0
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&{
N
——

2K

1

Figure 4.1: The Periodicity cell Y* C Y = (0,1)? x (=2, 2x) of the full structure.

4.1.3 An extension result

The extension (see Appendix C) heavily depends on the fact that the beams are glued. For
a more general contact condition as in Section 3.3 it is necessary to treat the two directions
separately and obtain two deformations, which give the same limit for g. ~ £*. Nevertheless,
the more general case would exceed the bounds of this work.

Proposition 4.1.1. For every deformation v in H'(Q})? there exists a deformation v in
HY(Q.)? satisfying

IU|QZ =,

e . (4.3)
Hdzst(v,5’0(3)) HL2(Q€) < C’||dzst(v,SO(3))HL2(Q;).
The constant does not depend on €.
D vl

Figure 4.2: First extension domain for one beam segment.

Proof. Now that the general extension for Lipschitz domains in nonlinear elasticity is recalled
in Appendix C, we specify the extension procedure for the domain Q.

First, divide the domain 2} into portions included in domains isometric to the parallelotope
(0,& + 2re) x (0,2re) x (0,4re)! as depicted in Figure 4.2. These portions include a curved
beam and parts of the beams in the perpendicular direction with which the beam is in
contact. Besides a rotation and/or a reflection, all the portions are of the same form and
itself Lipschitz-domains. Furthermore, note that these portions intersect each other and

"We reduce the parallelotopes that are in contact with the boundary of €.
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Figure 4.3: Periodicity cell of the periodic plate with holes after the first extension.

every contact cylinder Cp, x (—2ke, 2ke) with Cpy = (pe — ke, pe + ke) X (ge — ke, ge + Ke)
is used in four of such domains.

Since every portion is a Lipschitz domain the extension procedure given in Lemma C.1 is
applicable for every v € H'(}) and yields an extension to the paling parallelotope, e.g.,
(pe — ke, (p+ 1)e + ke) x (ge — ke, qe + ke) X (—2ke, 2ke). For the second step define new
domains included in (pe — ke, (p+1)e+ke) X (ge — ke, (q+1)e+ke) X (—2ke, 2ke) by collecting
four of the above portions as depicted in Figure Figure 4.3. Note that the contact cylinders
in every corner of the new domain is used by two portions. Obviously, this domain is again
a Lipschitz domain and hence we extend all the fields into the holes using again Lemma C.1.

To obtain the full extension we reassemble the structure. Keep in mind, that the domains
(pe — ke, (p+ 1)e+ ke) X (ge — ke, (¢ + 1)e + ke) X (—2ke, 2ke) have an overlap. This overlap
includes every beam twice and the contact cylinders again fourfold, i.e., the overlap consists
exactly of the domains before the last extension. Together with the intersections from the
step before we obtain that the contact cylinders are the most used domains for the extension,
namely eight times. This influences the estimate and finally we give the final extension v
which satisfies

|dist (@, SO(3)) < C||dist(v, SO(3

HLQ(QE) ))HLQ(Q;)’

where the constant does not depend on e. By construction we have vjqx = v. O

Henceforth, we use the extended deformation v € H'(f.), which is a deformation of a
periodic plate without holes. This allows to use the results in the papers [4] and general
results of [5, 16, 18] and of chapter 3.

4.1.4 Space of deformations

The structure is clamped on its lateral boundary. Moreover, here we assume a glued contact,
which corresponds to the case g. = 0 in chapter 3. This allows to obtain one deformation
field for the whole structure 2} instead of one for each beam.

Denote
vy=00QN{z2 =0} =(0,L) x {0}, . =7 x (—2ke, 2ke).
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The set of the admissible deformations are

V.= {U € HY(Q)3 | such that v =1I; a.e. on QN I‘E},
(4.4)
D. = {v € H(Q.)? | such that v =1I; a.. on Fa}.

Remark 4.1.2. Every deformation belonging to V. is extended into the domain (0,L) X
(—ke,0) X (—2ke, 2ke) by setting v = Iy in this open set. Then, Proposition 4.1.1 gives an
extension of v whose restriction to Q. belongs to D. and satisfies (4.3).

4.2 The non-linear elasticity problem

The deformations and the terms of their decompositions are estimated in terms of the geo-
metric energy [|dist(Vv, SO(3))12(qx)-

Denote W the local elastic energy density, then the total elastic energy is given by

0= [

where [I; is the identity map. The local density energy W Y x S3 — RT U {+o0} is
assumed to be

WE('? V) dz — fe- (v —1I4)dx, if det(Vv) >0,
o

*
€

() — Q(g,ﬁ(FTF—Ig)) if  det(F) >0,

+ 00 if det(F) <0,

where S3 is the space of symmetric real-valued 3 x 3-matrices. The quadratic form @ is
defined by
Q(y,S) = aijri(y)SijSi for a.e. y € Y* and for all S € S3,

where for (i, j, k, 1) € {1,2,3}* the a;ji;’s belong to L>(Y*) and are periodic with respect to
e; and es.

Moreover, the tensor a is symmetric, i.e., a;ji = ajik = axizi- Also it is positive definite and
satisfies

Jep > 0, such that ¢y .S;;Si; < aijr(y)SijSw  for a.e. y € Y* and for all S € S3.  (4.5)

Note that the energy density

x
— Ql—, E(v)(x if  det(Vu(zx)) >0,
We(z, Vu(x)) = (5 W)t >> (Velz)) for a.e. x € QF
+ o0 if det(Vo(z)) <0,
1
depends on the strain tensor E(v) = 5((V’U)TV’U — I3) with I the unit 3 x 3 matrix.

Remark 4.2.1. As a classical example of a local elastic energy satisfying the above assump-
tions, we mention the following St Venant-Kirchhoff’s law with Lamé constants A and u for
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— g(tr(FTF ~ 1))+ %tr((FTF —I3)?) if  det(F) >0,
+ o0 if  det(F) <0.

Now we are in the position to state the problem and we set

me = vielg’_g Je(v)2.

4.3 Preliminary estimates

4.3.1 Recalls about the plate deformations

Denote the in-plane variables by 2’/ = (21, 72) € R? and the space of displacements by
U, = {u € H' Q) | u=0 ae. on Fg}.

Lemma 4.3.1. Let v € V. be a deformation and v € D, the extended deformation given by
Proposition 4.1.1 and Remark 4.1.2. The associated displacement uw = v — I belongs to U,
and satisfies

le()l2(0.) < Colldist(Vo, SO(3))l|2z) + =75 dist(Vo, SO(3)) |1 F2(qx) (4.6)

5/2
The constants do not depend on & and v (they depend only on Q, Y* and k).

Proof. In [4, Lemma 4.3] it is proved that there exists a constant which does not depend on
¢ and v such that

le()ll2(0.) < Clldist(V5, SOB) 2.y (1 + =75 1dist(T5, SOB)) p2(c) ).

5/2

Then, Proposition 4.1.1 gives a constant which does not depend on € and v such that

Hdlst(v SO(3 )HL2 < C’Hdlst (v,S0(3 HL2

This ends the proof of the lemma. O

Remark 4.3.2. In fact, it is possible to estimate the structure on the level of beams in contact
as in chapter 8 but in the context of geometric nonlinear beams, i.e., with the decomposition

2Tt is well known that the existence of a minimizer for J. is still an open problem.
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of deformations. This different approach yields the estimation

2
€ .
le(z(qz) < €(1+ ) ldist(Tv, SOE))3 )
3 . 4 1 4
+C g ldist(Vo, SOB))r2a.) + C o 19e 72y, (47)

where u = v — Iy is the associated displacement. However, the proof is more involved, since
it relies on deformations and their decomposition and the distinction between every beam.

Note that from this it is easily deduced that there is a restriction on the contact condition
9:|lr2(0) < Ce® to obtain an energy in the von-Kdrmdn regime He(u)H%Q(QE) < Ced. The
considered glued contact with g. = 0 obviously satisfies this constraint and yields for r = ke
the same estimation as (4.6).

4.3.2 Recalls about the plate displacements

Set
H;(Q) = {QS € Hl(Q) | =0 a.e. on fy},

HX(Q) ={¢p€ H*(Q) | $=0, Vp=0ae. on 7}.

Below we recall a definition from [16, chapter 11] (see also [24, 28]).

Definition 4.3.3. Elementary displacements are elements u. of H'(Q:)? satisfying for a.e.
x = (2',x3) € Q- (where 2’ € Q)

e () = U (2') + 23R4 (a7),
ue,?(ﬁﬂ) = UQ(J/'/) + 3737?,2(1',),
ue 3(z) = Us(z').

Here
U= (U,Uy,Us) € H(Q)> and R =Rie; + Roey € H(Q)2

The following Lemma is proved in [16, Theorem 11.4 and Proposition 11.6].
Lemma 4.3.4. Let u be in U.. The displacement u can be decomposed as the sum
U= U+ T (4.8)

of an elementary displacement u. and a residual displacement u, both belonging to U, and
satisfying

UeH(QP ReH(Q? |l +elValq., < Celle(w)] 2. (4.9)
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Moreover, one has

C
Vol @) + & (IWsll ) + IRI ) < 7 le)llzz@o)s

19atds + R 12y < 1/2\\ e(u)|| 220,

[uallz.) +ellusllreany < Clle(w)ll 2.,

~ || 2uo dug (4.10)
aﬂzzl“axﬁ L2(Q) Haa:3 L2(Q < Clle(w)llz2(a.),

2
Zl <Hg::z L2(Q0) ngz L2(0) ) < gHe(u)HLQ(QE)_

The constants do not depend on €.

4.3.3 Assumptions on the forces

The forces have to admit a certain scaling with respect to the e-scaling of the domain. For
the textile we require forces of the type

fs,l = 52f17
feo = E%fa, a.e. in QF, (4.11)
f€,3 = 63f3>

with f € L?(2)3. In order to obtain a von-Karman model at the limit, the applied forces
must satisfy the condition
1fllz2) < C™. (4.12)

This constant depends on the reference cell )*, the mid-surface €2 of the structure and the
local elastic energy W (see Lemma 4.3.5).

The scaling of the force gives rise to the order of the energy in the elasticity problem. This
is proven in the Lemma below.

Lemma 4.3.5. Let v € V. be a deformation such that J-(v) < 0. Assume (4.11) on the
forces. There exists a constant C* independent of € and the applied forces such that, if
1 fllz2() < C*, one has

Idist(V, SO(3)|z2(es) < C=2)f 120
The constant C' does not depend on €.

Proof. Using (4.5) gives rise to the estimation

colldist(Vv, SO(3)) 220, ( fs (v — I) dz|. (4.13)
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Introduce u = v — I; € U, the associated displacement to the extended deformation (see
Lemma 4.3.1). Then, with (4.11) and the estimates (4.10)3 we obtain

7/2

feor (v = 1q) dx| < | fallp2oyluall L2z + €721 f3ll 2 lusll 220z

4.14
< 2 fall 2oy luallzziany + €2 sl e luslzey O

< Coe®2| fll 2 () le() | 12

Eventually, the above inequality with (4.13) and Lemma 4.3.1 give

col|dist(Vo, SO3))| 720y < CoCoc® || fllL2(qlldist(Vo, SO3))| 2oz
+ CoC| fll 2 () | dist(Vo, SOB)) 172 s -

If CQCl”fHLQ(Q) < ¢, then

1St CU) IS |
3 Z(Qs) CO —CZClu H 2(Q) 2( )

O]

Now, if the deformation v € V. satisfies J.(v) < 0, it is possible to give a lower bound for
the infimum of the functional J.. With the assumptions (4.5) on the problem and (4.11)-
(4.12) on the forces together with the Lemmas 4.3.1-4.3.5 and inequality (4.14) the energy
is estimated by

ol (V0)'V0 = Lyl < /Q WVedr < | g0 L) de <O iy (115)

As a consequence, there exists a constant ¢ independent of £ such that
—ce® < J.(v) <0 (4.16)
Recalling that m. = inf,ev, J-(v) yields

—c< L <. (4.17)

m

Our aim is to give the asymptotic behavior of the rescaled sequence {—;} and to charac-
9 €

terize its limit as the minimum of a functional.

4.4 Asymptotic behavior

In this section, we consider a sequence {v.}. of deformations satisfying
| dist(Vve, SO(3)) | r2(0z) < C™2. (4.18)

Hereafter, we are interested in the asymptotic behavior of the sequence of displacements
{ue}e = {ve — I4}e, where u,. is the associated displacement to the extended deformation v..
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From Lemma 4.3.1, one has
lle(ue) | r2o.) < C°/2. (4.19)

Recalling the estimates of Lemma 4.3.4 with this assumption we have

ITel| 220y + €l Vel 120y < CET2,

HUE,BHHl(Q) + HREHHl(Q) S 06,

4.2
<, (4.20)

e all 171 0
|0alhe,3 + Real| ;o @ < Ce2.

The constants do not depend on «.

Lemma 4.4.1 (See [4, Section 7]). Under the assumptions of Lemma 4.3.4, there exist a
subsequence of {e}, still denoted {e}, Uz € HZ(Q) and Uy, Ro € HL(Q) (a € {1,2}) such
that

1
—U.3 — U3  strongly in Hi(Q),
€

1
—Rea = Ra weakly in H;(Q), and strongly in L*(Q)
5 (4.21)
6—21/{5,@ — U, weakly in Hi(Q),
1
2 ((9041/{573 + 725704) — Z, weakly in LQ(Q).
Moreover, one has
Oalds + Ry = 0. (4.22)

Proof. The convergences and equalities are easy consequences of the above estimates (4.20).
The identity (4.22) comes from (4.21) 4 and the weak convergence of (4.21);. To see the

strong convergence of (4.21); note that (4.10);2 and the strong convergence of —R., in
5
L3(2) imply

1 1 1
gaaus,g = g(aaus,g +Rea) — gRe,a — 0 —Rao = 0lds, strongly in LQ(Q),

where the last equality in the comes from (4.22). O

4.4.1 The unfolding and rescaling operators

For the asymptotic behavior we introduce two operators: 7. for the homogenization in (2
and ¥, for the homogenization and dimension reduction in 2*. Both operators can be found
in [16, 28] thus we recall here only the important properties for this thesis. Denote

V=022 ¥:=(0,2)*x (—2k,2k).
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Let Y* C Y be the reference cell. The cell V* is deduced from Y* (see Figure 4.1) after two
symmetries with respect to the planes y; = 1 and y3 = 1 the cell consisting of the beam
structure.

Definition 4.4.2. For every measurable function ¢ € L*(Q) we recall the definition of the
unfolded function Tz(¢) € L' (2 x V')

/
3

T (o) (2 y) = ¢<€[x } + 6y’) for a.e. (2',y)eQxY.

For every measurable function 1 € LY(Q*) the unfolding and the rescaling operator T. is
defined by

/

T ()@ y3) = w<€ [%} + €y',€y3> for a.e. (2',y) € Q x Y*.

Lemma 4.4.3. There exist a subsequence of {e}, still denoted {e}, Uy, Re € L2(Q; H}.,.()))
and uw € L2(; HY,.()")) such that

per
1
- (VU.3) — VU3 strongly in Lz(Q X y’)2,
1
R (R.) —R strongly in L*(Q x V'),
1 ~
g’ﬁ(vne,a) — VRa + VyRa weakly in L*( x V')?, (4.23)
1 ~
S Te(VlUeo) = VUo + Vs weakly in L*(Q x V'),
€
1 ~
?ﬁ(aaug,g +Ren) = Za+ Vyu+R weakly in L*(Q x V).
Moreover, there exists w € L*(€%; H,,.(Y*))? such that
1
—%e(Ue) =T weakly in L?(Q; HY(Y*)),
g (4.24)
?zs(vm) —~V,a  weakly in L*(Q x Y*)°.
Furthermore, one has
1 812/{3811/{3 81(/{3822/{3 0
?E(Vus(Vus)T) — 81U382U3 622/{3322/{3 0 strongly m Ll (Q X y*)9
0 0 VUs - VUs
(4.25)

The above convergence is weak in L?(Q x Y*)9.

Proof. The first convergence (4.23); is a consequence of (4.21) and the classical resuts of the
periodic unfolding method, see [16]. Convergences (4.23)23 4 come from the convergences in
Lemma 4.4.1 and again of the classical results of the periodic unfolding method [16]. The last
convergence (4.23)5 is a consequence of [16, Lemma 11.11], together with the convergences
(4.21)4 and (4.23)s.
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For (4.25) recall

OUz 1 + 2301 Ren Oz +2300R-1 Ren
Vue = | Oillhep +2301Re2 Oolhe 2 +1300R:2 Reo | + V.
OlU:3 OolU: 3 0

Since (4.23); 2 are strong convergences and the other fields vanish due to (4.23)3 2 and (4.24)

we obtain
1 0 0 R
gﬁ(Vus) — 0 0 Ro strongly in LQ(Q X y*)g. (4.26)
612/{3 822/{3 0

Hence, using (4.22) the product converges:

0 0 R1 0 0 —-R4
T:(Vue (Vue)") — | 0 0 Raf] O 0 —-Re
—-Ri1 —Ro 0 Ri1 Ro 0
RiR1 RiRo 0
= | RiRas RoRa 0 strongly in Ll(Q X y*)9.
0 0 RI+R3

1
€2

1
=2

Now note that the sequence {
€

ﬁ(vug(qu)T)} is bounded in L2(€ x Y*)? by
13

Ve (V)| 2.y < [Vue(Vue) ™ + 2e(ue)l| 12a.) + 2lle(us)l| 2.
= [|Voe(Vve)T — T3]l 20 + 2lle(ue) | 12q.) < C*2,

ensuring that (4.25) is also weakly converging in L?(2 x J*). O

The convergence (4.26) implies
Te(Vu,) = 13 strongly in L2(Q x Y*)°. (4.27)

Additionally, the displacements converge as follows

1
?TE(ue,a) — Uy — y30.U3 strongly in L*(Q x Y),

1

E—lfs(us’g) —Us strongly in L2(Q xY).

(4.28)

The above convergences show that the limit displacement is of Kirchhoff-Love type.
The next Lemma presents the limit of the Green-Lagrange strain tensor, used in the energy.

Lemma 4.4.4. For a subsequence we have

1 ~ . *
@TE((VUE)TV% —1I3) = EU) + ey(u) weakly in L2 (Q x Y*)°, (4.29)
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where the symmetric matriz E(U) is defined by
2
+ 21 —WBpehs + 212 0

—yp L
Ox?
2
B =| Bz, o,
0 0

0

and the new warping field by

u(2’,y) =u(a’,y) + %(Zl (z') - e3)er + %(Zz(-%‘/) -e3)e;
+ysR(2' ) Aes +ulr',y) + ys| Vs (') Pes  for ae. (a,y) € Q x V¥,
v 10U U
Zop = i 1,2)%.
af eaﬁ(u)+28xa8x5’ (0575)6{ ’ }

Proof. First, in the strain tensor Vv(Vv)T — I3 replace the deformation by its associated
(4.30)

displacement u© = v — Iz. This yields
Vo(Vo)T — I3 = Vu(Vu)T + Vu + (Vu)T = Vu(Vu) T + 2e(u).

The first term on the right-hand side is already covered in (4.25). Hence, consider now

E%,Te(e(u)). This is already proved in [16] and yields
0%Us 0

weakly in L2(Q x V),

. en(U) — y3882%3 e12(U) — Y355
;255(6(“)) - * ean(U) — 3/3%2%3 0| +ey(u),
0 0 0
(4.31)

where we define

(e, y) = 0@, y) + L (21(2) - es)er + T(Za(e) - es)es
+ysR(@ ) Aes+u(z', o) + ys| Vids(2')es,

O

for a.e. (2/,y) € Q x Y*. Upon rewriting the result this yields the claim.

Note that the antisymmetric part is responsible for the nonlinearity of the problem. Finally
we prove that in the limit problems and in the case of glued yarns, one can replace the

eqap(U)’s with the Z,5(U)’s.



80 Chapter 4 Homogenization of the textile in the von-Kdrmadn regime

4.4.2 The limit problem

The limits of the previous section allow to investigate the limit of the elastic problem. There-
fore, recall the energy of the elasticity problem in the limit

1
V]

TU,7) = /Q / W (0, BU) + (@) dyda’ /Q FoUda. (4.32)

Define the limit displacement space
U= {U= (th,Us,Us) € H'(Q)* x H*(Q) | U =03 =0 a.e. on~}.

Furthermore, set

1
V]

J(U,T) = /Q/ W (y, BU) + e, (0)) dyda’, (4.33)

the part of the energy without the external force. Thus we can write
TU) = JWU, 7) —/ FoUda.
Q

Before showing the convergence of the problem with a kind of I'-convergence, we first prove
that the limit-functional J attains a minimum on U X LQ(Q; Hl (y*))3.

per

Hereafter denote for every (£, ¢, @) € S = R3 x R® x HL_(V*)3 and denote £ the symmetric

per,0
matrix
B §1—y3C1 + ey (W) &3 —y3(3 + ez, (W) e13, (W)
£, ¢, w) = * §2 — Y32 + e224 (W) 23, (W)
* % 6337y(ﬁ})

Lemma 4.4.5. We equip the space S = R3 x R3 x H!

per0(V*)? with the semi-norm

3
H(§7<7@)”S = Z Hgl](§7<.7@)||%2(y*)

i,j=1
Then, this expression actually defines a norm on S equivalent to the product-norm.
Proof. To show that the semi-norm is actually a norm it is necessary to show the positive
definiteness, i.e., that ||(§, ¢, w)|ls = 0 implies (§, ¢, w) = 0.

Let (§,¢,w) € S satisty [|(£,(,w)||s = 0 and define the map

y1 (&1 —y3C1) +y2 (63 — y3(3)
m(y) = | y1 (& N Y3(3) ;r Y2 (&2 — y3(2)
G- 26— yiyels

Then rewrite

E(&,¢, D) = ey(T + ). (4.34)
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Hence, 7(y) + @W(y) = a + b Ay is a rigid motion. Then the properties of @ € H,,, ,(V*)
(periodicity in the directions e, es and vanishing mean) imply that a =b=¢ = ( =0 and
thus also w = 0.

Finally, by a contradiction argument it is easy to prove that there exists a constant C' such
that

€l + 1<l + Nl o) < CIEC @) s (4.35)
holds for all (¢, ¢, w) € S. O

Lemma 4.4.6. The functional J admits a minimum on U x L*(Q; H,,. o(V*))?.

Proof. First, from (4.5) and Lemma 4.4.5, there exists a constant C' > 0 such that

2
a%; [ Cor V) ;%Z\f%wm? 12(9 H@igv;, ‘2 } DNz s ey < CTOV, D),
for all (W, @) € U x L*(; Hpepo(Y))*. (4.36)
Set
m= inf JU,a)

U)EUXL2A(GH],, o(V*))?
where m € [—o0, 0].
Step 1. We show that m € (—o0, 0].

That m is actually finite is a consequence of the existence of a weak convergent subsequence
and the weak sequential continuity of 7.

The boundedness of U; are shown with the help of the functional J. First, consider U3 and
note that by (4.36) together with the boundary conditions this field satisfies

2 2
Ot ’ < CoJU,T).  (4.37)

L2

@72y < JUT), [UslFreig) < C Z Haxaaxﬁ

Similarly, the estimate for U, is obtained. For this keep in mind that in the energy only
Zap = eapu) + %aaugagug arises and we arrive at

ijw W72 < U T) + || VUs|| Faiqy < cJ U, T) + Crl|Us 320
76 1
< cJ(U, ) + [CLC T (U, )]

Note that we used here the embedding H%(Q) — W'4(Q). The 2D-Korn inequality then
yields

U2y + el ) < €T, 8) + [CLC2T U, D). (4.38)
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With (4.37) and (4.38) the functional satisfies

JU,u) < || f3lle2)Usll 2y + \/Hlez + ”f2HL2(Q 12 20 + U]l 2 (0]

< sl 2oy VI W) + \/Hf1lliz(m 12122 0, [eV/TWU @) + CLC2I U )|
(4.39)

Thus, we also have

JU,u) < cllfllrz) v I U, ) + CL1C| fll L2 (0T (U, 1), (4.40)

which shows that J(U,u) is bounded if and only if C1Cal| f[|12(q) < 1. In fact it is the same
constraint as found in Lemma 4.3.5.

Finally, we have
YU, @) € U x L?(Q Hpo V),
JUu) <0 = [[Ulmro + Ul 1) + U]l 5200) + Ul L2(0m vy < C-
Then we easily show that m € (—o0, 0], since J is weak lower semi-continuous.
Step 2. We show that m is a minimum.

Consider a minimizing sequence {(U",0")}, C U x L*(Q; H,,, o(V*))?, i.e., the sequence
satisfies J (U™, u") < J(0,0) = 0 and

m= inf JU,u)= lim JWU",a").
(Um)eU n—+o00

From step 1, one has
124 10y + U [ 12 o) + 143 W a2 ) + (10" | 2 (010 )y < C

where the constant does not depend on n.
Hence, there exists a subsequence of {(U",u")},, still denoted {(U",u")},, such that

U™, a") = U, @) weakly in U x L*(Q; Hpp, o (V).
Then the lower semi-continuity of J implies that

JU 7)) =liminf JU",7") < lim JU™, ") <m (4.41)

n—-+4o0o n—-+4o0o

Since m = inf g g)ev J (U, ) we conclude that

holds for every (U,u) € U x L*(%; H;ero(y*))?’. Choosng (U,u) = (U',u’) finishes the
proof. O
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Theorem 4.4.7. Under the assumptions on the forces (4.11)-(4.12) we have

m = lim — = min JU,u). (4.42)
e=0 €% (U@)EUXL2(QHL,, (V7))

Proof. The following proof uses a kind of I'-convergence technique. For more Literature
about Gamma-Convergence see for instance [8, 20, 21, 36].

Step 1. In this step we show that

~ ..M
min J U, u) < liminf —58
(U,2)€UX L2 HY,, (V)3 es0 €

Let {vc}. C Vz, be a minimizing sequence of deformations, i.e., it satisfies

. Je(v .. .m
lim # = lim inf —55
e—0 g e—=0 €

Without loss of generality, we can assume that the sequence satisfies J-(v.) < 0 and hence
the estimates of the previous sections yield

|dist(Voe, SO(3))H%Q(QZ) < Ceb and (V)T Vo, — 13||%2(Q§) < Ced. (4.43)

Therefore, we are allowed to use the decomposition defined in Definition 4.3.3 and obtain
the estimates (4.20) and convergences as in Lemma 4.4.4 and 4.4.3. Then the assumptions
on the force lead to

1 L ,
lim /Q el (oo = L)'y = i /Q ey

=|y*|/f~uda:',
Q

converging as a product of a weak and a strong convergence. As consequence, we have with
the weak convergence of the strain tensor (4.29) together with the weak lower semi-continuity
of J that

lim inf ja(;’a) > J(U,T) — |y*|/ F-Uda. (4.44)
e—0 9 Q
Step 2. We show that for every (U',u') € U x L*(Q; Hp,,.(V*))?, one has
. Me 1~
limsup — < J(U',w). (4.45)
e—0 €

To do that, let (U',@') be in U x L*(; H,.,.(¥*))?. We will build a sequence {v.}. of

admissible deformations such that

(n)

m V-

lim sup —55 < lim lim &;)
e—s0 & n—+00 e—0 €

=g, @).
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Now consider a sequence of displacements {¢/(™},, in VN (CH(2)% x C*(2)) and additionally

{@}, in L2(; HL, (V)* 0 CHQ x Y93 with @, = 0, such that

um -, strongly in H(Q),
L{3n) — Uy strongly in H?(Q), (4.46)
a™ — @ strongly in L*(Q; Hp, (V"))

Now, we show that there exists a sequence {v.}. such that
m ~
lim su1p5_>0—5E < JU™, M)
€
Therefore, define the associated sequence of deformations

Vs(,q) (2) = @1+ (ul(n) (z1,22) — %311/135”) (21, 32) + eal™ (21, 22, %)>7

V;(g) (e) =22 ¢ (UZ(H) (w1, 2) = %822/{35") (z1,22) + 5agn) (z1, 72, %)>,

VIV (@) = 25+ s(u§”>($1, 23) + 2208 (1, 23, %))
By construction we have V' € V.. Obviously, the deformation can be further restricted to
the original structure Q.

Now consider the convergences of the deformations {Vg(n)}a. Note that they satisfy
IVVEY —Tg]| 1 () < C(n)e,

which estimates the displacement gradient. This implies for € small enough, that det(VVg(n)) >
0 for all n € N and all z € QF. This leads us to replace W = @ (cf. Section 4.2) and together
with the right-hand-side to

me < Je(V). (4.47)

Since the convergence of the deformation components are known, we obtain

%za((vm(">)Tv1/;"> —I3) — EU™) +¢,(@™) strongly in L*(Q x Y*)

defined as in Lemma 4.4.4. This convergence gives rise to the convergence of the elastic
energy

e—0 65 e—=0¢

lim ijg(‘/:e(”)) = lim 1/ T (/W(y, VVa(")))dm'dy
QAxY*

— lim L / T (Q(y, (VVINTVV ™ —13))da'dy
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and the right-hand-side

lim = / T (f - (VY — 1)) do' dy — | V7] / f-U™da' dy.
QxY* Q

e—0 55

Hence, with (4.47) we obtain

lim sup =< hm jE(V(” ) = j(u(n)’a(n))'

ces0 &0

Since this holds for every n € N, consider now the limit for n to infinity. The strong
convergences (4.46) yield

limsupﬁéE < lim g™, a"m) =gW ),

e=0 € n—+00
which concludes the proof of (4.45).

Step 3. Combining Step 1 and 2 we obtain for every (U',u’) € U x L3(Q, HL.,(V*))

per

J (U, u) < lim l(I)lf — < limsup E— <Jgu.,a). (4.48)

e—0

Thus, choosing (U',u') = (U, 1) gives

Me
I @) = lim -5
and finally
. me ~ . ]~
lim — =J(U,u) = min JU,a).
=0 & U ) EUXL (Q,H,..(V*)) O

4.4.3 The cell problems
Recall the energy (4.32):

JU,u

- u)) : ey (U x — . vl
): Q‘y*|/52/*a(y)(E(U)+6y(u)) : (E(U)—i- y( )) dyd /Qf U dz’. (4‘49)

To obtain the cell problems consider the variational formulation for u associated to the
functional J. For this we use the Euler-Lagrange equation (since it is a quadratic form in
e(u) over a Hilbert-space) and we obtain:

Find @ € L*(Q, H'(Y*)) such that

/Q s a(y) (EWU) + ey (@) = ey(@) dy =0, for all W € L*(%, ngr,o(y*))- (4.50)
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Upon this, we use the periodicity w.r.t. J* to restrict the cell problems to

Find u € Hlem(y*) such that

N N (4.51)
/ a(y) (EU) + ey(@)) : ey(w) dy =0, for all w € H ero(y ).
y*
Hence, the fields u depend linearly on E(U/). Thus we are led to assume
2

a,B=1 a,B 1
This leads directly to the typical cell problems
Find (3™ »m om b b b EHl (y*)6 h that
md | X115 X121 X225 X11» X125 X22 per,0 suc a

[ a7+ e, ®2) ¢ ey(@) dy=o. (159
for all @ € Hp,, o(V*)?,

[ a4 e, () ¢ (@) dy =0,

where we denote

100 000 10
M'=1fo o0 of, M®P=]010|, MZ*=M*" 100 (4.54)

000 000 0 0

Then, set the homogenized coefficients

hom 1 . M 4 e, i (X7 | MEP d 4.55
aaga/,gl—w azgkl(y) ij ey,lj(Xaﬁ) ko aY, (4.55)
Z%Z’ﬁ’ZW*\ / ag () [usME7 + ey 5 (%) Mgy dy, (4.56)
i = ey [, ) [15M5 + s R oy . (457)

Accordingly, the homogenized energy is defined by
1
jhom( ) 2/{; (ag%’g,ﬁ,zagza/fy + bg%rg/ﬁlzaﬁ aa/g/U;z, + 63%72/5/8&5[/{3 80/5/1/{3) dx’
— / f-Udx'. (4.58)
Q
with

Zaﬁ = eaﬁ(U) + 80]/{383[/{3.

By introducing in the limit energy the homogenized coefficients yield the homogenized energy
in the theorem below.
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Theorem 4.4.8. Under the assumptions (4.11)-(4.12) the problem

: hom
4.
min 7, (U) (4.59)
admits solutions. Moreover, one has
U . ~ . hom
m = lim — = min JU,0) = min T, 7" (U).
e—=0 € (U8)EUX L2(Q; Hpe, (V7)) Ul

4.4.4 The linear problem

The analysis presented in this chapter is stated especially for the von-Kéarméan limit. Al-
though, this is a nonlinear model, it is stated with displacements and not deformations,
which usually arise in nonlinear elasticity. In fact the von-Karman plate is the critical case
for the choice of the geometric energy ||dist(Vv, SO(3))||12(qx) ~ Ce%? in between linear
and nonlinear plates, as it can be seen in [4, 5, 7, 14, 20, 21, 36].

To obtain the linear problem one simply considers the symmetric strain tensor e(u) instead
of the Green-Lagrangian strain tensor e(u) + 3 Vu(Vu)T = L(Vo(Vo)T —1I3). All results in
this chapter remain true, yet all Z,5(U) are replaced by eo3(Uf) in the limit.

The resulting linear limit energy is

1 o~ .
TiinU, ) = V] / / W(y,Elzn(z,{) + ey(ﬂ)) dydz’ _/ f-Uda, (4.60)
o Jy Q@
with
en(U) — y58;26/%3 e2(U) — y3 gjluasz 0
in 2
0 0 0

found in (4.31).

Then, with the same steps as in Section 4.4.3 the cell problems are given by (4.53) and yield
the homogenized linear plate equation also found in [16, Thm. 11.21].

Theorem 4.4.9. Assume that the force satisfies f. = €*1 fie1 + €2V faeq + €31 fsez with
f € L*Q) andv > 0. Then, J" is the unfolded limit energy. Furthermore, the cell problems
are again given by (4.53) and yield the homogenized energy

1 m m
%?gm U) = 9 /Q (ag%rg’ﬁ’ €ap (u)ea’ﬂ' ) +b§%o¢’/3’eaﬁ ) 8&’5’“3‘{’62%&’,8’6&5“3 aa’B’US)dx/

—/ﬁumﬁum)
Q
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and the minimizer of this functional satisfies the variational equality:

Find U € U such that for all V € U:

hom bgoéglﬁl
/ﬂaaﬁalﬁlealg(u)ealﬁ/ (V) + 9 (eag U) (90/5/]/3 + GQB(V) 80/5/1/[3)

R Bl By Vada! = /Q FoVdr. (463)

Note that this is the same energy as for the problem presented in [16, Ch. 11] for the case
@ = 1. The existence and uniqueness of a solution for this linear problem is for instance
investigated in [10, 12, 16, 38].

Remark 4.4.10. The shown derivation of a homogenized von-Kdrmdn plate is also valid for
other micro-structures for which the extension in Section C holds true , e.g., shells whose
mid-surfaces are developable surfaces.

Remark 4.4.11. [t is also possible to derive the von-Kdrmdn plate on the level of deforma-
tions with the decomposition of deformations, see [4, 5]. However, this needs a more involved
analysis of the decomposed fields, since the decomposition of a deformation is more complez.
This different approach yields some insights into nonlinear elasticity and the connection be-
tween nonlinear decomposition and linear decompositions (see also [5, 25]), yet the result is
the same as presented here.

4.4.5 The textile for isotopic, homogeneous fibers is orthotropic

Here we show that for isotropic homogeneous beams, the resulting homogenized textile is
orthotropic. This is true for the von-Kérman and the completely linear regime, since this
only depends on the cell problems.

Thus, let us here assume that the yarns are made from an isotropic and homogeneous mate-
rial, whose Lamé’s constants are A, p.

Lemma 4.4.12. Under the above assumption on the material, one has

bR =0 Y(aBa'f) € {1, 21! (4.64)
and also . . .
a1l = ags3z  and Gty =0, ae {1,2}, (4.65)
AT =cbgyy  and T =0, o€ {1,2}. '

Proof. Consider the following transformation:

¢ € Hye (V) +— ¢ € Hy, (V)
3(y) = —1(B)er + da(P)ex + p3()es
where 3y = (2 —y1)e1 + yoe2 + yses, for a.e. y € Y*.
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One has _
eyi(0)(y) = eyi(9)(y), i€{1,2,3},
6y712(¢)(y) = —€y,12(¢>)(@7 N
for a.e. y € Y*.
ey,13(0)(y) = —ey13(0) (D),
ey23(8)(y) = €y,23(8) (1),

Using this transformation in problem (4.53)2 gives

<b =b
2 - » I2 = )
{Xaa( Y1, Y2 y3) Xaa(y) for a.e. y € V*. (466)

22 = y1,v2,93) = o (¥),

Since / y3 dy = 0, one has

1
h b
ba%rglﬁ/ = |y*| /y* O'alﬁl(xaﬁ) dy

Hence
bzgq'é: ) o€ {172}

Now, from (4.66), we get

3??2,1(2 —Y1,Y2,Y3) = 3??2,1@)7

X322(2 = y1,y2,53) = —Xlaa(y), forae. ye Y,
>A(lf2,3(2 — Y1, Y2, Y3) = —9??2 3(¥),

a1 (2= y1,52,53) = —Xba1 (),

a2 = y1,y2,y3) = 5(\(‘;04 2(y)
a3 = y1,92,53) = Xoas(¥),

*

, for a.e. y € V™.

Equality (??) and the periodicity lead to equalities below of the traces

55?2@'(0’ Yy2,Y3) = 551{2,1‘(17y2’ ys) = X\?Q,i(Q’y%yiﬁ =0, i€1{2,3},
Szgza,l(oa Y2, y3) = 552401,1(17 Y2, y3) - 553@,1(27 Y2, Z/S) =0.

Now using the symmetry with respect to the plane ¢y = 1, we obtain

for a.e. y € V™. (4.67)

)?ga(ylv 2 - Y2, 3/3) = X\ga(y)v
Ba(y1,2 = y2,93) = X2 (y),

Hence ) , ,
X12,i(¥1,0,93) = X12,:(¥1, 1, ¥3) = X12:(¥1,2,¥3) = 0, i€{1,3},

X 21,0, 43) = Xoao 1, 1,y3) = Xoaa(y1,2,y3) = 0.
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The results above allow to replace problem (4.53)2 by the following ones:
Find %, € G(Y*) such that,

[ v evs@ dy= [ oy dy
( for all w € G(Y*)
Find %, € H(Y*) such that,

/ yii(Xoe) €y, (D) dy = / Y3 0y.aa (W) dy,
for all w € H(Y™)

(4.68)

where V* is the part of the cell included in (0,1)? x (—2k,2k) and (i € {2,3}, j € {1,3})
G(y*) = {¢ € Hl(y*)3 | ¢i(07y27y3) = ¢i(1ay2ay3) = 07 ¢j(y1a0ay3) = ¢j(y17 1>y3) = 0}7
HY*) ={s € H' (V) | 1(0,52,93) = ¢1(1,42,43) = 0, ¢2(y1,0,43) = b1 (y1,1,y3) = 0}.

Now, consider the transformation

¢ € HY") v ¢ € H(Y"), (resp. ¢ € G(YV*) = ¢ € G(VY))

o(y) = p2(y)er + ¢1(y)e2 — p3(Y)es, where 7 = yse; + y1ez — yzes, for a.e. y € Y*.

One has

ey 11(0)(y) = ey22(0) (@), ey22(d)(y) = ey,11(¢) (),
’ G 0

ey13(0)(y) = —€y23(0) (), €y12(0)(y) = €y12(9) for a.e. y € Y*.
ey33(D)(Y) = ey33(d)(V),  ey23(d)(y) = 6y,13(¢)(y)
We use the above transformation in problems (4.68) that gives
<b ) — b
X12(¥2, Y1, —¥3) X12(¥), for ace. y € V", (4.69)

X\l{l(y27 Y1, —ZUS) = _SC\SQ(y)7
These equalities lead to

hom __ j1hom __ hom __ hom
b1212 - b1122 =0 bllll - _b2222'

The last transformation
pc H(YY) — 6 HOYY),

o(y) = —p2(@)er + 61(H)ez + d3(7)es,
where § = (1 — y2)eq + y1€2 + yses, for ae. y € Y*.

One has

@), for a.e. y € Y*.
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We use the above transformation in problem (4.68)2 that gives

(1 =y, y1,93) = Xaa(¥), for a.e. y € Y*. (4.70)

This equality gives

bhom hom
1111 — Y2222

which ends the proof of (4.64). Similarly one obtains (4.65). O

As a consequence of the above Lemma in the expressions of the energy (4.58) and (4.62)

hom ( hom hom hom)'

; ; hom hom hom (_.hom
there remain three coefficients a ai$th, ai9se, ai97s) and c (511, cisss, s

4.5 Comparison to chapter 3

In fact, the cell problems derived here are the same as for the linear limit in chapter 3.
Recall, that the linear case there corresponds to fixed junctions between the beams, i.e., the
gap-function g = 0. Hence, the domain for the cell problems is the same but only the point
of view is different. In chapter 3 the domain is stated in the beams reference while in this
section here the domain is stated in the coordinate system of the plate. The equivalence
of both cell problems is concluded by the fact that the procedure presented in this section
is obviously for both and thus yields the same cell problems. For this reason, the textile
derived in chapter 3 with contact g. < Ce3t9, § > 0 and isotropic homogeneous fibers is also
orthotropic, as shown in Section 4.4.5.
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Chapter 5

The Buckling of Textiles

The buckling phenomenon is in the mathematical context a bifurcation problem and charac-
terizes a loss of stability of the structure. This means that the solution suddenly changes its
state and usually can attain multiple states with equal probability. In elasticity the simplest
example for this behavior is Euler’s buckling beam (see [44]). The buckling occurs if the
applied force exceeds the critical value

w’EI

for a beam of length L with second moment of inertia I, Young’s modulus E and a factor
K accounting for the boundary condition, see Figure 5.1. Note that there are two solutions
possible, since the displacement can attain either of the two dashed forms.
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Figure 5.1: Euler’s buckling beam. In the left picture translation and rotation are
fixed (K = 0.5). In the right picture the translation is fixed while the rotation is
free (K =1).
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Naturally, for plates the buckling analysis is more involved. In contrast to the beam example
there are multiple states giving rise to buckling behavior. Hereafter, we restrict to an uniaxial
force and orthotropic or isotropic materials. Even the isotropic case, admits interesting and
promising results. Indeed, the buckling is not limited to only compressive forces but also
occurs for tension. This is obviously impossible for the 1D-Euler beam. In fact, as derived
for instance in [9, 42] an applied tension induces a compression in the lateral direction. This
induced compression is comparable to a directly applied compression. For this reason, the
numerical computations are reduced to a compressional setting.

5.1 Buckling of plates: a short introduction

The buckling of plates can be modeled in various ways. In this work we use the von-Kéarman
plate to model buckling arising from in-plane forces. The von-Karman buckling is for instance
investigated in [7, 34, 42]. The nonlinearity of the von-Kédrman model allows to transfer in-
plane forces to bending displacements, which is not possible for linear models. In [34] the
authors show that linear and nonlinear stability are close to each other in the sense that the
critical loads are equal for isotropic materials.

In the following, we chose the von-Karman plate to model buckling behavior. First, an
academic example from [3] is recalled. After that, we show results for the orthotropic textile
and compare the results.

5.1.1 Example: Uniaxial compression of isotropic von-Karman

For clarification of the buckling for a von-Karman-plate we recall an example considered in
[3]. For this academic example, assume that the plate is infinitely long in one direction and
subjected to a force F' in the other direction, see Figure 5.2. This leads to a one dimensional
problem of an isotropic plate! of thickness h in the direction of the force with the Young’s
modulus E and poissons ratio v. Denote by U the in-plane displacement and by U3 the
bending displacement. As boundary condition assume simply U(—L) = Us(—L) =Us(L) =0
and a force F' acting at U(L).

The von-Karmén energy for the plate reduced to the lateral direction reads as:

Eh F
2% dr — —U(L), (5.2)

1 [t ER 5
JvK(u>u3) - / 7(6:1:301/{3) + m 9

2 ) ;121 —1?)

with Z = 0,U + %((91;1/(3)2. Since only the bending displacement Us is of interest, the energy
is first minimized with respect to Z. For this substitute the boundary value by

L L
U(L) = /_ ondda = /_ (z- %(amug)%)dx.

IFor isotropic plate we have ci111 = #ﬁiz), see [39].
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TNNT SN

Figure 5.2: Plate domain of width 2L and infinite length, which is subjected to a
compressive force F' on the upper edge. The lower side is clamped.

Inserted into the energy this gives rise to a functional only depending on U3 and Z

J(Ug, Z) =5 ax:cu3)2 +

1/L ER3 ( Eh
2 ) 1 12(1 —1?)

L
mz%x - 5/_L<z - %(8$M3)2))da:, (5.3)

which is easily minimized with respect to Z with the minimizer

F(1—1?)

Z* =
Eh

Hence, we find the energy functional

1 (b ER ) )

This energy only depends on Us and allows to distinguish between two cases: tension for
F > 0 and compression for F' < 0. For the tensional case the energy is always a convex
functional and admits a unique solution, namely U3 = 0. In the case of compression, it
depends heavily on the magnitude of F'. Indeed, the energy can be divided into two opposing
parts: the bending part %(850301/{3)2 and the rest. While for a small value of |F'| the
bending dominates the energy, a large force |F| leads to the domination of the second term.
In this case the functional becomes non-convex, since the energy is no more bounded from

below and violates the coercivity of the problem.

For the further investigation assume henceforth F' < 0. The mathematical explanation uses
the Poincaré-Wirtinger inequality

L L
4’ / (0uUs)*dx < (2L)* / (Dpeld3)?de, (5.5)
L —L
for the bending displacement U3. The inequality holds due to the boundary conditions
Us(—L) = Us(L) = 0 implying ffL 0,Us dr = 0. The Poincaré-Wirtinger inequality allows
to estimate the energy from below

L 3 2
SESY| ) (12(]13@ ok i )(amug)%x. (5.6)




98 Chapter 5 The Buckling of Textiles

The coefficient in front of 0,13 determines the character of the energy. Aslong as |F| < Fepi
with
Eh37?

Frpit = g
T 1202(1 — 12)

(5.7)

the energy is still convex and coercive. The only solution is in the tension case U3 = 0.
However, by exceeding this critical threshold the lower bound vanishes and the convexity and
coerciveness is lost. Now assume the force F' = F,.;; for which the functional is obviously
still bounded from below, yet the solution is no more unique and the minimum of the energy
is attained on a family of functions. These functions are characterized by the Poincaré-
Wirtinger inequality (5.5) which has to be fulfilled with equality leading to

Us =c sin(%az), (5.8)

for a constant amplitude c. In fact, the sign of ¢ is typically not defined for bifurcation
problems. The sign only defines the direction of the buckling, cf Figure 5.1.

The analysis of the regime F' > F..;; needs the full nonlinear theory, which is not done in
this work. However, this would lead to higher modes of the solution depending again on the
magnitude of the force.

5.2 Buckling of an orthotropic textile plate

In this section, we consider a textile under uniaxial compression. For this recall

JhmU) = / (aodon s ZapZarpr + ol OapUs Oupllz) da’ — / f-uda.

w w

the von-Karman energy (4.55) derived in Chapter 4 for isotropic and homogeneous fibers.
Note, that the homogenized textile plate is orthotropic, see section 4.4.5.

The new space of displacements is denoted by
Ucomp = {U = U1, U, Us) € H' (w)? x H*(w) | U=01Us=0 ae. onlp},
for I'p = {0, L} x (0, L).

Furthermore, the boundary conditions are inhomogeneous Dirichlet conditions, where the
displacements satisfy

e*L e*L

2
UO,z2)=1 o |, U(L,z9) = 0 , for a.e. 9 € (0, L). (5.9)
0
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A displacement satisfying these conditions is

L
L{(x’) =e* (5 — :1:1>e1 for a.e. 2’ = (x1,22) € W, (5.10)

with the symmetric strain tensor

Now, our aim is to minimize the functional for ¢ € Ugomy

T +0) = [ (a1 (210 + (2)°) + el 20 + 20l 2012,

w

+ 177 ((O11Us)? + (922U3)?) + 4ei5i3(D1aUs)? + 2e1753011Us 8221/13) dz', (5.11)
with
Zl5 = eap(U +U) + 0alsDlUs = Zap + Zig,

where

Zos = eapU).

This means, we want to solve the minimization problem

Find U* € Ugomyp such that
min - JR" U +U) = TR U+ U).
MEUcomp

We know that the infimum of this functional on Uggp,, is reached and the minimum exists,
see chapter 4.

Remark 5.2.1. The derivation in Chapter 4 is for applied forces. However, the energy
minimization here is obtained analogously by considering

me = Uiel’l‘g_E Jg(U + ffl}/),

as initial minimization problem, where v = I +U. The homogenization procedure s exactly
the same.

Note that a displacement corresponding to buckling admits out-of-plane displacements.

To identify the conditions for buckling, suppose for the time being that there is no buck-
ling. Then the solutions of the above minimization are in fact the solution of the following
minimization problem of a linear plate:

Find U*" ¢ Ucomp such that
min - JE U + U) = T U+ U)

n
Z/{E]Ucomp

(5.12)
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where

T +0) = [ (i (0 @+ 8 + (enltd + D))
w
+ 4a"Sm (ero (U + U))? + 2a80e11 (U + U)exn (U + z])) dz' (5.13)
This is the energy for a linear orthotropic plate, where no bending occurs. The minimization
problem (5.12) admits a unique solution &/*", a pure in-plane displacement, which satisfies
0 < FE U™ +U) = C*(e)? < Tl (U) = |w](e") a2 (5.14)

Then, it is possible to characterize the buckling by the existence of a displacement of type
V3es such that

jhom(V3eg+U) < \%hom(u*lzn N) :jvhﬁm(u*lin —|—Z:i)

Taking into account the boundary conditions, the displacement of interest is independent of
zo and has the form

Vi(2') = V3(z1) for ae. 2’ = (z1,22) € w
with V3 € HZ(0, L). It is easily checked that Vses € Ucomp. Computing the strain tensor

en(U) + (91Vs)? = —e* + (Vi(21))?,
(01 Vs)? = (V"3(21))?,
e12(U) + 01 V3dalhs = e95(V) + 83 V300l = 0,
(D22V3)? = (812V3)? = D11 V3 D22V = 0.

yields the energy
L
Them (Vyey +U7) = / Lal (%) — 2¢"(Vi(a1))? + (Vi (1)) day
0

L
+ /0 o (Vs(21))2dry. (5.15)

A necessary condition to obtain a buckling is J%™(Vses + u ) < (e*)?al¢m L2, Hence

L L L
/0 o (Vi (1)) Ay + / R (Vi (21)) 2y < 2€" / ahom (Vi (1)) 2dery.
Now choose the function

Vs(x1) = sin? (%) for all z; € [0, L].

2To get the exact value of the constant C* we have to solve the corresponding linear problem.
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Then a straight forward calculation leads to

4 4 2
ahom 3 chom 2m < 2€*ahom l
1111 ]L3 1111 I3 1111 2L’

and yields
2 hom hom
o 7w 3aq71h + 1661771
2 hom ?
L 8ay 7T

as condition on the applied strain.

For the sufficient condition, we give a lower bound on C* in (5.14). The coercivity of the
problem yields

cHe(u*lin N Z;{V)HQ < %hom(u*lin . Z]) (516)

wm

Furthermore, it is clear that [le(@*“" — )| > 0 since the fields satisfy different boundary
conditions. Indeed, we know that by the Korn-inequality and the trace-estimation give the
following inequality:

le@™™ — Ul 12y 2 U™ = Ul 1y > U™ = U L2y > cLPe” >0 (5.17)
where ¢ does not depend on w.

Remark 5.2.2. A weaker condition on e*, recovering conditions derived in [3, 34, 42], is
given by another energy bound from below:

. L L2
Jhem (Vaes +U) > / L [c}ffﬁ — 6*27@} (V4! (21))?day. (5.18)
0
Here we used the Poincaré inequality
L L2 L
| W2 don < s [0 @) da. (5.19)
0 (2m)? Jo

The necessary condition is that the energy is coercive. This is satisfied if

2 .hom
¢ > Sl (5.20)
2L ayiT
For an isotropic plate of thickness h the coefficients a}ffﬁ’iso = % and clﬁ)ﬁ’iso = #fiig)
are derived in [39]. Then this condition degenerates to
272
mh
e > —. 5.21
— 2412 ( )

. .. 3.2 . .
This corresponds to the critical force Fopip = a’fj’ﬁe* = 11:3};2 e* = 24%{9_}‘1/;’)3 derived in [3, 34].
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5.2.1 Buckling under tension

In contrary to the section before we now consider the textile subject to uniaxial tension. For
this assume that all displacements satisfy the following inhomogeneous Dirichlet conditions:

e*L e*L
2 2
U0, z9) = l/€*<§ —352) , U(L,z9) = Vet (g B x2> , for a.e. w9 € (0,L),
0 0
(5.22)
with e* > 0 to obtain tension in e;-direction. Set
YT * L * L /
U(z') = —e (5 - :L'1>e1 + ve (5 - x2>e2 for a.e. @' = (z1,22) € w. (5.23)

This displacement satisfies the above Dirichlet conditions and one has

~ e* 0
Uu) = .
e( ) ( O —Ve*)
Denote the new space of displacement

Urension = {u = (Ul,Z/{Q,Z/{g) € Hl (w)2 X HQ(W) | U= alu?) =0a.e. onI'p
and Us = dolds = 0 a.e. on dw \ FD}.
Remark 5.2.3. To obtain this as limit in the homogenization consider the initial problem

with the boundary conditions v|r, = Id and vs|a,\r, = Id on the deformation, for which
the homogenization works exactly as before.

Furthermore, consider as above an energy of the form

1
T (U) = B / Gapal ' 2052 ap + Capal OapUsOn gz dydz’ — / 200808 €ap(U)eqar s (U)dz'dy.
(5.24)

where the force term is replaced by angap€as(U)eq g (U) solely acting in-plane.

1
Recall that e s(U) = 2,5 — §8aU385U3 and neglecting the constant or vanishing terms:

ToR" (U) =
1 ~ 1
2/ (aZ(gZ/ﬁ/Za/gZalg/ + Cg%glﬁraa/jug 5a/5/1/l3 — 2@%%%}/B/€ﬂﬁ(u)(zlg/5/ — 205/24305/“3)) dx/.
w
(5.25)

hom

Instead of solving the problem completely, consider the functional depending on J,'¢™(Z,U3).
This allows to minimize the functional with respect to Z, as in section 5.1.1, yielding the
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minimizer

Z* = e(U). (5.26)

The remaining functional depends only on Us. Indeed, inserting Z* yields

om 1 om 7/
T3 () —2/ ( Ch 51 OapUls Do gilhs — agﬁﬁzﬁlegg(u)ﬁg/U385/U3> da’. (5.27)

For further simplification we assume that U3 (z') = sin?(™2L)V3(22), which satisfies the bound-
ary condition of Upension. Hence, the boundary conditions on Vs are V3(0) = V3(L) =
d2V3(0) = daV3(L) = 0. These boundary conditions can of course be replaced by other
suitable conditions for the given problem.

Consequently, by inserting we obtain the functional only for xo-direction

1 (L
j(?gm (V3) = 2/0 A(V3)? 4+ B(92V3)? + C(022V3) da (5.28)

Vi,

with coefficients

- - 2 271'4
h h h
A= —(a1717en ) +02§ﬁ€2z(u))2L +aiii 73
2 4
h h T hom, 2T
= —(ar771e” — aggive’ )op Tty
B—_ hom Z;lv hom Z’J % 92 hom 4 m°
= —(ai7yze11(U) + agsyzezn(U)) 3 + (2¢1793 + 01212)2L
hom _* hom 3L 2 hom 4 hom :
—(a1735€™ — aggmpve’) — 3 + (2¢1795 + 61212)2L’
3L
C == T

Obviously, we have C' > 0. The coefficients A and B may become negative if e¢* exceeds a
critical threshold. If all coefficients are positive the only solution to the functional is V3 = 0.
The critical e* depends on the material coefficients anaps and caagp for (a, 8) € {1,2}%
Suppose now A < 0 and B < %\A| This becomes a critical case for e* large enough as we
show below. In fact, the assumption on A and B are chosen such that the following analysis
works. Other cases may yield buckling too, which is why the actual critical strain may be
different. Then, with the Poincaré-inequalities

L L L L
w2 / (V3)2dzy < L* / (DoV3)2ds, 2 / (0oV3)?dxy < L? / (Da2V3)2dzy,  (5.29)
0 0

0 0

it is possible to calculate the lower bound to the functional (5.28):

L* L2
Tiitar(Vs) = 5 /O (W A+ B+c> (922Vs)da’
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We see that the energy remains positive, when

L? Ly h 3 h h h 3 h h h
) (—2( 1111 T az31iv)e” + g(—alfé’% + agzasv)e” | + (2¢1711 + §02§2”§ + 1193 + 2¢1313) > 0.
This occurs if the strain does not exceed the critical value

2 hom hom hom hom

e* o ™ 1601111 + 362222 + 861122 + 1601212
= =5 .
it ™ L2 aalgq — 3valigys + algga(3 — dvhom)

(5.30)

This e, satisfies both assumption A <0 and B < %|A| used above.

cri

As conclusion of the buckling analysis we want to mention that the critical force or strain is
heavily dependent on the applied boundary conditions.

5.3 Optimization of the Buckling

The optimization of buckling is obviously an optimization with a partial differential equation
as constraint, since the buckling has to satisfy a plate-equation. Although the numerical
treatment below is without further analysis, we refer to [31, 35] for literature on optimization
problems with PDE-constraints.

For the numerical simulation of the macroscopic plate we restrict to the one-dimensional
compression problem recalled in section 5.1.1 and [3]. Thus, consider an isotropic plate of

thickness h and denote the bending stiffness C = ¢1111 = Eliﬁglﬂ) with the Young’s modulus

12(
E and Poisson’s ratio v. Consider for the force F' > 0 the energy

L
J(u) = % /_ Cl0uu)? ~ F(O,u)da,

This energy is used in [3] and also gives a condition for the textile on the critical force, cf.
Remark 5.2.2.

For the problem to be well posed we assume a force F' < Fgpyy = ”LQ—QC = %

As objective for the optimization we consider the delay and the optimization of the buckling
shape. The latter is addressed by a typical tracking term with a given goal shape of the first
mode. Hereafter, the different objectives are explained and constraints coming from industry
are discussed.

5.3.1 Maximization of the critical force

The delay of buckling is equivalent to the maximization of the critical force F,.;;. To compute
the critical force, consider the generalized Rayleigh-quotient [40, 41] given by
3 [ C(2)(dzgu)? — F(dyu)? dz J(u)

R(u) = [ (dyu)? dz - J(dyu)? dz’ (5:31)
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foru € H3(—L,L) = {u € H*(—L,L) | u(£L) = dyu(£L) = 0}. Note that the denominator
defines a norm on this space.

Remark 5.3.1. The usual Rayleigh quotient reads as
(z, Az)

(x, )

R(z) = (5.32)

with an operator A and the scalar product (-,-) of the underlying space. The generalized
version takes another normalization into account such that

_ (=,Gx)
Ry(z) = (2, Ha)' (5.33)
In our case the operators are
F
G(u) = dm(%dmu) + gdmu, H(u) = —du (5.34)

whereupon we use the partial integration theorem to transfer the derivatives. Since u €
HZ(—L, L) the denominator is positive definite.

Rewriting the Rayleigh quotient and taking the minimum yields

7)(dppu)? d
mgn R(u) = fi(f()(;ju)Z )dxd - g (5.35)

To show that this is an observable for the critical force, assume for the time being that C
is constant. Then, together with the result of section 5.1.1 saying that the solutions satisfy
(5.19) with equality we obtain for the Rayleigh quotient

1 [Cr?
min R(u) = [LZ - F} . (5.36)
Setting min, R(u) = 0 yields directly the critical force Fi.; = CL—TQQ = %, which was

already found before in Remark 5.2.2 and [3, 34, 42].

Hence, the generalized Rayleigh quotient is a suitable way to express the critical force. With
this it is not necessary to compute the critical force explicitly to maximize it. Instead by
keeping the force F' constant, a maximization of min, R(u) itself yields the same result and
is easier to handle and implement.

5.3.2 Optimization of the buckling shape: Tracking term

For the optimization of the shape, the typical tracking term is used. In this case we consider
the L?-metric and a goal-function ug. For simplicity, chose L = 1. Then, the tracking term
is given by

v — ugllz2(0)- (5.37)
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The goal-function uy has to be chosen a priori and is usually constrained and defined by
the application. In fact, u, does not have to satisfy the underlying plate equation. If this
is not the case equality u = u, is excluded and the tracking term does not vanish. Such
not attainable goal-functions still have a reason for they allow to define a desired shape and
obtain a solution close to the preferred design via the optimization.

We consider a setting, where the goal-function u, is said to be flat at the boundaries and we
define

0 € (=1,-0),
Ug(x) = qcos(TE)+1 x e (—L,0), (5.38)
0 x € (¢,1).
The actual goal function u,(z) = # is normalized.
gllp2(—1,1
T T T T T T T T T
1 - -
0.5F i
0 1 1 1 1 1 1 1 1 1
-1 -08 -06 —-04 —-02 O 02 04 06 0.8 1

Figure 5.3: The normalized goal-function u, with £ = 0.8.

The goal function u, is continuously differentiable and satisfies the boundary conditions by
construction. It is certainly no solution to the plate equation.

5.3.3 Further constraints on the optimization
Box constraints

Typical further constraints to the optimization are box-constraints on the design space. This
means that the parameters are only viable in a certain range. For the buckling optimization,
the bending stiffness C' is only allowed to take values in the interval I = (a,b), with 0 < a <
b < 4o00. These constraints are necessary since otherwise unphysical states like C' = 400
or C' =0 could arise during the optimization. These two states correspond either to a total
rigid material or no material at all.

Further constraints from the textile industry

Of course there are a lot of additional constraints possible. The constraints coming from
industrial projects often include requirements on structure and symmetries of the textile.



5.8 Optimization of the Buckling 107

For instance, consider the following constraints, which are also implemented in the numerical
example:

e The preservation of the mean bending stiffness, i.e.,

1
Mc = /1 C(x) dx (5.39)

has to remain constant or is only allowed up to a deviation of a given percentage.
Hereafter, we assume a deviation of 10% of the initially given value My. Treated
with care, this constraint can also replace either the lower or upper bound of the box
constraints, but usually not both. This condition is a nonlocal box constraint.

e The bending stiffness has to be symmetric with respect to the mid of the specimen, i.e.

C(z) = C(—x).

e The bending stiffness is piecewise constant. This corresponds to the fact that contin-
uous textiles are not producible and the industry can not vary every fiber. However,
they allow for a stripe like structure, where stripes of specified width have the same
fibers used.

5.3.4 The optimal control problem

The full optimal control problem consists of an objective functions J(u) with auxiliary con-
ditions and constraints. In our case we consider the objective functional

Sy () = Allu = ugl2(q) = (1 =7)Ac(w) (5.40)

with an weighting-factor ~, the goal-function u, and the minimal Rayleigh-quotient A¢(u).
Note that the the second term is negative, such that the minimization of J, maximizes A¢(u).

The weighting-factor v € [0, 1] is necessary to change the weighting of the two contributions
to the objective functional. The optimal value of J, and the minimizers itself are of course
highly dependent on this factor.

Collecting the constraints the optimization problem is given by
mcin Jy(u),
s.it.a < C(x) <b,
Ac = min R(u), (5.41)
u
0.9 < Mg/ My <11,

C symmetric.

Furthermore, the bending stiffness is assumed partitioned and piecewise constant in each
segment.
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5.4 Numerics

The optimization problem above was implemented in MATLAB together with the MATLAB-
internal functions eig to calculate the minimal eigenvalue and fminsearch for the mini-
mization. Although the function fminsearch is inefficient for searching minima compared to
gradient methods, yet it suffices for the considered task and does not require differentiability.
The implementation is based on finite differences.

The implementation of the full micro-structure optimization is divided into two steps. First
the macroscopic optimization problem gives rise to macroscopic values of the bending stiffness
C. In the second step these optimal macroscopic are fitted by a second optimization which
finds the corresponding micro-structure. For more complex structure the second step is
done with the help of software from the Fraunhofer ITWM in order to obtain cell problems
depending on a prior chosen parametrization of the textile structure, see [30].

The parameters used in the simulations below are taken from actual industrial projects. We
consider the length . = 1m the thickness h = 1mm, the Poisson’s ratio v = 0.3, Young’s
modulus £ = 2.5-10°Pa and F = % close to the critical force Fp.;¢4 = % ~

0.564N/m. The box constraint for the bending stiffness is only one-sided, i.e. C(x) > 0.11.

5.4.1 The balanced case

The first simulation is for the balanced case, where both parts of the objective functional are

of the same importance. This corresponds to v = 0.5.
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lterations (b) In the upper picture the initial and final
(a) The normalized objective functional with buckling mode as well as the reference goal-
v = 0.5 and the evolution of the two parts. shape is depicted. In the lower picture the ini-

tial and final bending stiffness C' is shown.

Figure 5.4: Optimization of buckling for v = 0.5.

In Figure 5.4 the simulation results of the optimization are depicted. The objective functional
Jy—0.5(u) is minimized and converges to a minimum, at least a local one as we see in the next
simulations below. The two terms, of which the objective functional consists, are effectively
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not equally contributing. This means in hindsight that the minimization of the tracking
term is more efficient in terms of cost than the maximization of A\¢. The tracking term is
improved by more than 50%, while Ao did not improve more that 6%.

The final buckling mode u,,; is shown in Figure 5.4b and it is visible that the optimal shape
approached the goal function u,. The corresponding initial and optimal bending stiffnesses
are depicted in the lower graph. The high bending stiffness at the ends directly represent
the choice of the goal-function uy to be completely flat at the ends.

5.4.2 The Pareto front: Varying v

The parameter «v in the objective functional parametrizes the Pareto-front and gives control
over the contribution of the two single objectives. The Figure 5.5 shows the percentage of
improvement of the single objectives for varying v € [0, 1]. Note that the figure only shows
the individual improvements and not the overall improvement of J(u), which is depicted
in Figure 5.6. However, the parameter v is a possibility to change the weight of the two
objectives and heavily affects the output. It is crucial to identify the requirement for the
optimization and adjust v accordingly.

1 T T T T T T T T T

0.9

0.8

0.7

0.6

)\(,‘(uopf>

0.4

v =0.5

0.3

0. I I I I I I I I I
%8 0.85 09 0.95 1 1.05 11 115 1.2 125 1.3

l[opt — ugll 2

Figure 5.5: The influence of «y on the two competing terms in the objective functional.
For v = 0 only the maximization of A¢ contributes, while for v = 1 the objective
functional only consists of the tracking term ||uy — ugl|z2. This characterizes the
Pareto front for this problem.

The minimal value of the full objective functional .J, is depicted in Figure 5.6. The figure
shows that the pure minimization of the tracking term for v = 1 yields better overall results
than the maximization of A¢.

The artifacts on the Pareto-curve in Figure 5.5 come most likely by the MATLAB-built-in

minimization scheme fminsearch.
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T (o)

o 01 02 03 04 05 06 07 08 09 1
~

Figure 5.6: The optimal value of the objective functional J,(up) with respect to
the parameter v € [0, 1].

5.4.3 Hierarchical approach

A promising approach for these kind of optimization problems is to solve hierarchically or-
dered problems and use intermediate results as initial condition for the subsequent optimiza-
tion step. For the given problem we consider increasing numbers of segments with different
bending stiffness. Specifically, we start with two segments and every hierarchical step the

segments are doubled.
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(b) The upper figure shows the development of
the optimal mode-shapes for each hierarchical
step. The lower figure shows the optimal bend-
ing stiffnesses for the different hierarchical steps.

(a) Development of the objective functional Jy 5
in (upper figure) and its components (lower fig-
ure) for the hierarchical computation.

Figure 5.7: Results of the hierarchical optimization

The Figure 5.7 summarizes the intermediate and final results arising from the hierarchical
approach. Specifically, in Figure 5.7a the development of the objective functional is depicted.
Noticeable is the effect that usually the tracking term is preferred in the optimization, as
after every segment incrementation it is optimized accompanied with a deterioration of Ag.

The comparison of the hierarchical result with the direct result obtained beforehand in section
5.4.1 yields interesting insights into the problem. First of all the hierarchical approach is
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slightly better, as we see in Figure 5.8a. Since both schemes, the direct and the hierarchical,
converge up the a relative error of 107® it is clear that the problem admits different local
minima. Since the weighting factor v = 0.5 remains for both simulations, it certainly depends
on the starting value for the bending stiffness. The difference of the minimizers is shown in
the lower part of Figure 5.8, where both minimizers are clearly distinct. The mode-shapes
though, are both very close to u, and differ only slightly from each other.
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mode-shapes with u, as reference. In the lower
figure the optimal bending stiffnesses are com-
pared.

(a) The development of objective functionals
Jo.5 of hierarchical and direct approach.

Figure 5.8: Comparison of hierarchical and direct computation.

5.4.4 The micro-structure-optimization

The final step of the optimization is to find the corresponding micro-structure for the optimal
bending stiffnesses found by the procedure above. Of course the bending stiffness has to
satisfy some bounds, which is accounted for in the box constraints on C'.

As example for the micro-structure optimization for given values of the bending stiffness C
we consider an academic example. This example consist of a very simple open grid structure.
This structure is well investigated and admits an analytic solution for the bending stiffness,
see [47].

The computations in [47, Section 7.2.3] show that the bending stiffness in the respective

directions are

Eh3b,,
— 42
¢ 12t,, (5-42)

where E denotes Young’s modulus of the beams in the structure. Hence, for this simple
structure it is easily possible to derive the correct micro-structure to the optimal macroscopic
bending stiffness. Note, that the directions are independent, which allows to optimize one

direction without hindering the other one.
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Figure 5.9: An open grid-structure of height h with the periodicities t1,t2 and the
widths b1, be in the respective direction.

The optimal micro structure for each stripe is different and depends on the design variables,
which can be chosen from the parameters in (5.42).

0.6 - -

~— 0.4 _ -
O
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05 1 15 2 25 3 35 4 45 5
t1 in mm

Figure 5.10: The homogenized bending stiffness C; with respect to the distance t;
between beams. The other parameters are the Young’s modulus E = 6 - 10° Pa and
b1 =h =1mm.

As example consider the macroscopic result presented in section 5.4.1. Recall, the resulting
optimal bending stiffness Cy,¢(x) takes values in the interval (0.1,0.6), see Figure 5.4b. The
Figure 5.9 shows that these values are covered by varying the distance between the beams
t1 € [0.7mm,5mm|. Numerically, the fitting is done via a gradient method and yields
different distances between the fibers for each stripe of the textile. For the textile industry
these stripe-wise changes are easily achieved by small modifications in the production.

Other possible design parameters are the height h, the Young’s modulus F of the beams and
their width b;. The height is usually not considered as design parameter, as it changes the
textile texture and surface to much.

For more complex structures simulation tools are necessary to solve the cell-problems and
obtain the effective properties. This can be done symbolically for the variables in design
space, which allows to use standard projected gradient methods to find the micro-structure
to a given bending stiffness C. Due to nonlinearities in the dependencies of effective properties
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on the design space it is possible that local minima disturb the gradient methods. This is in
general the case for more complex structures. For this more involved optimization we refer

to [30, 43).
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Conclusion
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Chapter 6

Conclusion

In this thesis we derived the homogenization and dimension reduction for textiles within two
different energy regimes: the linear elasticity and the von-Karmén regime. The Korn-type
estimates for both regimes are established with the help of an textile-adapted decomposition
of displacements. The derivation of the limit is done with the a unfolding-rescaling operator,
accounting for the beam-structure.

In particular, the homogenization of the textile in the regime of linear elasticity is augmented
by a Signorini’s condition to include the influence of contact between the yarns, see Ch. 3.
The contact condition leads to different limit problems, where we concentrated in this thesis

349 with 6 = 0 and 6 > 0, corresponding to a Leray-Lions-

on the cases [|gc 2.y < Ce
type or standard linear elasticity problem, respectively. From these different limit and the
estimates before it is obvious that the contact between fibers plays a crucial role in terms of
regularity of the problem. Other, weaker assumptions on the contact condition tremendously

change the limit-problem and need further investigations.

A second homogenization in the von-Kérmén regime, starting from nonlinear elasticity with
rigid contact between the fibers, yields a homogenized von-Karméan-plate in the limit. Again
the unfolding-rescaling operator is used to derive the limit-displacements. Although, start-
ing in nonlinear elasticity the limit derived by I'-convergence arguments gives rise to linear
cell problems equivalent to the cell problems for the standard homogenized linear plate.
Eventually, it is proven that in the case of isotropic homogeneous fibers, the resulting ho-
mogenized textile is orthotropic for the full linear elastic regime and the von-Karman regime.
For all identified homogenized limit problems the existence of solutions is shown, while the
uniqueness of solution is only be achieved for the linear limit plate.

The last part is dedicated to the buckling textiles, which illustrates the application of the
obtained results. We derive the critical force for buckling for the orthotropic textile under
both, compression and tension. In a final step the buckling of textiles is optimized with
respect to delay of buckling and the mode shape. Different numerical examples are presented.

Altogether, this thesis provides the asymptotic analysis allowing to investigate textiles as
macroscopic two dimensional plates for two different energy regimes.
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Appendix

A Important Results used in the thesis

Theorem A.1 (Poincaré inequality). Let Q@ C R™ be a bounded Lipschitz domain. Then
every function u € HY(Q) satisfies

|[u — Ma(u)l|L2q) < ClVull 120 (6.1)

with the constant C' only depending on ). Moreover, if u € H%(Q), i.e. the trace wr =0
vanishes, it satisfies

ullL2(0) < ClIVullr2(q) (6.2)

with the constant C' only depending on  and I.

Proof. See [15, Ch. 3. O

Theorem A.2 (First Korn inequality). Let Q@ C R™ be a bounded domain. Then every
function u € HY(Q) satisfies

IVulZ2i0) < 2llew)ll72() (6.3)

Proof. See [38, Ch. 2]. O

Theorem A.3 (Second Korn inequality). Let 2 C R™ be a bounded Lipschitz domain. Then
every function u € H(Q) satisfies

IVulaay < € (lullag) + lle@)]22)) (6.4)

with the constant C only depending on €2

Proof. See [38, Ch. 2]. O
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B Appendix homogenization

Lemma B.1. Let {¢.}. be a sequence of functions in L*(Q) satisfying

Oe
821

el z2(0) +€H L) S

where C' does not depend on €. Then, up to a subsequence, there exists (;AS € L2(Q2 x Y) such

~ 0
that ¢ is 2-periodic with respect to X1 and 6% € L2(Q x V). Moreover
1

Te(pe) — &5 weakly in L2(Q x V),

0o\ 09 -
57;<8z1> X, weakly in L*(Q x Y),

7}(¢a)|X1:a - $|X1:a weakly in L2(Q x (YN{X; = a})).

Lemma B.2. One has

2N:—1

HU - VOHiQ(O,r) + H[U — Van. 2L2(L7T,L) + Z HU o VpHiQ(psfr,szrr) = CH@(“)H%P(PJ’
p=1
IR = RO g2,y + IR = REM2(z 1
2N.—1 ) C
+ Zl HR_ R(p€)||L2(p5—r7pg+r) S ﬁ”e(u)”%ﬁ(']%)v
p=
(6.5)
where the rigid motion in the knots is denoted by
Vp(21) = U(pe) + (21 — pe)R(pe) A e (6.6)

for a.e. z1 € (pe —r,pe+7r)N(0,L), p€{0,...,2N.}.

Proof. From (3.16) and the Poincaré inequality (6.5)2 is obtained. For (6.5); observe the
identity
diU — dlvp - (R - R(pé‘)) ANet=diU—-RAe

Then, from (3.18) it is clear that

2

2
s U = dy Vo — (R = R(0)) A elHLzm,m + U = divan, = (R=R(D)) Aer| .
2N.—1 C

2
2
+ ,,; |0 = 1V, = (R = R(pe)) e vt ey < 2l
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Finally, using (6.5)2 yields

| U — d1V0H2L2(o,r) +[|daU — diVaw, iQ(L—r,L)
2N:—1 ) C
2
+ Z HdlU_ lePI|L2(pg_r,pg+r) < ﬁ”e(u)”m(ps)v
p=1
from which the Poincaré inequality leads to (6.5);. O

This Lemma shows that the displacements in the contact can be replaced by rigid motions.

C Extension results for deformations and displacements

In this section, 2 and Q' are two bounded domains in R™ containing the origin with Lipschitz
boundaries and such that © C Q. For every € > 0, we denote 2, =eQ and QL =Q'. In

Lemma C.1 we prove an extension result for deformations in H'(Q.)".

Lemma C.1. For every deformation v in H'(2.)" there exists a deformation v in H*(QL)"
satisfying

V. = v, and || dist(v, SO(n)) HL2(Q’E) < CHdist(v, SO(n))HLZ(QE). (6.7)

The constant C does not depend on €.
Proof. First, some classical recalls and then the proof.

(i) Since © is a bounded domain with Lipschitz boundary, there exist N € N*, Ry and Ry
two strictly positive constants and a finite set {O1, ..., On} of open subsets of 2, each
of diameter less than R; and star-shaped with respect to a ball of radius R (B(A;, Ra),
A; € O;) such that

N
0= U Ok.
k=1
As a consequence, there exists r such that for every O;, i € {1,..., N} there exists a
chain from O, to O;
011201, 012, Ceey Olp:Oi7 pE{l,...,N}

such that, if p > 1 one has O, N Oy, ,, j € {1,...,p — 1}, contains a ball of radius r.

(ii) Let O be an open set in R™ included in the ball B(A; R;) and star-shaped with respect
to the ball B(A, R2), Ry > 0, Ry > 0. Theorem II.1.1 in [6] claims that for every
deformation v € H'(O)", there exist a matrix R € SO(n) and a € R” such that

lv—a—Rz|120) < CR1||dist(Vv, SO(3))|2(0),
Vo = R 12(0) < Cl|dist(Vv, SO(n)) r2(0)-



122 Appendiz

R
The constant C' depends only on R—l and n.
2

Transform O by a dilation of ratio € > 0 and center A, the above result gives: for every
deformation v € H*(O.)" where O, = €0, there exist a matrix R € SO(n) and a € R"
such that

[v—a—Rz|20.) < Ce|dist(Vv, SO(n)) || 12(0.)
I90 = Rllz2(0,) < Clldist(Vv, 50(n) | 200
The constant C' does not depend on €.

(iii) Q and Q' being two bounded domains in R"™ with Lipschitz boundaries and such that
Q C . There exists a continuous linear extension operator P’ from H'(2)" into
HY(Q)" satisfying

P'(v)jo = v,
1P (0)[| 2y < Cllvll2 (), Vv e HY(Q)",
1P ()l 2@y < Cllvll g -

If we transform Q and Q' by the same dilation of ratio € (and center O € ), this exten-
sion operator induces an extension operator P’ from H'(€.)3 into H'(QL)3 satisfying

,Pé(/l))lﬂs =,
Vv e H'(Q:)%, IPL() || 20y < Cllvll2.y,
IPL() 20y + eIVPLO) 20y < C vl 200 + eIVl 20

The constants do not depend on &.

Now, consider a deformation v € H!(Q:)". We apply (ii) with the open sets O;. = A; +
e(0; — A;), there exist matrices R; € SO(n) and vectors a; € R™ such that

v~ a — Riallizco,,) < Cclldist(Vv, SOM) | 2 co,.)
190~ Rill2eos.) < Cldist(Ve, SOm))|| 2o,

The constant C' does not depend on €.

Then, using the second part of (i), we compare R; to Ry as well as a; to a;, i € {1,...,N}.
As a consequence, one obtains that

[v—a1 — Ry 2, < Celldist(Vv, SO(3)) 12(q.),
[Vv =Rl 20, < Clldist(Vv, SO(n)) L2(q,)-

The constants do not depend on «.

Now, we define the extension of v. We set
v=Pl(v—a—Riz)+a +Riz a.e. in QL.

We easily check (6.7). O
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The topic of this thesis originated in the task to optimize a belt-shaped textile
structure with respect to buckling. The approach is divided into two main steps:
asymptotic analysis and optimization.

First, we show the simultaneous homogenization and dimension reduction for the
textile elasticity problem using the unfolding method. In particular, the effective
model is derived for different energy regimes, depending on periodicity, applied
force and fiber-to-fiber contact. The different energy regimes use different
approaches, where for linear elasticity variational inequalities are used, while the
nonlinear von-Karman regimes requires arguments of the Gamma-Convergence to
derive the limit problem.

In the second part the resulting homogenized problem gives rise to an effective
textile plate problem and the corresponding cell problems. The cell problems connect
macroscopic textile properties and the microscopic ones, namely the fibers, their
contact and weaving pattern. This allows to use a macroscopic buckling model for
further investigation and optimization. Eventually, the cell problems yield the
corresponding microscopic properties for a buckling optimized textile.
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