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Cohesive zone models for composite laminates considering a Paris-law based damage 

function for fatigue are well established to model propagation of delamination from existing 

flaws. However, these models have some limitations in cases without an existing flaw. The 

limitations occurring in these special cases can be overcome by incorporating SN-curve based 

damage initiation laws. However, it has not yet been investigated if the combination of 

different damage models has a strong influence on scenarios with existing pre-cracks, such as 

typical linear elastic fracture mechanics specimens. Therefore, the 4ENF test is modeled with 

a propagation-only model and a combined initiation and propagation model. It is shown that 

the SN-curve based damage initiation model does not affect the Paris-law based damage 

propagation model negatively. 

I. Nomenclature 

 = exponent of mixed-mode cohesive law 

C = coefficient for the Paris law 

CI = mode I coefficient for the Paris law 

CII = mode II coefficient for the Paris law 

Cm = mixed-mode coefficient for the Paris law 

cosI = direction cosinus for mode I loading 

cosII = direction cosinus for mode II loading 

Dtot = total damage 

df = damage caused by fatigue loading 

df,i = damage accumulated during fatigue damage initiation 

df,u = correction term for unphysical damage accumulated during fatigue loading 

ds = damage caused by static loading 

da = change of crack length 

ddf = change of fatigue damage 

dN = change of fatigue cycles 

dt = change of time 

G = variation of strain energy release rate during a fatigue load cycle

t = time step size 

m = current mixed-mode displacement 
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m,0 = mixed-mode displacement at damage initiation 

E11 = Young’s modulus in fiber direction 

E22 = Young’s modulus in 2-direction 

E33 = Young’s modulus in 3-direction 

G12 = Shear modulus in 12-direction 

G23 = Shear modulus in 23-direction 

G31 = Shear modulus in 31-direction 

GI = current strain energy release rate in mode I 

GIc = critical strain energy release rate in mode I  

GII = current strain energy release rate in mode II 

GIIc = critical strain energy release rate in mode II 

Gmax = maximum strain energy release rate 

GT = current mixed-mode strain energy release rate 

KI = mode I penalty stiffness for interface element 

KII = mode II penalty stiffness for interface element 

Lfat = length of the cohesive zone under fatigue loading 

Log = base 10 logarithm 

m = exponent for the Paris law 

mI = mode I exponent for the Paris law 

mII = mode II exponent for the Paris law 

mm = exponent for the Paris law for a given mode-mixity 

N =  elapsed number of fatigue cycles 

Nini = number of fatigue cycles until damage initiation 

21 = Poisson’s ratio in 21-direction 

31 = Poisson’s ratio in 31-direction 

32 = Poisson’s ratio in 32-direction 

s = slope of the SN-curve 

sI = slope of the SN-curve for pure mode I loading 

sII = slope of the SN-curve for pure mode II loading 

 = stress 

 = current interface element mode I stress  


max = interlaminar tensile strength 

 = current interface element mode II stress stress  


max = interlaminar shear strength 

m = interface element mixed-mode stress 

max = interface element mixed-mode stress at damage initiation 

stat = static failure stress 

t = time 



II. Introduction

ATIGUE loading has become one of the major design drivers in rotating components made from composite

materials such as wind turbine blades, helicopter rotor blades, and engine fan blades. In recent years, there have

been several efforts to describe the fatigue propagation of delamination in composites using cohesive zone 

models1,2,3,4,5. All of these methods describe crack propagation as a function of load cycles. Whilst all of these methods 

are able to predict propagation of an existing crack in composites under fatigue loading with reasonable accuracy6, 

May and Hallett showed that these types of models fail to predict failure in cases without an initial pre-crack such as 

a Short Beam Shear test  (SBS) or a Double Notched Shear test (DNS)7. In a recent review on methods for the 

prediction of fatigue delamination growth in composites, Pascoe et al.8 pointed out that the main advantage of cohesive 

zone models compared to classical LEFM methods, the possibility for combined simulation of initiation and 

propagation of delamination in a single coherent analysis without the need for remeshing, was not exploited if cohesive 

zone models for fatigue featured only propagation criteria. Additionally, Quaresimin and Ricotta demonstrated that in 

some cases damage initiation could be a major part of total fatigue life9. The May-Hallett model7,10 addresses this 

issue by combining SN-curve based damage initiation models with a Paris-law damage propagation law. The model 

F 



was validated against experimental data by predicting SN-curves for matrix cracking in [02,904]s and [02,604]s 

specimens11. However, it remains an open question if these types of combined SN-curve based damage initiation and 

Paris-law based damage propagation laws could potentially cause inadvertent effects in propagation-dominated 

scenarios. This article addresses this question by modelling a propagation-only case with the propagation-based 

Harper-Hallett model3 and its extension, the May-Hallett model7,10 combining initiation and propagation models. The 

article is structured as follows: First, the model formulations are summarized. Then both models are used in the 

simulation of a 4ENF specimen subjected to fatigue loading at different levels of severity. The article closes with a 

discussion of the simulation results. 

III. Model formulations

Both model formulations used here are extensions to the static bi-linear cohesive zone model developed by Jiang 

et al.12 which employs a stress-based damage initiation criterion in the form of: 
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where I is the normal interlaminar tensile stress, II is the interlaminar shear stress, I
max is the interlaminar tensile 

strength, II
max is the interlaminar shear strength, and an energy based failure criterion in the form of: 
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Here, GI and GII are the mode I and mode II energies associated with the current state of loading, GIc and GIIc are 

the mode I and mode II fracture toughness, and  is an empirical parameter, typically in the range of 1 to 2. 

This model was implemented in the explicit FE code LS-DYNA. More details on the implementation and the 

damage evolution under static loading can be found in the original article by Jiang et al.12. Fig. 1 illustrates the traction-

separation law underlying both fatigue models. In the following description, the main features of the Harper-Hallett 

model3 and the May-Hallett model7,10 are summarized in order to enhance clarity of this investigation. 

Figure 1: Bilinear traction-separation law used in both models. 

A. The Harper-Hallett model 

Since LS-DYNA is an explicit FE code is based in the time domain, the amount of damage accumulated in each time 

step is dependent on the stress state and the cycle frequency, dN/dt, which is defined as the number of elapsed fatigue 

cycles per second of LS-DYNA analysis time – the so-called pseudo-time. The crack propagation rate can be written 

in terms of pseudo-time: 

dt

dN

dN

da

dt

da
  (3) 

Similar to most fatigue damage propagation models, the Harper-Hallett model uses an adapted version of the Paris 

law in order to describe damage accumulation under high-cycle fatigue loading 



 m
GC

dN

da
      (4) 

For mixed-mode loading, the coefficients C and m are calculated following a mixed-mode law proposed by Blanco et 

al.13. 
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CI, CII, Cm, mI, mII, mm are the Paris law coefficients and exponents for pure mode I, pure mode II and one mixed-

mode load case, respectively. 

Following Schön14, the change in strain energy during each load cycle, G, is expressed as a function of the maximum 

strain energy release rate, Gmax, and the R-ratio R: 

 2

max 1 RGG  .            (7) 

The total damage Dtot is the sum of static damage ds and accumulated fatigue damage df: 

fstot ddD    .  (8) 

For each model time step, the fatigue damage df is updated using: 
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Here, Lfat is the cohesive zone length under fatigue loading and df,u is a correction term explained by Harper and 

Hallett3. 

Dtot is used to update the interface strength after each time step 

 totm D 1max .  (11) 

The interface element fails once Dtot reaches a value of unity and the interface strength degrades to zero. 

B. The May-Hallett model 

The May-Hallett model is an extension to the Harper-Hallett model. The May-Hallett model combines the Paris-law 

based damage propagation model with an SN-curve based damage initiation model. This is motivated by the 

assumption that damage initiation in pristine composites is a material property of the resin15,16. In the May-Hallett 

model, the SN-curves for damage initiation are described by simple logarithmic functions: 

Ns
stat

log1 



.  (12) 

Here, /stat is the applied stress divided by the static failure stress and is subsequently referred to as severity, s is the 

slope of the SN-curve, and N is the elapsed number of cycles. This approach has also recently been picked up by Fang 

et al.17,18.  

In cases of mixed-mode loading, we assume a simple quadratic relationship for determining the slope of the SN-curve 

   22
coscos IIsIss III  .          (13) 

Here, sI, sII are the slopes of the SN-curves for pure mode I and pure mode II loading, respectively; cos I and cos II 

are the direction cosines, defined by Jiang et al.12. 

The fatigue damage initiation variable is defined as 
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It is important to note that in previous studies on the May-Hallett model7, the fatigue damage initiation laws were – 

analogous to the quasi-static definition of initiation and propagation in cohesive interface elements – only applied on 

the linear elastic part of the traction-separation law. However, it was found that: 

i. Unlike the quasi-static interpretation of damage initiation in cohesive interface elements, where damage starts

accumulating once the maximum interface stress has been reached ( 0  ), under fatigue loading, damage

initiation can occur for each loading state of the traction-separation law (
f 0  ). 

ii. Damage initiation is a non-local process, which is typically occurring at a length scale of several mm,

spanning several interface elements.

May and Hallett10 therefore developed a methodology to identify the location of damage initiation and simultaneously 

degrade all elements within a pre-defined area of influence, the so-called initiation size, which - for brittle materials 

such as carbon-epoxy composites - is typically of size 3 mm. The stresses in the interface elements within the initiation 

zone are updated as follows: 
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The first expression is used if the interface element is loaded on the linear-elastic part of the traction-separation law, 

the second expression is used if the interface element is loaded on the softening part of the traction-separation law. 

Here, m is the mixed-mode displacement, m,0 is the mixed-mode displacement at damage initiation, Nini is the number 

of cycles corresponding to damage initiation calculated by rearranging eq. (12) 
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IV.Modeling of a propagation-driven test case

A typical propagation case is modelled to investigate if the extension of the propagation based Harper-Hallett model 

with an SN-curve based damage initiation criterion has any negative effects on the prediction of propagation based 

load cases. The Four Point End Notched Flexure (4ENF)19 was selected for this purpose. This test is commonly used 

to determine the quasi-static fracture toughness and fatigue crack growth rates in composite materials under pure shear 

loading20,21. A pre-cracked composite beam is loaded in a four point bending configuration resulting in stable mode II 

crack propagation of the initial pre-crack22. 

C. Model setup 

Harper and Hallett3 used experimental 4ENF data for HTA/6376C carbon/epoxy composites, taken from Asp et al.21 

to validate the Harper-Hallett model. As the Harper-Hallett model was already validated against experimental 4ENF 

data, the model can be taken as a reference for the May-Hallett model. The same FE mesh used by Harper and Hallett3 

was used here in order to eliminate discrepancies caused by mesh effects or boundary conditions. The model consists 

of a composite beam of length 150 mm, width 10 mm and thickness 3.2 mm, built from hexahedral solid elements 

with reduced integration and a rigid body loading bar of length 90 mm and width 10 mm. The beam was discretized 

by 1 element across the width, 6 elements through the thickness (allowing for bending), and an element length of 0.25 

mm in the beam length direction. An orthotropic linear-elastic material model was applied to the beam. Considering 

the findings of Wisnom and Chang23 with respect to the thickness of the resin rich layer between two composite plies, 

interface elements of thickness 0.005 mm were inserted in the mid-plane of the composite beam, thus allowing 

modeling of the delamination growth under loading. No interface elements were inserted over a length of 35 mm from 

the left end of the beam in order to create the required pre-crack. The Harper-Hallett model and the May-Hallett model 

were applied to the cohesive interface elements in separate simulations. Pinned boundary conditions were applied on 

either end of the beam. Contacts were created between the rigid loading roller and the composite beam as well as 

between the surfaces of the initial delamination, avoiding penetration problems during the simulation. The timestep 

of the explicit analysis was increased by artificially increasing the density of the finite elements to reduce run time, 



whilst ensuring that kinetic energy in the system was negligible compared to the total energy of the simulation model. 

Table 1 summarizes the material properties assigned to the continuum elements. 

Table 1: Ply continuum element properties of HTA/6376C carbon/epoxy³ 

 GPaE11
 GPaEE 3322   GPaGG 3112   GPaG23   3121   32

120 10.5 5.25 3.48 0.02625 0.51 

All ply continuum elastic properties are given in the principal material coordinates 1,2,3. E11, E22, E33 are the Young’s 

moduli, G12, G31, G23 are the shear moduli, 21, 31, 32 are the Poisson’s ratios. 

Table 2 summarizes the interface element properties for HTA/6376C. 

Table 2: Interface element properties for HTA/6376C carbon/epoxy. 

 ²/ mkJGIc  cyclemmCI /  Im  decadeMPasI /  MPaI

max  ³/ mmNK I

0.26³ 0.00651³ 5.29³ 0.072²4 30³ 100,000³ 

 ²/ mkJGIIc  cyclemmCII /  IIm  decadeMPasII /  MPaII

max  ³/ mmNK II

1.002³ 0.0669³ 9.6³ 0.11525 60³ 100,000³ 

GIc, GIIc, CI, CII, mI, mII, I, II, Imax, IImax, KI, KII are the fracture toughness, Paris-law coefficients, Paris law 

exponents, SN-curve slope parameters, maximum stress of the interface element and the slope of the linear-elastic part 

of the traction-separation law for pure mode I and pure mode II, respectively. May et al.11 recommended to extract the 

slope of the mode I and mode II SN-curves from transverse tension fatigue tests on thick UD composite beams and 

double notched shear tests, respectively. However, as no initiation data was available for HTA/6376C, the shapes of 

the SN-curves for damage initiation were assumed to be the same as for IM7/8552, which is currently the only material 

available that has been extensively characterized with respect to fatigue damage initiation.  

To begin with, the FE model was loaded under displacement control in order to determine the quasi-static load 

corresponding to the onset of propagation of the initial delamination. For subsequent simulations, the prescribed 

displacement was removed and replaced by a prescribed load. It should be noted that the load is not modelled on a 

cycle-by cycle basis. Instead, only the envelope of the load is modelled, resulting in a higher numerical efficiency. 

This cycle-jump strategy is enabled by eq. (3). Three different severities relative to the static propagation load were 

assessed: 60%, 50% and 40% of the static propagation load. Following previous recommendations10,25,26, the size of 

the initiation zone was chosen as 3.0 mm. 

V.Results and Discussion 

Figure 2 illustrates that the May-Hallett model correctly predicts the location of damage initiation adjacent to the pre-

crack. The element highlighted in red is the interface element with the highest failure index, following the definition 

given by the authors in the original paper10. The elements in green are inside the damage initiation zone. Elements 

marked in blue are outside the damage initiation zone. 



Figure 2: predicted location of damage initiation zone in 4ENF simulation. 

In addition to this qualitative identification of the correct location of the onset of delamination, it is important to assess 

the subsequent propagation of delamination. Figures 3-5 compare the predicted crack lengths at several discrete 

numbers of cycles for the Harper-Hallett model (red triangles) and the May-Hallett model (blue diamonds) for 60%, 

50% and 40% of the static propagation load. 

Figure 3: FE predictions for the 4ENF test, loaded at 60% of the static propagation load. 



Figure 4: FE predictions for the 4ENF test, loaded at 50% of the static propagation load. 

Figure 5: FE predictions for the 4ENF test, loaded at 40% of the static propagation load. 

The predictions obtained from the May-Hallett model differ only slightly from the predictions obtained from the 

Harper-Hallett model. For a severity of 60%, the total crack length predicted by the May-Hallett model is on average 

2 mm longer than the crack length predicted by the Harper-Hallett model. This difference is a consequence of the 

introduction of an initiation zone of length 3 mm. The May-Harper model predicts simultaneous failure of all elements 

within this initiation zone whilst for the same number of load cycles, the Paris-law based Harper-Hallett model 



propagates the crack by only 1 mm. Subsequently, both models predict stable crack growth at the same rate. 

Consequently, the initial difference in crack length of approximately 3mm remains constant. The predicted crack 

lengths after 500,000 load cycles are 52.8 mm and 50 mm, respectively. Similar behavior is observed for 50% severity 

and 40% severity. After 106 load cycles at a severity of 50%, the Harper-Hallett model predicts a crack length of 40 

mm; the May-Hallett model predicts a crack length of 42.5 mm. After 3x106 load cycles at a severity of 40%, the 

Harper-Hallett model predicts a crack length of 35.8 mm, the May-Hallett model predicts a crack length of 38.5 mm. 

As expected, the reduction of the applied load results in a slower crack growth rate. The crack growth rates can be 

extracted from the three previous graphs by dividing the difference in crack length between two data points by the 

number of elapsed cycles. For example, for the applied severity of 60% of the static propagation load, the crack grows 

at a steady rate of 3.0x10-5 mm/cycle. The crack growth rates for severities of 50% and 40% of the static propagation 

load are 5.0x10-6 mm/cycle and 2.5x10-7 mm/cycle respectively. Figure 6 shows no difference in the predicted crack 

growth rates between the Harper-Hallett propagation model and the May-Hallett initiation and propagation model 

once the cracks have started to grow for the severities of 60% and 50% of the static load and only a small difference 

for a severity of 40% of the static load.  

Figure 6: Paris curves extracted from the 4ENF simulations. 

VI. Conclusions

The performance of two types cohesive zone models for predicting fatigue delamination in composites was 

compared. The Harper-Hallett model3 was taken as a reference for Paris-law based propagation models. The May-

Hallett model7,10 was taken as a reference for combined fatigue damage initiation (based on SN-curves) and 

propagation (based on the Paris law) models. The reference test case was the propagation-driven 4ENF test In 

summary, the following conclusions can be drawn: 

 The combined initiation and propagation model (May-Hallett model) predicts slightly longer crack

lengths than the Harper-Hallett model. This is caused by the non-local approach describing a damage

initiation zone of length 3 mm. The number of cycles until failure of the elements within this initiation

zone, predicted by the SN-curve based damage initiation model, is shorter than the number of cycles

required to advance the existing crack by 3 mm using the Paris law. Consequently, crack growth starts

slightly earlier when using the May-Hallett model compared to the Harper-Hallett model.

 After initiation of crack propagation, both models predict the same crack growth rate.

 Despite the earlier start of damage propagation, the SN-curve based damage initiation law does not have

any negative effects on the overall model response

 The results predicted by the May-Hallett model are conservative.

These findings demonstrate that cohesive zone models considering SN-curve based fatigue damage initiation laws, 

such as the May-Hallett model or the Fang-Cui-Lua model17,18 can also be applied in propagation-driven load cases. 
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