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Outline 1. Motivation2. State spae model from superelement matries3. State spae model from eigenfrequenies andeigenvetors4. Numerial example5. Conlusions
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Motivation
Appliation of piezo sensors and atuators to influene vibration:ative vibration ontrolshunt damping
Simulation to design the ontrol strategyto design eletrial devies
Integration in system simulationinterfae of FEM and system simulation
Fous pratial appliation of simulation methods and modelsbased on ommerial odes (ANSYS R©, Matlab R©)
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MotivationAtive spindle supportwith piezo stak atuators

System desription by onentrated parametersOnly for simple oupling of DOFOnly for ertain multivariable systems

Input/output transfer funtions

System desription by �nite element simulationFor loally distributed atuationFor multivariable systems

C AB LU 
0
State spae representation



© Fraunhofer IWUProf. Neugebauer4
20.Mai2010

ECCM 2010
IV European Conference on Computational Mechanics

Palais des Congrès, Paris, France, May 16-21, 2010

Motivation

System desription by onentrated parametersOnly for simple oupling of DOFOnly for ertain multivariable systems

Input/output transfer funtions

System desription by �nite element simulationFor loally distributed atuationFor multivariable systems

C AB LU 
0
State spae representation



© Fraunhofer IWUProf. Neugebauer4
20.Mai2010

ECCM 2010
IV European Conference on Computational Mechanics

Palais des Congrès, Paris, France, May 16-21, 2010

Motivation

System desription by onentrated parametersOnly for simple oupling of DOFOnly for ertain multivariable systems

Input/output transfer funtions

System desription by �nite element simulationFor loally distributed atuationFor multivariable systems

C
D

u(t) B

A
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L y(t)x(t) x(t)1

sAB LU
∫f(t) z(t) 
z(t) y(t)
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State spae representation
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State spae model of mehanial systemsDisretized equation of motion with a large number of DOF
M · �u + D · 
u + Kuu · u = F

General state spae model with a limited number of input and output signals
z = A · z + B · f y = L · z + U · fState variables
z =





u
u

State equation





u�u

 =





0 I

−M−1 · Kuu −M−1 · D







u
u

 +





0

M−1 F



© Fraunhofer IWUProf. Neugebauer6
20.Mai2010

ECCM 2010
IV European Conference on Computational Mechanics

Palais des Congrès, Paris, France, May 16-21, 2010

State spae model of piezo-mehanial systemsDisretized equation of motion for piezo-mehanial systems with a large number of DOF
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General state spae model with a limited number of input and output signals
z = A · z + B · f y = L · z + U · f

State variables, output and input parameters
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State spae model of piezo-mehanial systemsDisretized equation of motion for piezo-mehanial systems with a large number of DOF
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System and input matrixState equation aording to hoosen system variables





u�u

 =





A11 A12
A21 A22 ·
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u

 +





B11 B12
B21 B22 ·





F

Q



Equations of motion
M · �u + D · 
u + Kuu · u + KuΦ · Φ = F

KT
uΦ · u + KΦΦ · Φ = QElimination of the eletrial DOF

Φ = −K−1
ΦΦ · KT

uΦ · u + K−1
ΦΦ · Q

M · �u + D · 
u +
(

Kuu − KuΦ · K−1
ΦΦ · KT

uΦ

)

· u = F − KuΦ · K−1
ΦΦ · QComparision and determination of the matries of the system equation
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Output and feedthrough (diret transmission) matrixOutput equation of the state spae model aording to hoosen system variables
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Equation for eliminiation of Φ

Φ = −K−1
ΦΦ · KT

uΦ · u + K−1
ΦΦ · QComparision and determination of the matries of the output equation
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Use of redued matriesState vetor onsist of strutural master-DOF and aording veloities
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Determination of the relevant matriesGeneralModel redution by superelement generation within �nite element odeDe�nition of strutural master-DOF to represent dynami behaviourDe�nition of eletrial master-DOF to represent piezo-sensors and -atuatorsDe�nition of �dummy� (unity) fores and harges on all mehanial and eletrialmaster-DOF, whih build input and/or output signals of the state spae model
⇒ Load vetor as list of master-DOF and as input/output �lter for state spae modelStep 1 (dynami)Without ative eletrial master-DOFAll eletrial DOF set to zero (short-iruit)
⇒ Determination of the mass (M), damping (D) and stiffness (Kuu) matriesStep 2 (stati)With ative eletrial master-DOFAll eletrial master-DOF without voltage boundary ondition (open-iruit)
⇒ Determination of the full stiffness matrix (

Kuu KuΦ

KT
uΦ KΦΦ

)
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Modal approahModal analysis of an undamped, piezo-mehanial system with eliminated eletrial DOF(open-iruit)
M · �u + Keff · u = 0 with: Keff =

(

Kuu − KuΦ · K−1
ΦΦ · KT

uΦ

)Diagonal matrix of the eigenvalues
Λ = diag(ω2

i )Matrix of the eigenvetors of the mehanial DOF normalized with the mass matrix
VT

u · M · Vu = IMatrix of the eigenvetors of the eletrial DOF aording to substitution (with Q = 0)
Φ = −K−1

ΦΦ · KT
uΦ · u

VΦ = −K−1
ΦΦ · KT

uΦ · VuModal oordinates
q = V−1

u · u
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Transformation to modal oordinates ITransformation of the equation of motion
VT

u · M · Vu
︸ ︷︷ ︸

· V−1
u · �u

︸ ︷︷ ︸
+ VT

u · Keff · Vu
︸ ︷︷ ︸

· V−1
u · u

︸ ︷︷ ︸
= VT

u · F −VT
u · KuΦ · K−1

ΦΦ︸ ︷︷ ︸
· Q

I · �q + Λ · q = VT
u · F + VT

Φ · QTransformation of the state variables, output and input parameters
zq =





q
q
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u

Φ



 f =





F

Q





Transformation of the state spae equation
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Transformation to modal oordinates IIOutput equation for state spae model with physial states
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Matrix of the eigenvetors of eletrial DOF aording to substitution (with Q = 0)
Φ = −K−1

ΦΦ · KT
uΦ · u

VΦ = −K−1
ΦΦ · KT

uΦ · VuModal oordinates
Vu · q = uOutput equation for state spae model with modal states
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State spae model with modal statesState spae equation
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Diret results of a numerial modal analysisConsideration of modal damping, onstant damping and/or Rayleigh dampingStati stiffness of the eletrial subsystem (apaitane matrix)
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State spae model with modal statesState spae equation
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Diret results of a numerial modal analysis

Consideration of modal damping, onstant damping and/or Rayleigh dampingStati stiffness of the eletrial subsystem (apaitane matrix)
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State spae model with modal statesState spae equation





q�q

 =





0 I

−Λ −Dq



 ·





q
q

 +





0 0

VT
u VT

Φ



 ·





F

Q





Output equation




u

Φ



 =





Vu 0

VΦ 0



 ·





q
q

 +





0 0

0 K−1
ΦΦ



 ·





F

Q





Diret results of a numerial modal analysisConsideration of modal damping, onstant damping and/or Rayleigh damping

Stati stiffness of the eletrial subsystem (apaitane matrix)
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State spae model with modal statesState spae equation
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Diret results of a numerial modal analysisConsideration of modal damping, onstant damping and/or Rayleigh dampingStati stiffness of the eletrial subsystem (apaitane matrix)
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Determination of the relevant dataGeneralNo expliit model redution neessaryDe�nition of a omponent of nodes, the DOF of whih build input and/or outputsignals of the state spae modelStep 1Modal analysis of the open-iruit system
⇒ Eigenfrequenies and eigenvetors of the input/output DOFStep 2All mehanial DOF set to zeroStati analysis of the eletrial subsystem with loadsteps of unity/zero ombinationsfor all eletrial input/output DOF
⇒ Reation harges of the loadsteps represent stati eletri stiffness (KΦΦ)



Frequeny response funtions of the state spae models2D-FE-model with 6 mehanial DOF and 3 eletrial DOFS1: mass, damping and stiffness matrix S2: 6 eigenvalues S3: 4 eigenvalues
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Comparision of the state spae models with FE-results
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Experimental appliation
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[Neugebauer2010℄: to be published in CIRP Ann.
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ConlusionTwo methods to generate MIMO state spae models of piezo-mehanial systemsbased on a �nite-element-disretizationCorret representation of the eletrial impedaneMethod 1: based on superelement matriesProblem: seletion of master-DOFConsideration of all types of mehanial damping (also disrete damper)Method 2: based on modal analysis and stati eletrial analysisHigh ef�ientModel redution based on modal trunationConsideration of onstant, modal and Rayleigh damping
OutlookUsage of the state spae model for design of shunt damping iruitsDifferent kind for model redution
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Thank youfor your attention!
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