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Abstract— Micro-electromechanical systems are ubiquitous in
several energy harvesting solutions and can be used in applica-
tions such as bio-implantable devices and wireless micro-sensors.
Piezoelectricity is an interesting key to perform the interface
between environmental extracted energy and the power delivered
to the load due to the use of mechanical vibration and resonance
features. However, it is necessary for a detailed analysis in order
to obtain an accurate understanding of the system. In this regard,
some works deal with the normalization procedures to analyze
the piezoelectric component behavior based on the mechanical
resonance frequency. In order to enhance the system modeling,
the electromechanical resonance frequency must also be analyzed.
This paper deals with an approach to model the piezoelectric
component that allows analyzing several unitless parameters that
are critical to improve the performance of the system. In addition,
a state-space model for the piezo-harvester based on the Class-
E resonant rectifier is presented. Some experimental results are
shown to validate the theoretical approach. [2019-0082]

Index Terms— Piezoelectricity, state-space models, system
modeling.

I. INTRODUCTION

THE addition of mechanical elements in pure electron-
ics evoke the born of micro electromechanical systems

(MEMS), which led to improvements on integrated circuits
capabilities. Several materials are used in MEMS devices, such
as, silicon, glass, plastic and piezoelectric [1]. From biological
structures, like bones and viruses to the well-known quartz,
some piezoelectric materials are suitable for vibration-based
harvesting due to their high energy density per volume and
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Fig. 1. Overview of an energy harvesting system.

the vast number of sources that the energy can be extracted
from the environment [2], [3].

The interest of researches on piezoelectricity is founded by
the growth of the number of publications [4]–[11] and innova-
tive patents, such as, shoes equipped with piezo-harvesters [12]
and bio-implantable medical devices [13], which place the
piezoelectricity as an alternative energy source for low power
applications. However, from the gross energy to voltage source
that can supply a load, there are several building blocks that
must be analyzed to improve the whole system. It can be seen
in Fig. 1 that five main blocks compose the energy harvesting
system. Several works aim to improve each one of them,
for example, topology comparison [14], [15] and harvester
modeling [16]–[18].

Regarding piezoelectric energy harvesters, several types of
system representation and methodologies were explored in the
literature. Exact electromechanical solution of the cantilevered
piezoelectric energy harvester for transverse vibrations with
Euler-Bernoulli beam assumptions can be used to analyze
the system, specially to consider different scenarios, such as,
harmonic base motion and harmonic base translation at an
arbitrary frequency or around the natural frequency [19].

The energy conversion in vibration systems can be analyzed
based on the strain distribution over the piezoelectric compo-
nent length. In this case, it has been shown that segmented
electrode pairs can increase the output voltage due to can-
cellation issue avoidance [20]. Furthermore, multi-functional
piezoelectric systems were reported in the literature by means
of common piezoelectric single crystals investigation in order
to design a system with structural loading supporting by active
devices [21].

Piezoelectric energy harvesters play a role when the goal
is to improve sensors operational life time by avoiding the
use of batteries. However, improvements should be taken into
account, like as, the use of switch-mode interfaces circuits [22]
and bi-morph modules for lane marker lighting systems [23].
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Recently, microscale vibration energy harvester with high
power density and ultra-low resonance frequency was
reported [24]. This system provides 23.3 nW at 68 H z excited
at 0.25 g acceleration. A general methodology for analysis
and design of piezoelectric metamaterials and metastructures
based on root locus method was recently presented in the
literature [25]. It was shown that maintaining a stable system
considering many synthetic shunt circuits is a challenging
task. Although, the techniques presented in [25] give a good
understanding of the problem by means of several case
studies.

The used analysis methodology is defined based on design
factors, such as accuracy, complexity and effort. Analysis of
the complete system in Fig. 1 can lead to inaccurate results
in comparison with a methodology used for a single block
considering the same effort. In this sense, this paper focus
on the harvester and the AC-DC converter blocks in order to
obtain a deep understanding of the system. Notwithstanding,
the proposed method is also applied for a piezo-harvester
based on Class-E resonant rectifier, which is novelty in the
literature.

The main goal of this work is to develop a normalized
modeling methodology based on equivalence transformation
and unit-less parameters. The normalized analysis and unit-less
parameters are used because they are suitable for parameter
sweep and to obtain generalized solutions. Also, the equiva-
lence transformation is used to easily convert the state-space
representation based on real system parameters into an unit-
less representation in a systematic way in order to obtain a
state-space model that can be implemented in mathematical
softwares.

Other works make use of normalizations, such as [16], [28].
However, they perform some assumptions, for example, con-
sider only the resonance frequency between mechanical ele-
ments. Therefore, the main contribution of this work is
the development of a methodology to model and analyze
the piezoelectric element considering the unit-less parame-
ters: normalized mechanical resonance frequency, normal-
ized electromechanical resonance frequency, coupling factor,
mechanical quality factor and damping factor. The unit-less
parameters are extracted from the piezoelectric representation
by using a decomposing in unit-less parameters scheme [29].
Also, relationships among the unit-less, electrical circuit and
electromechanical parameters are derived in order to con-
vert the generalized solutions from the modeling to real
piezoelectric parameters, such as: stiffness, coupling constant,
permittivity, area, mass and layer thickness. A comparison
with other works and some experimental results are performed
to validate the theoretical approach.

II. NORMALIZED MODELING

This section shows the normalized modeling for the piezo-
electric element. First, a state-space representation based on
mechanical and electrical parameters is performed (II-A).
Afterwards, the equivalence transformation (II-B), the decom-
position in unit-less parameters scheme (II-C) and the state-
space representation based on unit-less parameters (II-D) are
described step-by-step.

Fig. 2. Piezoelectric electromechanical representation.

A. State-Space Representation Based on
Mechanical and Electrical Parameters

The piezoelectric electromechanical representation is shown
in Fig. 2, in which, M is the mass, D is the mechanical
damping coefficient, K is the mechanical stiffness, Co is the
piezoelectric capacitance, RL is the load resistance, f (t) is the
external force, z(t) is the displacement, vRL (t) is the output
voltage and i(t) is the load current.

The governing equation of the electromechanical system is
described by:

M
d2z(t)

dt
+ D

dz(t)

dt
+ K z(t) =−M

d2 y(t)

dt
−αvRL (t), (1)

being, y(t) the excitation displacement and α the force factor.
Considering F0 as the amplitude of the external force-voltage
function, (1) can be written as:

d2z(t)

dt
= − F0 f (t)

M
− α

M
vRL (t) − D

M

dz(t)

dt
− K

M
z(t). (2)

The governing equation of the electrical system is
described by:

i(t) = α
dz(t)

dt
− Co

dvRL (t)

dt
. (3)

Equation (3) can be rewritten as:

dvRL (t)

dt
= α

Co

dz(t)

dt
− vRL (t)

RLCo
. (4)

Equations (2) and (4) are the coupled governing equations.
First-order state variables must be defined as: x1 � z(t), x2 �
dx1
dt and x3 � vRL (t); in order to describe the system in a

state-space form:

dx(t)

dt
= Ax(t) + B f (t) (5)

and

y(t) = Cx(t) + D f (t). (6)

Equation (5) is the state equation, in which, A and B are
the state and input matrices, respectively. Equation (6) is the
output equation, in which C and D are output and transmission
matrices. The state vector x(t) is written as:

x(t) = [x1, x2, x3]T . (7)

The state and input matrices are equated as:

A =

⎛
⎜⎜⎜⎝

0 1 0

− K

M
− D

M
− α

M

0
α

Co
− 1

RLCo

⎞
⎟⎟⎟⎠ , B =

⎛
⎜⎝

0

− 1

M
0

⎞
⎟⎠ , (8)
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and the output equation matrices are going to be explained
subsequently.

B. Equivalence Transformation

The model represented in (7) and (8) is dependent of real
system parameters. In order to obtain a normalized model in
a systematic way, an equivalence transformation, in which,
the vector space described by x(t) is converted into a new
vector space e(t) based on the square roots of the energy in
storage elements. The new vector space is described by:

e(t) =
[

x1

√
K√
2

, x2

√
M√
2

, x3

√
Co√
2

]T

(9)

and an equivalence transformation P is obtained by:

P = e(t) · x(t)−1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

√
K√
2

0 0

0

√
M√
2

0

0 0

√
Co√
2

⎞
⎟⎟⎟⎟⎟⎟⎠

. (10)

In order to normalize the system by the input source B and
considering the angular frequency ω, the new input matrix
should be rewritten by:

B = P · B
ω

=

⎛
⎜⎜⎝

0

− 1√
2Mω
0

⎞
⎟⎟⎠ . (11)

The term 1√
2Mω

in B is used to normalize the system as
follows:

P =
√

2Mω

F0
P. (12)

Matrix P is the equivalence transformation that should be
used to obtain a state-space model normalized by the input and
angular frequency that is dependent on real circuit parameters.
The following equations should be used:

A = P · A · P
−1

ω
, (13)

B = P · B
ω

(14)

and

C = C · P
−1

. (15)

The term ω in (11), (13) and (14) is used to normalize
the system in relation to the angular frequency. The new
transmission matrix D is the same as D. At this point, it is
interesting to note that C is defined by the choice of interesting
variables in the output vector y(ωt), which in this case, z(ωt)
and vRL (ωt) are selected. In order to obtain the normalized
output variables, vRL (ωt) is parameterized by F0 due to the
equivalent circuit relation that considers force as voltage.
The displacement z(ωt) should be parameterized by velocity
dz(ωt)/dt = d f1(ωt)/dt = ω f2(ωt), being f1(ωt) and f2(ωt)

Fig. 3. Decomposition in unit-less parameters scheme.

any input functions. Considering f2(ωt) as z(ωt), the dis-
placement is parameterized by ω

Z0
, being Z0 the amplitude of

the displacement function. The output vector is described as:

y(ωt) =
[

ωz(ωt)
Z0

,
vRL (ωt)

F0

]T
. Matrix C is equated as following:

C =
⎛
⎜⎝

ω

Z0
0 0

0 0
1

F0

⎞
⎟⎠ . (16)

The new state-space matrices are obtained from (13), (14)
and (15):

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

0

√
K√

Mω
0

−
√

K√
Mω

− D

Mω
− α√

Co Mω

0
α√

Co Mω
− 1

Co RLω

⎞
⎟⎟⎟⎟⎟⎟⎠

, (17)

B =
⎛
⎜⎝

0

− 1

F0
0

⎞
⎟⎠ (18)

and

C =

⎛
⎜⎜⎝

F0√
K M Z0

0 0

0 0
1√

Co Mω

⎞
⎟⎟⎠ . (19)

In addition, D = D = 0 because no output variable depends
on the input source. The model in (17), (18) and (19) is the
state-space model normalized by the input source and the
frequency that depends on real system parameters. However,
this model is suitable to be converted into a normalized system
that depends on unit-less parameters.

C. Decomposition in Unit-Less Parameters Scheme

Several unit-less parameters should be extracted from the
system in order to represent it in a normalized manner with
respect to input, frequency and system parameters. The decom-
position in unit-less parameters scheme [29] is shown in Fig. 3:

The unit-less parameters are described by: damping fac-
tor, ζ ; normalized mechanical resonance frequency, �;
normalized electromechanical resonance frequency, �; cou-
pling factor, � and mechanical quality factor, Qm .
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These parameters are equated as follows:

ζ = D

2Mωm
= D

2
√

K M
, (20)

� = ωm

ω
; ωm =

√
K√
M

, (21)

� = ωl

ω
; ωl = 1√

Co M
, (22)

� = α√
K Co

(23)

and

Qm = RLωmCo. (24)

Being: ωm the mechanical resonance frequency related to
K and M and ωl the electromechanical resonance frequency
related to Co and M . Furthermore, F0 and Z0 can be related
considering RL and the inverse system’s transfer power ratio
a, which is used as an interface unit-less parameter between
the input and the load: F0/Z0 = a RL .

D. State-Space Representation Based
on Unit-Less Parameters

The terms in matrices described in (17), (18) and (19) are
easily re-arranged by means of (20), (21), (22), (23) and (24),
as shown in the following:

•
√

K√
Mω

= ωm
ω = �;

• D
Mω = 2Mζωm√

Mω
= 2ζ�;

• α√
Co Mω

= �
√

K Co√
Co Mω

= �
√

K√
Mω

= �ωm
ω = ��;

• 1
Co RLω = ωm

ωmCo RLω = �
Qm

;

• F0√
K M Z0

= a RL√
K M

= Qma�2

�2 ;

• 1√
Co Mω

= ωl
ω = �.

The system can be represented as a state-space model
normalized by the input and frequency and composed by unit-
less parameters in the format:

de(ωt)

dωt
= ANe(ωt) + BN

F0

F0
u(ωt) (25)

and

y(ωt) = CNe(ωt) + DN
F0

F0
u(ωt) (26)

Being AN, BN, CN and DN the state, input, output and
transmission unit-less matrices. Also, F0 u(ωt) and e(ωt)
represent input source and the new vector space related to ωt ,
respectively. The unit-less matrices are represented by:

AN =
⎛
⎜⎝

0 � 0
� −2ζ� −��

0 �� − �

Qm

⎞
⎟⎠ , (27)

BN =
⎛
⎝

0
−1
0

⎞
⎠ (28)

and

CN =
⎛
⎝

Qma�2

�2 0 0

0 0 �

⎞
⎠ . (29)

The input is F0
F0

u(ωt), in which the signal amplitude is
normalized and u(ωt) is the input function. In addition,
DN = 0.

III. EVALUATION OF THE PIEZOELECTRIC

NORMALIZED SYSTEM

The system described by (25) and (26) is suitable for
parameter sweeping due to well-defined limit values for the
unit-less parameters. Also, it can be analyzed by mathematical
softwares. The normalized mechanical resonant frequency �
can be swept between 0.1 and 2.0; in this case, 1.0 means
the operation in resonance frequency. There are several possi-
bilities to evaluate the normalized piezoelectric model. For
example, considering a set of Qm and fixed values for ζ
and �, a parameter sweep can be performed in � and �.
Another possibility is evaluating different values of � for fixed
normalized resonance frequencies.

The inverse system’s transfer power ratio a needs a numer-
ical value, which can be calculated by [29]:

TP OT = 1

a
= 1

2π

2π∫

0

[
vRL (ωt)

F0

]2

dωt . (30)

Being TP OT the transfer power ratio. In this section, some
theoretical results are shown in Fig. 4 regarding to the afore-
mentioned features of the normalized piezoelectric system.
The input function is considered u(ωt) = sin(ωt). For fixed
values: � = 0.1, ζ = 0.05, Qm = 10, a parameter sweep was
performed in � from 0.1 to 2.0 with steps of 0.01; the transfer
power ratio was calculated for each step and the result is shown
in Fig. 4(a). The same procedure was performed considering
� = 0.5, which is depicted in Fig. 4(b). The transfer power
ratio TP OT as function of � is depicted in Fig. 4(c) for
different values of ζ considering � = 1.0 and Qm = 10 and
in Fig. 4(d) for � = 0.8 and Qm = 200. The transfer power
ratio TP OT as function of � and � for Qm = 10, � = 1.0 and
ζ = 0.05 is depicted in a 3D chart in Fig. 4(e). Also, the output
rms voltage VRL (rms) as function of � and � for Qm = 10,
� = 1.0 and ζ = 0.05, the transfer power ratio TP OT as
function of � and � for Qm = 10 and � = 0.5, the output
rms voltage VRL (rms) as function of � and � for Qm = 10 and
� = 0.5 are shown in Fig. 4(f), 4(g) and 4(h), respectively.
It can be seen that the transfer power ratio is higher when �
and/or � is closer to 1.0. Also the VRL(rms) linear increases
when � increases. For lower values of ζ , the transfer power
ratio is higher. The maximum transfer power ratio is dependent
of the coupling factor as depicted in Fig. 4(i) and Fig. 4(j). The
influence of � is shown in the phase diagrams in Fig. 4(k) and
Fig. 4(l). These diagrams are called work-cycles and relate the
output variables. The larger the enclosed area, more energy
are transferred. As an aside note, there several possibilities
to analyze the behavior of the system by using the unit-less



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

MENDONÇA et al.: NORMALIZED MODELING OF PIEZOELECTRIC ENERGY HARVESTER 5

Fig. 4. Normalized theoretical results. (a) Transfer power ratio TP OT as function of the normalized mechanical resonance frequency � for Qm = 10,
ζ = 0.05 and � = 0.1. (b) Transfer power ratio TP OT as function of the normalized mechanical resonance frequency � for Qm = 10, ζ = 0.05 and � = 0.5.
(c) Transfer power ratio TP OT as function of the normalized mechanical resonance frequency � for Qm = 10, � = 0.09 and � = 1.0. (d) Transfer power
ratio TP OT as function of the normalized mechanical resonance frequency � for Qm = 200, � = 0.5 and � = 0.8. (e) Transfer power ratio TP OT as
function of coupling factor � and normalized mechanical resonance frequency � for Qm = 10, � = 1.0 and ζ = 0.05. (f) Output rms voltage VRL (rms)
as function of coupling factor � and normalized mechanical resonance frequency � for Qm = 10, � = 1.0 and ζ = 0.05. (g) Transfer power ratio TP OT as
function of normalized electromechanical resonance frequency � and normalized mechanical resonance frequency � for Qm = 10 and � = 0.5. (h) Output
rms voltage VRL (rms) as function of normalized electromechanical resonance frequency � and normalized mechanical resonance frequency � for Qm = 10
and � = 0.5. (i) Transfer power ratio TP OT as function of coupling factor � for Qm = 1. (j) Transfer power ratio TP OT as function of coupling factor �
for Qm = 10. (k) Work-cycle for � = 1.0, ζ = 0.1, Qm = 3 and � = 0.5. (l) Work-cycle for � = 0.4, ζ = 0.1, Qm = 3 and � = 0.5.

parameters, in this section, some of the possibilities were
presented.

IV. REAL SYSTEM PARAMETERS AND RELATIONSHIPS

AMONG PIEZO-HARVESTER DOMAINS

The theoretical results achieved in previous sections are
interesting because they show the possibility of several para-
meter sweeping using unit-less parameters to evaluate the
general behavior of the system. However, it does not make
sense if the unit-less parameters are not associated with
real system parameters. In this section, four domains for
the piezo-harvester representation are described by means of

relationships among them. First, the relations among electro-
mechanical, unit-less and piezoelectric parameters are shown
in Table I. The piezoelectric parameters are described based
on the constitutive equations of piezoelectricity [30]. The
piezoelectric parameters are: stiffness of the piezoelectric
material cE

33, piezoelectric material coupling constant e33, per-
mittivity of the piezoelectric layer εS

33, area A and piezoelectric
layer thickness Tp . The unit-less-based equations are derived
based on (20), (21), (22), (23), (24) and the piezoelectric
equations from Table I. Furthermore, it can be interesting to
represent the system by means of electrical circuit parameters
in order to use circuit simulation tools to evaluate the system.
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TABLE I

RELATIONSHIPS AMONG PIEZO-HARVESTER DOMAINS I

Fig. 5. Equivalent electrical circuit.

TABLE II

RELATIONSHIPS AMONG PIEZO-HARVESTER DOMAINS II

The piezo-harvester can be represented as a electrical circuit as
depicted in Fig. 5, being Ls the equivalent series inductor, Cs

the equivalent series capacitance, Cp the equivalent parallel
capacitor, Rs the equivalent series capacitor and Veq the
equivalent input source. Relationships among electrical circuit,
electromechanical, unit-less and piezoelectric parameters are
shown in Table II.

Equations in Tables I and II are used as interface between
real system parameters and unit-less parameters. They can
be used to extract the piezoelectric parameters based on the
normalized theoretical results. Also, assuming a piezoelectric
material the relationships among piezo-harvester domains can
be used to find the unit-less parameters and evaluate the
behavior of the system by means of parameter sweeping. The
aforementioned relationships lead to a two-way design tool in
piezo-harvester systems.

V. PIEZO-HARVESTER BASED ON CLASS-E
RESONANT RECTIFIER

The piezoelectric harvester provides an AC signal as output
voltage, which must be rectified in order to obtain a DC signal

Fig. 6. Decomposition in unit-less parameters scheme for the piezo-harvester
based on Class-E resonant rectifier.

to supply a load. Several works deal with many types of
AC-DC converters [16], [17], [20], [33]. In this work, a piezo-
harvester based on Class-E resonant rectifier is presented,
which is a novelty in the literature. The Class-E resonant
rectifier is a circuit that converts an AC signal to a DC
signal by means of soft-switching of the rectifying diode,
which reduces losses [34]. The analysis methodology is the
same shown in Section II. The piezo-harvester based on
Class-E resonant rectifier and the decomposition in unit-less
parameters scheme are depicted in Fig. 6.

In Fig. 6, Lr and Cr are the reactive components, D is the
diode, V0 an equivalent voltage source and iLr , iCr , iD , vLr ,
and vD are the circuit variables. New unit-less parameters are
described by: normalized resonant frequency A0, AC-to-DC
transfer function SV and electrical quality factor Qe. These
parameters are equated by:

A0 = ω0

ω
; ω0 = 1√

Lr Cr
, (31)

SV = V0
√

2

VRL

(32)

and

Qe = R0

ω0 Lr
= ω0Cr R0. (33)

In (32), VRL is the peak value of the output voltage provided
by the piezoelectric element. Also, in (33), R0 represents the
AC-DC rectifier load that was replaced by V0. The main goal
here is to obtain the transfer power ratio from the input force
F0 to the rectifier output voltage V0 by using the methodology
proposed in this work.

The Class-E resonant rectifier can be represented by a
separated normalized state-space model on the form of
(25) and (26). The interface between the piezoelectric com-
ponent and the rectifier model is performed by setting the
input of the rectifier as the output of the piezoelectric model.
In this case, VRL and V0 can be related by the inverse system’s
transfer power ratio b by VRL /V0 = bR0. In addition, V0 is
also an input, which characterizes a MIMO system.

By including the switched rectifier, the system becomes
non-linear. In this case, state-space matrices are developed
for each operating mode of the rectifier based on the diode
duty cycle Dc: Mode 1 (0 < t ≤ Dc2π), D is off; Mode 2
(Dc2π < t ≤ 2π), D is on. The vector space is written as:

e(t) =
[

iLr

√
Lr√
2

, vCr

√
Cr√
2

]T

. (34)
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The output vector and the input vector are described by:

y(ωt) =
[

iLr (ωt)

IRL

,
vin(ωt)

VRL

,
vCr(ωt)

VRL

,
Vo

VRL

]T

(35)

and

u(ωt) = [
VRLvRL(ωt), Vo

]T
. (36)

The normalized state-space model for the Class-E res-

onant rectifier is given by: AN1 =
(

0 −A0
A0 0

)
, BN1 =

(
1 −1
0 0

)
, AN2 =

(
0 0
0 0

)
, BN2 =

(
1 −1
0 0

)
, CN1 = CN2 =

(
A0 Qeb 0 0 0

0 0 A0 0

)T

and DN1 = DN2 =
(

0 1 0 0
0 0 0 1

)T

.

In (36), vRL (ωt) is the output response from the piezoelec-
tric element system. This is used as one of the inputs for
the rectifier state-space model. As long as the system has
two state-space representations (one for each operating mode),
the mode 1 should be solved analytically by considering ini-
tial conditions iLr (0) and vCr (0) symbolically. Subsequently,
the results for mode 1 should be used as initial conditions
to solve the mode 2. Finally, the solution of mode 2 is
equated to the initial conditions, which allows solving a linear
system in order to find the unit-less parameters in the same
way of Section III. In order to evaluate the system when
considering the Class-E rectifier, the following parameters
should be mentioned:

• Piezoelectric element transfer power ratio: TP OT =
(VRL /F0)

2;
• Class-E resonant rectifier transfer power ratio:

T(VRL −V0) = (V0/VRL )2;
• Overall transfer power ratio T(V0−F0) = (V0/F0)

2.
A parameter sweep on duty cycle Dc from 0.1 to 0.85

was performed to evaluate the piezo-harvester based on Class-
E resonant rectifier for � = 0.8, � = 1.0 and � = 1.2.
The transfer power ratio was evaluated for each point based
on the following unit-less parameters: � = 0.33, � = 0.4,
ζ = 0.2 and Qm = 10. The Class-E rectifier transfer
power ratio T(VRL −V0) as function of the diode duty cycle
Dc and as function of the normalized resonant frequency
A0 are shown in Fig. 7(a)-(b). The overall transfer power
ratio T(V0−F0) as function of Dc and as function of A0 are
shown in Fig. 8(a)-(b). The rectifier was considered as the
load RL of the piezoelectric element. In this case, the analysis
is under the following assumption for impedance matching:
RL = Zin = R0/SV

2, being Zin the rectifier input impedance.
This leads to the following:

SV
2 = R0

RL

{× Co Cr ωmω0
CoCr ωmω0

}
⇐⇒ SV

2 = Qe

Qm

ωm

ω0

Co

Cr
{ ω

ω }⇐⇒ SV
2 = Qe�

Qm A0

Co

Cr
. (37)

Defining the capacitances ratio as Co/Cr = γ , the unit-less
relationship is achieved:

γ = SV
2 Qm A0

Qe�
. (38)

Fig. 7. Class-E resonant rectifier transfer power ratio. (a) Transfer power
ratio T(VRL

−V0) as function of diode duty cycle Dc. (b) Transfer power ratio
T(VRL

−V0) as function of normalized resonant frequency A0.

Fig. 8. Overall transfer power ratio. (a) Transfer power ratio T(V0−F0) as
function of diode duty cycle Dc. (b) Transfer power ratio T(V0−F0) as function
of normalized resonant frequency A0.

TABLE III

PIEZOELECTRIC PARAMETERS AND SPECIFICATIONS

VI. RESULTS

An experimental validation were performed to verify the
theoretical results. Considering a piezoelectric component with
parameters and design specifications shown in Table III,
the electromechanical, unit-less and circuit parameters were
calculated by means of the relationships among piezo-
harvester domains shown in Tables I and II and are described
in Table IV. The normalized mechanical frequency � = 1.0
is considered a specification because it is a desirable design
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TABLE IV

ELECTROMECHANICAL, UNIT-LESS AND ELECTRICAL CIRCUIT PARAMETERS

Fig. 9. Results for output voltage vRL . (a) Electromechanical model. (b) Unit-less model. (c) Experimental validation (50 mV /div; 5 μs/div).

point due to the maximum transfer power ratio as shown in
the previous sections.

Considering the parameters and specifications shown
in Tables III and IV, the electromechanical system described
by equation (8) and the unit-less system in (25) and (26)
were solved numerically by means of mathematical software.
Also, the circuit in Fig. 5 was implemented in order to obtain
experimental results. The results for the output voltage vRL are

shown in Fig. 9. The theoretical results for the electromechani-
cal and unit-less systems are depicted in Fig. 9(a) and Fig. 9(b)
respectively. By multiplying unit-less waveform by F0 it must
be equal to the electromechanical result in relation to the
y-axis, which is in agreement. Also, the experimental result
in Fig. 9(c) is in accordance with the theoretical results.
In order to verify the system response in a general way,
the system transfer function that relates the output voltage
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Fig. 10. Comparison among transfer function response, circuit simulation and experimental result. (a) Model validation. (b) Experimental output
voltage (100 mV /div; 20 μs/div).

TABLE V

PIEZO-HARVESTER BASED ON CLASS-E RESONANT

RECTIFIER - PARAMETERS AND SPECIFICATIONS

VRL (s) and the input F(s) is extracted from (8):

VRL (s)

F(s)
= − 3.107 × 1013s

s3 + 23802s2 + 6.350 × 1010s + 9.574×1014 .

(39)

This transfer function is considered the model of the sys-
tem and its response is compared with the electrical circuit
response (simulation software) and with experimental results
as shown in Fig. 10. A comparison of the transfer function
model response and the output voltage from the circuit simu-
lation is depicted in Fig. 10(a). Also, it can be seen that the
experimental output voltage shown in detail in Fig. 10(b) is in
agreement with the theoretical and simulation results. In order
to experimentally verify the theoretical results in Fig. 7
and Fig. 8, the Class-E resonant rectifier was cascaded to
the piezoelectric component. As long as diode voltage drop
of the rectifier limits its input voltage operation, the input
excitation amplitude was considered as 0.000089.5 N . The
Class-E resonant rectifier parameters and specifications are
presented in Table V and the experimental results in Fig. 11.
The measurements for vD , vRL and Vo are shown in Fig. 11,
in which the diode soft-switching and the diode voltage drop
are highlighted.

The quantitative results for the piezo-harvester based on
Class-E resonant rectifier are shown in Table VI in order
to compare the theoretical approach from Section V with
the measurements in Fig. 11. Experimental value of T(F0−V0)

becomes unit-less by multiplying α2.

Fig. 11. Experimental results for the piezo-harvester based on Class-E
resonant rectifier.

TABLE VI

QUANTITATIVE RESULTS

VII. COMPARISON WITH RELATED WORKS

In order to evaluate the developed methodology, this work
is going to be compared with others by means of qualitative
factors described by:

1) Type of representation: Defines the type of representa-
tion that is used as a starting point to analyze the system;

2) Methodology: Describes the method used to obtain and
represent the model related to the system;

3) Evaluated parameters: Indicates if the parameters used
to evaluate the response of the model are the real system
components or unit-less and which parameters were
evaluated;

4) Evaluated blocks: Indicates which blocks of the energy
harvesting general representation are considered in the
system modeling.

The qualitative comparison with related works are shown
in Table VII. Regarding to the type of representation,
an electrical equivalent circuit is used in [17]. It represents
the piezoelectric component as a piezo-patch energy harvester
in which a velocity proportional current in parallel to an
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TABLE VII

QUALITATIVE COMPARISON

equivalent piezoelectric capacitance is used. The present work
and [16], [26], [31] use the electromechanical representation
and [32] resorts to the cantilever characterization. Real system
parameters are used in [17], [19], [24], [26], [31]–[33]. The
methodology used in [16] is related to the obtainment of trans-
fer functions based on unit-less parameters. The symbols used
in [16] and [27] are not the same used in this work, however,
they represent the same parameter. The symbols used in this
paper are going to be used for the comparison. Therefore,
it can be seen that unit-less parameters are used in [16],
however, it does not consider the normalized electromechan-
ical resonance frequency � and the damping factor ζ on the
results. Also, the normalized mechanical resonance frequency
is simplified as � = 1. Within this scope, it has been shown
in Fig. 4(d) that the maximum transfer power ratio is not
achieved considering � = 1 in certain cases. In addition, [16],
[17], [20], [33] and the present work have the merit of ana-
lyzing the harvester and the AC-DC converter blocks. In [19],
the input is analyzed in relation to the type of excitation.
In addition, a normalized efficiency η is used in [16].

VIII. CONCLUSION

In this paper, a normalized analysis methodology for piezo-
electric energy harvester systems was described. Considering
several building blocks, such as input source, harvester, power

converters and load, which compose a harvesting system,
it is necessary to evaluate them by taking into account a
compromise between accuracy, complexity and effort. In this
sense, this paper aimed to describe a methodology to represent
the piezo-harvester system in four domains: electromechani-
cal, normalized, real system parameters and electrical circuit.
It was shown that the electromechanical model is used as a
first approach to create an interface between the real system
and a mathematical representation. The normalized model is
suitable for parameter sweeping due to the general representa-
tion based on unit-less parameters. However, it is necessary
to convert the unit-less terms into real system parameters.
In this case, relationships among the piezo-harvester domains
were derived. In order to provide a systematic methodology,
an equivalence transformation technique and a decomposing
in unit-less parameters scheme were used to easily make
the conversion between models and to provide a model for
a piezo-harvester based on Class-E resonant rectifier. The
electromechanical, unit-less and electrical circuit models were
compared considering piezoelectric parameters by means of
theoretical, simulation and experimental results. Furthermore,
the methodology described in this work was compared with
related works in a qualitative way. Considering the research
for new solutions in several applications, especially energy
harvesting systems, the proposed work can be an useful
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tool to analyze the system in a general way and to provide
relationships among different types of system representation
that can be used in different computational tools.
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