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Abstract

Modeling dislocation interaction on a mesoscopic scale is an important task for the description of
flow stress and strain hardening in a continuum model. In dislocation based continuum theories,
different flow stress formulations are commonly used in the literature. They are usually based
on the average dislocation spacing related to the square root of dislocation density, but differ in
their degree of homogenization of dislocation interactions, namely whether only total dislocation
density is considered in a Taylor term or whether an interaction matrix is used. We analyze the
impact of both terms in different crystal orientations as well as homogeneously and inhomoge-
neously distributed initial dislocation densities. In the dislocation based continuum formulation
used here, both terms act as a short-range stress additionally to the ”mean field” long-range
stress field of elastic dislocation interaction. We demonstrate that the simplifying assumption
of an average over all possible interaction types is a reasonable reduction of complexity in high
symmetry systems with homogeneous density distribution. However, we also demonstrate that
under specific boundary conditions and for inhomogenities between slip systems a significantly
different density evolution is obtained on slip systems with similar Schmid-factors, when con-
sidering different interaction strengths for different types of dislocation interaction. This is in
agreement with findings in discrete dislocation dynamics simulations in the literature.

Keywords: Dislocation dynamics, dislocation interaction, continuum theory, flow stress, strain
hardening

1. Introduction

In classical, macroscopic continuum models, flow stress and strain hardening are usually pro-
vided by phenomenological parameters based on experimental data. Thus, the material behavior
is determined by parameters, which are only valid on the macroscopic scale. It is well known,
that continuum models based on these macroscopic parameters are not able to account for micro-5

scopic effects such as size effects. Flow stress and strain hardening are input parameters to such
models and cannot be considered as a predictive outcome. Physically, dislocation interaction
processes and obstacle interactions can be made responsible for the macroscopically measurable
flow stress and strain hardening.

Various formulations exist which enhance classical macroscopic approaches by microscopic10

considerations. One example are strain gradient plasticity models, e.g. [1, 2, 3, 4, 5], which apply
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a critical yield stress and a flow rule according to a work hardening rate. Although the formula-
tions show good results in a certain regime, the models are based on a rather phenomenological
top-down approach. Thus the interpretation of these models is often limited to the specific system
they intend to represent.15

In contrast to that, other approaches to continuum formulations are derived bottom-up by ho-
mogenizing discrete dislocation lines and their interactions [6, 7, 8, 9]. These models formulate
flow stress and strain hardening by physical considerations like the classical Taylor interaction
stress [10], which relates a local interaction stress to the mean dislocation distance given as the
inverse of the square root of the dislocation density ρ:20

τfl,s = αµb
√
ρ (1)

Here, µ is the shear modulus, b is the Burgers vector, and α is a constant factor of 0.35 ± 0.15
[11]. An extended Taylor relation has been developed by Franciosi et al. [12]

τmat
fl,s = µb

√∑
j

as jρ j (2)

accounting for an individual interaction stress on a slip system s based on the interaction strengths
between different slip systems j by pairing coefficients as j and therefore distinguishing between
different slip systems, that lead to different dislocation reactions. In contrast to the factor α in the25

Taylor term, which is dependent on the mode of deformation, see [13], the coefficients as j in the
enhanced term have been determined as an interaction matrix by discrete dislocation dynamics
(DDD) simulations [14, 15, 16].

Even though the classical Taylor interaction stress is still a commonly used formulation due
to its simplicity using the total dislocation density and combining all possible interactions be-30

tween slip systems into one coefficient, it has already been shown in 2d single slip, that such
a formulation can oversimplify the local processes in a microstructure [17]. The formulation
by Franciosi et al. has been applied and further extended e.g. by [18], who replace the self-
hardening coefficients with more physical considerations. A mean free path model incorporating
dislocation storage and recovery, as well as the influence of line-tension effects on the interaction35

constants has been presented in [19, 20]. Further investigation of the flow stress and interaction
of slip systems in continuum theories has been done by considering obstacle dislocations [21]
and dipoles [22].

Although models incorporating the “Franciosi term” in crystal plasticity frameworks, as e.g.
[18, 19, 23], have shown accurate results compared to experiments, both, the Taylor term and40

the Franciosi term, are still commonly used in their basic form in parallel in the literature. A
thorough comparison of both formulations is still missing. However, in order to state the reduc-
tion of complexity in a continuum model as central objective, it is a necessity to know in which
configurations a simplification is adequate without losing physicality.

Comparing the Taylor term and the Franciosi term, a difference in the microstructural behav-45

ior is expected if the system is dominated by a specific type of interaction. It has been shown with
DDD-simulations, that the collinear reaction leads to a very strong interaction of the respective
slip systems and essentially prevents the activation of two slip systems sharing the same Burgers
vector [24, 25]. Since the key parameter determining the interaction stress in the considered for-
mulations is the dislocation density, a difference in interaction stress can occur, if the density is50

inhomogeneously distributed between the different slip systems.
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In this paper, we compare both interaction stress formulations in their basic form. Incor-
porated in a dislocation density based continuum formulation, we use a set of simple example
systems to analyze the dislocation density evolution and the impact of the interaction stress terms
with respect to different initial density distributions and systems showing homogeneous as well55

as heterogeneous density evolutions due to their Schmid factors or microstructural constraints.
Starting with most simple configurations leading to an inhomogeneous density distribution, we
focus on the effect of collinear reactions in a system setup with just two active slip systems, as
in [24]. Then, we extend the analysis to a full fcc single crystal with 12 slip systems. We show,
that the classical Taylor interaction stress produces reasonable results when assuming a homo-60

geneous density distribution under ideal loading conditions. Averaging all occurring interactions
into a single factor can be adequate if the system behavior is not dominated by a specific inter-
action or stabilized in high symmetry configurations. However, using the the Franciosi relation,
even small variations of the resolved shear stress or initial density lead to a distinctive density
evolution on slip systems originating from the collinear interaction coefficient. Such a behavior65

is in agreement with DDD-simulations [24] and has been proposed as a possible explanation for
the strong orientation dependency of certain load orientations [20, 24]. For a continuum theory,
trying to mimic such a configuration using the classical Taylor relation, leads to an oversim-
plification of the complex interactions involved. In contrast, the stronger influence of specific
interaction mechanisms in the Franciosi relation allow for a deformation behavior, which can be70

significantly different to the Schmid law.

2. Method

2.1. Dislocation based continuum model
We consider a dislocation based continuum formulation of crystal plasticity based on the

classical decomposition of the distortion tensor into an elastic and a plastic part75

Du = βpl + βel. (3)

The plastic slip γs is the result of dislocation motion on N slip systems defined by the index s, the
orthonormal basis {ds, ls,ms} and the Burger’s vector bs = bsds. Therefore, the plastic distortion
βpl consists of the sum of the plastic slip over all slip systems

βpl =

N∑
s=1

γsds⊗ms . (4)

The evolution of the plastic slip is given by the Orowan equation

∂tγs = ∂tvsbsρs (5)

where ρs is the dislocation density and vs the velocity on the individual slip system. Regarding80

the density evolution, we use the Continuum Dislocation Dynamics (CDD) equations introduced
by [6]

∂tρs = −∇ · (vsκ
⊥
s ) + vsqs with κ⊥s = κs ×ms

∂tκs = ∇ × (ρsvsms)

∂tqs = −∇ ·
(qs

ρs
κ⊥s vs +

1
2|κs|

2

((
ρs + |κs|

)
κs ⊗ κs −

(
ρs − |κs|

)
κ⊥s ⊗ κ

⊥
s

)
∇vs

)
,

(6)
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where κs denotes the vector of the geometrically necessary dislocations (GND-density) and qs

the curvature density. We assume a linear dependency on the the resolved shear stress on each
slip system τs, thus the equations can be closed by the velocity law85

vs =
bs

B
τs with τs = τext,s + τint,s (7)

where B denotes a friction stress of 5 × 10−5 Pa s. τext,s includes stresses induced by external
loading resolved on the slip system, whereas τint,s accounts for internal stresses induced by dislo-
cations. Regarding τint,s, we distinguish between long- and short-range stresses in the continuum
model. In order to represent long-range stress fields, we consider a mean field approach as given
in [26] resulting in the ”mean field stress” τmf,s. Since the mean field stress is proportional to

∫
κ,90

it accounts for the contribution of the slip on a specific slip system to the long-range stress field
on all slip systems. However, the mean field stress disappears in configurations of statistically
stored dislocations and neglects interactions of dislocation densities inside an averaging volume.
Thus, it delivers no information about the strength of the physical interaction and reactions be-
tween different slip systems.95

To solve this problem, additional stress formulations are used to describe the interaction
between slip systems within one averaging volume. We consider the “Taylor term” according to
Eq. (1), which relates the interaction stress to the square root of the total density averaged over
all slip systems within one averaging element. Thus, the interaction stress is the same on all slip
systems and all possible interaction types are concentrated into the parameter α. In this study,100

we choose α = 0.35, unless otherwise stated. In addition, the “Franciosi term” according to
Eq. (2) is incorporated into the formulation, which summarizes the interaction strengths of each
individual slip system pairing, as j, multiplied by the density of the respective slip system ρ j.
Thereby, the different interaction mechanisms are considered separately, which in general leads
to different interaction stresses on different slip systems. Regarding the interaction strengths as j,105

we consider the interaction matrix according to [14]. For the self-interaction and coplanar cases,
i.e. j = s and j = s ± 1, we chose the Lomer coefficient given as 0.122 [20].

The Taylor term as well as the Franciosi term act on the velocity of each slip system. There-
fore the velocity law can be derived as

vs =

 bs
B (|τs| − τfl)signτs if |τs| > τfl

0 if |τs| ≤ τfl
(8)

where τfl contains the interaction stress term acc. to Eq. (1) or Eq. (2). Here, both terms110

can be interpreted as a ”friction stress” to reduce density motion, which influences directly the
evolution of plastic slip (Eq. (5)) according to the individual formulation of the interaction stress.
Therefore, in contrast to the idea of an immobile forest density, the total dislocation density is
mobile, but moves with a lower velocity.

In addition, a phenomenological formulation accounting for the increase in line length due115

to dislocation multiplication described in e.g. [27, 28] is taken into account, which describes the
increase of dislocation density per slipped area proportional to a storage rate by a mean free path
Γ according to [29] as

dρ
dγ

=
1

bΓ
. (9)

Here, we consider the density production and neglect the dynamic recovery, since the latter
becomes relevant only at high strains [28]. Following [27, 28], we assume the mean free path120
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Γ to be proportional to the mean dislocation spacing on the individual slip system 1/
√
ρs. The

production rate can then be derived as

∂tρs = cvsρ
1.5
s (10)

with c = 0.05 similar to [18, 30]. The evolution equation of the density, Eq. (6), then changes to

∂tρs = −∇ · (vsκ
⊥
s ) + vsqs + 0.05vsρ

1.5
s . (11)

It is noted, that this very simple formulation is only intended to serve as an additional production
term to allow for increasing dislocation densities. The formulation is not intended or capable of125

mechanistically modeling real multiplication mechanisms like cross-slip and glissile reactions.
Therefore, we assume that the density production takes place on each slip system irrespective of
density on other slip systems. Furthermore we ignore the increase of the curvature density due
do the generation of new dislocation loops. This neglects the effect, that cross-slip and glissile
reactions lead to a deposition of dislocations on other slip systems, which would require the130

modeling of dislocation transport between slip systems.
Regarding the numerical formulation, we use the elasto-plastic framework described in [31]

incorporated in the finite element code M++, which is based on a parallel multigrid method [32].
We consider the fully three dimensional setup of the CDD evolution equations coupled with
the elastic problem as a two-scale approach. For the numerical solution of the CDD evolution135

equations (Eq. 6), we combine the evolution equations of the dislocation densities to solve them
by the system of equations

∂t

(
ρs

κs

)
+ ∇ · Fs

(
ρs

κs

)
= Gs (12)

with the flux Fs and the source Gs given as

Fs

(
ρs

κs

)
= vs

(
ls · κsds − ds · κsls

(ds ⊗ ls − ls ⊗ ds)ρs

)
and Gs =

(
vsqs

0

)
. (13)

Thereby, we distinguish between the dislocation densities and the evolution equation of the cur-
vature density qs. Both parts are treated as separate transport problems, where the right hand side140

in Eq. (12) is a production term depending on the curvature density qs, which itself is considered
a conserved quantity for the solution of the dislocation density evolution equations. Therefore
the curvature density qs is the variable, which couples both parts of the transport problem. The
equations are solved separately for each slip system. For the integration of both parts of the
transport problems, we use a discontinuous Galerkin scheme with an upwind flux formulation145

using an implicit midpoint rule. Regarding the discretization, the stress computation by the finite
element method, as well as the internal variables of the microstructure are solved on the same
mesh. However we use linear shape functions for the finite element method and quadratic shape
functions for the CDD evolution equations.

2.2. Considered systems150

2.2.1. Fcc crystal with 12 slip systems in [001] high symmetry orientation
As a reference case, we analyze an fcc single crystal with 12 slip systems in [001] high

symmetry crystal orientation. We use a cubic simulation cell with edge length of 50×50×50 µm
and open boundary conditions for the dislocation flux. To avoid boundary effects, we restrict the
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Figure 1: Geometry of the setup with 12 slip systems. The inner cube visualizes the area used for determination of the
internal variables.

evaluation of the internal variables to an inner cube with edge length of 15×15×15 µm , see fig. 1.155

We discretize the system by 46 tetragonal elements per direction on average. Regarding the initial
dislocation microstructure, we assume a total density of ρtot = 1.75 × 1013 m−2, which consists
of homogeneously distributed dislocation loops with an initial radius of r0 = 0.8µm. The density
is equally distributed over all slip systems. Additionally, we consider the phenomenological
dislocation multiplication according to Eq (11). The material parameters are taken to mimic160

aluminum with an elastic modulus EAl = 70 GPa, a Poisson’s ratio νAl = 0.3 and a Burger’s
vector of bs = 0.256 nm.
As a first example, we consider a benchmark test by studying the initial yield point compared
to DDD-results [11] and experimental data [33, 34]. According to ref. [11], we consider three
simulations with the initial densities ρtot = 1.3× 1011 m−2, ρtot = 1.3× 1012 m−2, and ρtot = 1.3×165

1013 m−2. Thus, the resulting forest densities are approximately ρf ≈ 1011 m−2, ρf ≈ 1012 m−2

and ρf ≈ 1013 m−2 [11]. As shown in fig. 1, we subject the system to a tensile strain in z-direction
using a constant strain rate of ε̇ = 10 s−1, which is reasonably close to the value given in [11].

In a second step, we analyze the density evolution on the slip systems. Therefore we subject
the system to a constant strain rate of ε̇ = 1000 s−1 up to a maximum strain of 0.6%, where we use170

a rather high strain rate in order to save computation time. In the [001] crystal orientation, four
slip systems are inactive due to a vanishing resolved shear stress. The eight active slip systems
have the same Schmid-factor and represent pairings of slip and cross-slip systems. Thereby, we
investigate the effect of both interaction stress formulations in equal stress and density conditions
on all active slip systems.175

2.2.2. Reduced system of two slip systems
In order to study the influence of the considered stress terms τmf,s, τfl,s and τmat

fl,s on the inter-
action behavior in heterogeneous systems, we restrict our setup to two slip systems, see fig. 2
(left). To allow for a good resolution of the behavior near and within the lamellae, we choose a
significantly smaller system size, than in section 2.2.1 using resolution of 92 tetragonal elements180

per direction on average. We analyze a Lomer and a collinear setup with slip systems (111)〈1̄01〉,
(1̄1̄1)〈011〉 for the Lomer configuration and (111)〈01̄1〉, (1̄11)〈01̄1〉 for the collinear configura-
tion. We consider two intersecting slip lamellae, shown in fig. 2 (left), by restricting the density
distribution to a thickness of 2 µm normal to the slip planes. We analyze two density distributions
ρ1 = ρ2 and 4ρ1 = ρ2 with ρ1 = 1 × 1012 m−2, where ρ1 and ρ2 are the total densities on the pri-185

mary and the secondary slip system respectively. The densities are introduced as homogeneously
distributed dislocation loops with an initial loop radius of r0 = 2µm. This radius is significantly
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Figure 2: Geometry of the system with two slip lamellae, here schematically visualized for the Lomer configuration (left)
and geometry of the system initialized with homogeneous density distribution on two slip systems (right). The inner cube
visualizes the area used for determination of the internal variables.

Figure 3: Visualization of crystal orientation rotated by 4◦ around the [010] crystal axis.

larger than in the high symmetry system described in section 2.2.1 to avoid a relaxation of the
system due to high local density increase without significant dislocation transport. In the area,
where the lamellae intersect, it holds ρtot = ρ1 + ρ2 and outside of the intersection area ρtot = ρ1190

and ρtot = ρ2 respectively. The system is fixed at the z-faces and both slip systems are subjected
to a constant homogeneous stress field of τext = 10 MPa.

In a further analysis, we distribute the density homogeneously over the complete cubic system
and subject the system to constant strain rates of ε̇ = 1000 s−1 and ε̇ = 200 s−1 in the z-direction,
as shown in fig. 2 (right). Thereby we compare the influence of the strain rate on the resulting195

system behavior. For the subsequent analysis, we then use a constant strain rate of ε̇ = 1000 s−1

to reduce computational effort. To minimize boundary effects, we restrict our evaluation of the
internal variables to an inner cube with edge length of 5 × 5 × 5 µm. Using an equal density
distribution of ρ1 = ρ2 in the collinear slip system configuration, we then rotate the crystal
orientation by 4◦ around the [010]-axis in mathematically positive direction, as shown in fig.200

3. This leads to different Schmid-factors on both slip systems, which allows the investigation
of both formulations regarding their behavior in a collinear system. The collinear interaction
is represented in the interaction matrix [14] with the highest value of all interaction types. The
strength and the impact of this interaction was previously confirmed by DDD-simulations [24,
25]. In this part we only investigate the very beginning of the density evolution, thus we only205

consider density increase due to expansion of existing dislocation loops, described by Eq. (6).

2.2.3. Inhomogeneous density and non high symmetry orientations in a 12 slip system setup
As a final example, we consider the setup with 12 slip systems again. One specific feature of

the [001] loading axis is that both slip and cross-slip systems have the maximum Schmid-factor.
Thus, this specific configuration allows for an investigation of the effect of the high collinear210

factor in the interaction matrix on the system behavior. Therefore, we now compare the evolving
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density on the slip systems using a crystal orientation rotated by 4◦ around the [010]-axis, as
shown in fig. 3. As a result, the different Schmid-factors vary between 0.3779 and 0.4347 for
the eight active slip systems. The Schmid-factors on the other four slip systems are nonzero but
comparably low. The initial density configuration is the same as for the high symmetry system.215

In a further analysis, we use the density distribution resulting from the rotated crystal orien-
tation as an initial condition in a [001] high symmetry orientation again. In this case, the initial
total density is ρtot = 2.2 × 1013 m−2 with a strong heterogeneity between slip systems. The
boundary and loading conditions are given as before. For both, the inclined and the high symme-
try orientation, we compare the impact of a prevented and an allowed lateral contraction of the220

Dirichlet boundaries. Allowing lateral contraction also allows for a shift of the crystal out of the
uniaxial deformation.

3. Results

In this section we first validate the initial yield point by comparing a high symmetry config-
uration to DDD-simulations and analyze the evolving density distribution in a system with equal225

initial density distribution. Then, we investigate the behavior of two representative slip systems
in a Lomer and a collinear configuration. Finally, we analyze the impact of the interaction stress
formulations on the density distribution in a system with a heterogeneous resolved shear stress
as well as heterogeneous initial density configurations. An overview of the investigated configu-
rations is given in Table 1.230

configuration figures
Full system, high symmetry fig. 4, 5
Reduced system, slip lamellae fig. 6, 7
Reduced system, homogenized density fig. 8, 9, 10
Full system, low symmetry and inhomogeneous density fig. 11, 12

Table 1: Tabular overview of investigated configurations.

3.1. Flow stress and density evolution in a high symmetry setup with 12 slip systems
By considering the [001] setup with 12 slip systems as described in section 2.2.1, we compare

the initial yield point to DDD-data and experimental results from [11, 33, 34]. In a continuum,
the yield point is taken as the stress, at which dislocation motion starts. Fig. 4 shows that the235

yield point for the investigated densities coincides with DDD and experimental results. This is
expected since the constant hardening factors in both interaction stress formulations reproduce
the analytical Taylor function. If the Taylor term is assumed, the chosen average factor of α =

0.35 acts on the forest density ρ f as well as on the densities of the same and coplanar slip systems
in a self-hardening way. Remarkably, the difference between both formulations regarding the240

initial yield point turns out to be negligibly small in this case.
In a second step, we analyze the dislocation density evolution on the individual slip systems

using a [001] high symmetry crystal orientation. By choosing an initial density of ρtot = 1.75 ×
1013 m−2 equally distributed over all slip systems, we get a resulting density distribution for
both interaction stress formulations as shown in fig. 5. Here, the dislocation density is given245

as an average density per slip system. There is no density evolution on the four slip systems
8



Figure 4: Comparison of first yield point with DDD and experimental data from [11][33][34] using the high symmetry
setup with 12 slip systems described in section 2.2.1. The thin red and black lines show analytical results for aluminum
and copper. For the DDD simulations and some experiments copper was used as model material, in the continuum we
assumed aluminum.

with zero Schmid-factor. The density evolution concentrates on the eight active slip systems
and is nearly identical for both formulations at 0.3% strain. At 0.6% strain, there is a somewhat
larger difference between both formulations. The differences between slip systems seem to be
vanishingly small for the Taylor term and more significant for the interaction matrix.250

3.2. Reduced system of two slip systems

To closer investigate the interplay of the different stress terms in different slip system and
density configurations, we consider a simple lamellae configuration described in section 2.2.2.
This example is artificial and not intended to reproduce a real material, but it provides a simple
way to investigate both interaction stress formulations in heterogeneous density distributions. A255

systematic comparison is shown in fig. 6 and 7. The axes represent a local coordinate system on
the primary slip system with the x-axis pointing in the direction of the intersection line. Here,
only the density on the primary slip system ρ1 is shown.

In a first analysis, shown in fig. 6, we only consider the mean field stress τmf,s and an equal
distribution of the densities between both slip systems with ρ1 = ρ2 = 1×1012 m−2. A clear inter-260

action between both slip systems is observed even without considering any additional interaction
stress term. The density accumulates at Y ≈ ±1µm, where both lamellae intersect. However, the
density for −0.5µm ≤ Y ≤ 0.5µm is the same as outside the intersection area |Y | > 2µm (fig. 6).

Adding the Taylor term τfl,s, a more pronounced density accumulation on both sides of the
intersecting lamella is observed (fig. 7 (top)). Qualitatively, however, the density evolution is265

similar to the case above (with mean field stress only, fig. 6) except for an overall reduction of
the density evolution, cf. fig. 6 and 7 (a,b). For 4ρ1 = ρ2, more density is concentrated within
the intersection due to the more pronounced interaction between the slip systems (fig. 7 (c)).

Investigating the effect of the self-hardening coefficient in the extended formulation with
interaction matrix τmat

fl,s , it is found that self-hardening reduces the overall density on the slip270

system for equal density distribution between both slip systems as shown in fig. 7 (d,e). In case
of 4ρ1 = ρ2 a qualitative difference between the results with and without self-hardening is not
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Taylor term, 0.3% strain
initial density distribution

Taylor term, 0.6% strain
interaction matrix, 0.3% strain
interaction matrix, 0.6% strain

af

average dislocation density [1/µm²]

Figure 5: Radial logarithmic plot showing the density distribution on the slip systems for two intermediate strains using
a [001] high symmetry crystal orientation with an initial density equally distributed on the slip systems as described in
section 2.2.1.

(a) Lomer configuration (b) collinear configuration

Figure 6: Comparison of the density distribution on the first slip system for the reduced system with two slip lamellae
described in section 2.2.2. Shown is the ρ1 = ρ2 = 1× 1012 m−2 density distribution only with the mean field stress τmf,s
using the Lomer configuration (a) and the collinear configuration (b). The coordinates are local coordinates on the slip
plane. Only the ρ1 density is shown.

visible (fig. 7 (f)). In the Lomer configuration, we get the same resulting density distribution for
the interaction matrix and the Taylor term (fig. 7 (a,d)). This is because both acting coefficients
in the interaction matrix have the same value as the average coefficient used in the Taylor term.275

However, for a high deviation of the interaction strengths from the average, i.e. the collinear
factor in the present example, less similarities between both formulations are visible, cf. fig. 7
(e,f). This effect further increases in the heterogeneous density distribution.

In a next step, we distribute the density homogeneously over the complete cubic system. First,
we consider an equal distribution of the initial density between the slip systems. By subjecting280

the system to a constant strain rate, we get a stress-strain curve with an elastic part followed
by a plastic deformation after an increase of the stress on the slip systems over the respective
yield point (fig. 8 (a)). To investigate the influence of the strain rate, we concentrate on the
Lomer configuration for both interaction stress terms. Without the self-hardening coefficient in
the interaction matrix, we observe a lower yield point compared to the Taylor term, which is even285
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Figure 7: Comparison of the density distribution on the first slip system for the reduced system with two slip lamellae
described in section 2.2.2. Shown is the Lomer and collinear configuration with ρ1 = ρ2 and the collinear configuration
with 4ρ1 = ρ2 with ρ1 = 1 × 1012 m−2. First row shows the result with mean field stress τmf,s and the Taylor term τfl,s
(a,b,c), second row shows the result with τmf,s and the extended formulation with interaction matrix τmat

fl,s with aself = 0
(d,e,f) left and with aself = 0.122 (d,e,f) right.

more pronounced for different densities on the slip systems, cf. fig. 8 (b). In all cases, a faster
transition from the elastic part to a stable plastic flow is observed for the lower strain rate, thus
affecting the yield point. However, the slope of the stress strain curve after the yield point is not
affected by the different strain rates for both investigated density configurations and interaction
stress terms.290

Based on the moderate influence of the strain rate for the considered system setup, in the
following a strain rate of 1000s−1 is applied in order reduce computation time. We compare the
influence of different slip system configurations on the system behavior for both formulations
and density distributions. For the interaction matrix, a significantly higher yield point can be
observed in the collinear slip system configuration compared to the Lomer configuration, as295

shown on fig. 9 (a). Using the Lomer configuration with the self-hardening coefficient in the
interaction matrix, the stress strain curve is identical to the Taylor formulation. However, the
influence of the self-hardening is small in the collinear configuration, which is in agreement
with the results of the lamellae system, cf. fig. 7 (f). The Taylor term is obviously not able to
capture the different strengths of both interaction types with one average parameter. However, in300

the present density configuration, the Taylor term can reproduce the behavior of the interaction
matrix by fitting different average factors, as shown in fig. 9 (a).

If the initial density on one slip system is increased, a heterogeneity is introduced in the
system, as shown in fig. 9 (b). For the Lomer configuration with self-hardening, the stress-
strain curves are still identical to the Taylor formulation. This is expected since

√
aLomer =305
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Figure 8: Comparison of the stress-strain curves for the homogenized system with two slip systems described in section
2.2.2 for the Lomer configuration using a strain rate of 1000s−1 and 200s−1. The system is initialized with a density
distribution of ρ1 = ρ2 (a) and 4ρ1 = ρ2 (b) for both interaction stress terms.

√
aself ≈ 0.349, which is almost identical to the assumed average coefficient of 0.35. Thus the

resulting interaction stresses are also the same. However, in case of the collinear configuration,
the Taylor term using the average factor of 0.61 overestimates the interaction stress compared
to the interaction matrix, see fig. 9(b). This is because the average factor is acting on both slip
systems, thus the self-hardening is weighted with a factor of 0.61.310

For an increased Taylor factor, we observe a shift of the average plastic slip evolution to
higher strains without qualitatively changing the behavior of both slip systems. This can be
seen in fig. 10 (a). In contrast, using the interaction matrix with the high collinear factor, a
concentration of the plastic slip on the slip system with higher initial density and an inhibition of
the simultaneous activation of both collinear slip systems is observed (fig. 10 (a)).315

A similar behavior is observed for a system with equally distributed density, but different
Schmid-factors on both slip systems. The resulting evolution of the plastic slip for both formu-
lations is shown in fig. 10 (b) in comparison to the ideal [001] high symmetry orientation. In
the high symmetry orientation, the plastic slip evolves nearly identical for both formulations. In
the rotated orientation, the plastic slip spreads according to the different Schmid-factors when320

using the Taylor term. This leads to the activation of both collinear slip systems. In contrast, the
collinear factor in the interaction matrix leads to an inhibition of the plastic slip on the slip sys-
tem with the lower Schmid-factor up to 0.15% strain. For higher strains, the plastic slip saturates
since dislocations start leaving the system. Together with the saturation on the dominating slip
system, the plastic slip on the second slip system increases.325

3.3. Inhomogeneous density and low-symmetry orientation with all 12 slip systems
As a final example, we analyze the dislocation density evolution on the individual slip sys-

tems in a near [001] crystal orientation. Here, we use all 12 slip systems as introduced in section
2.2.3. Considering a crystal orientation rotated by 4◦ around the [010] axis, two of the four pair-
ings of collinear slip system have different Schmid-factors, the other two pairings have the same330

Schmid-factor. First, we allow a lateral contraction of the Dirichlet boundaries and therefore also
a lateral shift of the top and bottom faces. Compared to the high symmetry case shown in fig. 5,
the resulting density distribution in the rotated crystal orientation turns out to be heterogeneous
for both interactions stress formulations. This is displayed in fig. 11 (a). Using the Taylor term,
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Figure 9: Comparison of the stress-strain curves for the homogenized system with two slip systems described in section
2.2.2 for the Lomer and the collinear configuration for ρ1 = ρ2 (a) and 4ρ1 = ρ2 (b) for both interaction stress terms. The
coefficients are aLomer = 0.122, akoll = 0.625, aself = 0.122.

the density evolves according to the stresses given by the Schmid-factors. Slip systems with the335

same Schmid-factor show the same behavior independent of their crystal orientation. In contrast,
with the interaction matrix, the density evolution between slip systems with the same Schmid-
factor can be different. A strong interaction between the slip and cross-slip systems, which is
consistent with the results shown in section 3.2 is noticed here. Using the interaction matrix,
three slip systems remain deactivated. One slip system shows no further density evolution after340

0.3% strain. None of the four slips systems, which show significant dislocation activity at 0.6%
strain share a common Burger’s vector. This is a strong contrast to the Taylor term, which does
not show this behavior.

A similar tendency can be observed, when starting with a heterogeneous initial density dis-
tribution in the [001] high symmetry system, as shown in fig. 11 (b). In case of the Taylor term345

the density increases proportionally to the initial average density. In contrast, by using the inter-
action matrix, we see a significant interaction between pairings of collinear systems. Although
the difference in the density distribution is not as pronounced as in the case of the rotated crystal,
the tendency is the same.

The strong effect of the collinear coefficient in the interaction matrix is highly dependent on350

the freedom of the system to allow lateral displacement. This can be illustrated by an example,
which prevents the lateral contraction and the shift of the Dirichlet boundaries in the system and
therefore enforce a purely uniaxial tensile deformation. The resulting density distribution on the
slip systems are shown in fig. 12 (a,b). Compared to the elastically more flexible deformation
above, we observe very little difference between both interaction stress formulations, cf. fig. 11355

(a,b) and fig. 12 (a,b). Furthermore, the results for the Taylor term are significantly different from
the previous case, cf. fig. 11 (a) and 12 (a). This shows, that the higher stiffness regarding lateral
contraction leads to higher stresses on all slip systems. If lateral shift is allowed, the slip systems
with the maximum Schmid-factor lead to deformation lateral to the tensile orientation. Thus,
the flexible boundary conditions include the potential to relax the applied elastic deformation360
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Figure 10: Evolution of the average plastic slip on both slip systems for both interaction stress formulations in the
homogenized system with two slip systems using the Lomer and collinear configuration, 4ρ1 = ρ2 (a) and a collinear
configuration with a crystal orientation rotated by 4◦ around the [010]-orientation, see fig. 3, ρ1 = ρ2 (b).

increases.

4. Discussion

In dislocation based continuum formulations of plasticity, one essential issue is a physically
plausible formulation of flow stress and strain hardening behavior. In CDD, interaction between
different slip systems due to the intrinsic stress fields of dislocations are considered by the mean365

field stress. However, the interaction by the mean field stress disappears for statistically stored
dislocations and thus it is dependent on the resolution of the microstructure. To solve this prob-
lem, additional interaction stress terms are used, which allow for a density-dependent interaction
within one averaging element. Applying two commonly used interaction stress formulations -
the classical Taylor term and the extended interaction matrix by Franciosi et al. [12] - differences370

and similarities of both terms in specific configurations are discussed in this paper.
Using a cubic system with open boundaries incorporating all 12 fcc slip systems, both con-

sidered interaction stress terms are analyzed regarding the initial yield point. Fig. 4 shows this
interaction stress as a function of the forest density for both formulations in comparison with
DDD-results from [11] and experimental results from [33] and [34]. Here, we assume the Taylor375

coefficient α and the hardening coefficients in the interaction matrix as j constant for different
forest densities, which leads to a direct reproduction of the analytical functions. Although the
hardening coefficients are largely different for different interaction mechanisms, summing up the
contributions of a completely homogeneous initial density distribution does not lead to any dif-
ference compared to the classical Taylor formulation. Regarding the density evolution on the380

slip systems, it is shown in fig. 5, that an almost equal increase of the density on all non-zero
Schmid-factor slip systems is achieved for the reference case of an equal distribution of the initial
density in the [001] high symmetry orientation. This observation holds for both interaction stress
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Figure 11: Radial logarithmic plots showing the density distribution on all 12 slip systems for the setup described in
section 2.2.3 for two intermediate strains using a rotated crystal orientation by 4◦ around the [010]-axis with an equal
initial density distribution (a) and a [001] high symmetry crystal orientation with an inhomogeneous initial density
distribution (b). Here, the lateral contraction and shift of the Dirichlet boundaries is allowed.

terms, thus it can be concluded that the classical Taylor term is a very reasonable simplification
for such systems.385

However, regarding the self-reinforcing nature of the density-dependent interaction stress,
differences between both formulations are expected in heterogeneous configurations regarding
density or stress distribution on the slip systems. For simplicity, the considered system is re-
duced to two intersecting slip lamellae representing two slip systems in Lomer and collinear
configuration. Since the mean field stress affects all involved slip systems, there are pile-ups390

observed at the intersection of the lamellae even without an additional interaction stress, shown
in fig. 6. Thus it can be expected, that for an increasing spatial resolution, there will also be a
more precise resolution of the interaction in the vicinity of the intersection. However, a contin-
uum formulation aims to consider resolutions as coarse as possible, thus the interaction stress
term inheres the character of a short-range interaction stress. The interaction due to the mean395

field stress just represents the accumulation of GND-density and does not account for specific
reaction types. Thus, in the CDD formulation, the density within the intersection is not affected
by the density of the second slip system other than stresses originating from GND pile-ups, and
thus dependent on the resolution.

Furthermore, the Taylor interaction stress (chosen with an average factor of α = 0.35) not400

only affects the interaction of both slip systems, but also the density on the same slip system in
a self-hardening way (fig. 7). Thus, the density evolution is artificially reduced in areas without
occurring interaction with other slip systems. These results indicate that the self-hardening nature
of the classical Taylor interaction stress inhibits the overall dislocation mobility with very little
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Figure 12: Same as fig. 11 with prevented lateral contraction and shift of the dirichlet boundaries.

interference from the second lamella in both, the Lomer and the collinear configuration.405

Considering the extended formulation with the interaction matrix applied, a clear difference
between the Lomer and the collinear configuration is visible due to the separation of interaction
mechanisms as shown in fig. 7 (d,e). It can be seen, that even for a density equally distributed
between slip systems, a higher coefficient accounting for the interaction between slip systems
yields a significant reduction of density motion through the second lamella. Using the Taylor410

term, this is only observed if a heterogeneous density distribution is introduced on the slip sys-
tems (fig. 7c). Here, the interaction stress within the intersection is sufficiently lower than outside
due to the higher density on the second slip system. In contrast, the corresponding results with
the interaction matrix show nearly a complete stop of the dislocation motion at the core of the
intersection area. It is also observed, that there is very little influence of the self-hardening coeffi-415

cient in the vicinity of the intersection. This indicates, that the system is dominated by the strong
collinear coefficient. Although the system of two slip lamellae is very artificial, it nevertheless
can be concluded that the extended formulation allows for a more reasonable consideration of
the different interaction mechanisms on different slip system in the considered setup.

To analyze the considered formulations in a configuration, which is not influenced by GND420

Pile-ups, we keep the configuration of two slip systems, but fill the whole cube with density and
subject the system to a constant strain-rate. The respective stress-strain curves (fig. 8) show
an elastic regime followed by a yield point, which is only slightly influenced by the considered
strain rate. This observation is independent of the used interaction stress formulation and the
subsequent plastic behavior is the same for different strain rates. However, the yield point can425

be significantly different depending on the considered coefficients (fig. 9). The findings are in
accordance to the observations in the lamellae system - a lower influence of the self-hardening
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is observed for the collinear configuration compared to the Lomer configuration. Although the
same stress-strain curves can be achieved for both interaction stress formulations by choosing
an adequate average coefficient in the Taylor term (fig. 9 a), the shortcoming of the Taylor430

coefficient can be observed if the density is increased on one of the slip systems as shown in
fig. 9 (b) since self-hardening becomes the dominating effect. In contrast, the slip system with
the higher density serves as a high resistance only to the primary slip system with lower density
if the interaction matrix is applied. The interaction matrix leads to a complete deactivation of
plastic slip on the slip system with lower density in the collinear case and thus an inhibition of435

the simultaneous activation of both collinear slip systems, i.e. collinear double slip, as observed
in fig. 10 (a). In contrast, the Taylor term allows for collinear double slip since the same average
coefficient α is applied to the primary as well as the secondary slip system.

Considering a system of equally distributed density but slightly different Schmid-factors for
the two slip systems (due to a rotation of the crystal orientation by 4◦ around the [010] axis),440

it can be observed, that the collinear coefficient coupled with the lower self-hardening in the
interaction matrix favors plastic slip on the dominating slip system, while the Taylor term yields
a slip evolution according to the resolved shear stresses given by the Schmid-law (fig. 10 b). This
indicates that considering both investigated formulations, only the interaction matrix is able to
represent the inhibition of collinear double slip, which has been reported in the literature and has445

been introduced as an explanation for the pronounced instability of various tensile orientations
with respect to small fluctuations in crystal orientation [35, 25, 24].

Expanding the analysis to all 12 fcc slip systems, we consider a system, which is again ro-
tated by 4◦ around the [010] axis in order to get slightly different Schmid-factors on the slip
systems. Using the interaction matrix, a concentration of the density can be observed on one of450

the collinear slip system pairings, which is already present at small strains. This is shown in fig.
11. In contrast, the results using the Taylor interaction stress still show Schmid-law behavior.
Using a heterogeneous initial density distribution in the [001] high symmetry orientation, a sim-
ilar concentration of the density on one of the collinear slip system pairings is observed. This
indicates a general property of the interaction matrix to select one slip system of each collinear455

pairing in the analyzed heterogeneous configurations.
However, the impact of the differences of both formulations is dependent on the elastic stiff-

ness of the system. This is illustrated by preventing the lateral displacement of the Dirichlet
boundary conditions, which leads to a very similar density distribution for both formulations
shown in fig. 12. In this case, the elastically stiffer behavior inhibits the relaxation of the sys-460

tem by single or double slip and leads to a density evolution according to the stresses given by
the Schmid law. However, since the current analysis is restricted to small strains, it has to be
further investigated whether this behavior holds also for larger strains, or whether the interaction
matrix allows for a concentration of density on specific slip systems despite the stiffer boundary
conditions.465

Furthermore, it should be noted that due to the full interaction matrix with all coefficients
assumed nonzero, the selection of one slip system of each collinear pairing might also depend
on the values assumed for the weaker reaction types. However, the observed strong interaction
between the two respective collinear systems (essentially preventing collinear double slip) is in
agreement with published DDD-results [24, 25]. In addition, a high orientation dependency of470

the work hardening has been observed by experimental analyses for the [001] orientation [36].
This has been explained by the strong collinear interaction by [20, 19] which is in agreement with
our observations. However, both formulations allow for collinear double slip in systems with
homogeneous density distribution and resolved shear stresses as well as in systems in which a
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relaxation on specific slip systems is inhibited due to boundary conditions. Therefore, the Taylor475

term is an adequate simplification of the interaction matrix in such high symmetry configurations,
which can lead to a reduction of complexity in the continuum model.

The investigation shows promising results to reproduce DDD and experimental results from
the literature. However, both formulations in the considered form only reduce the effective stress
and always affect the total density of the respective slip systems. Dislocation transport between480

slip systems due to cross-slip and glissile reactions will have a significant effect on the resulting
density distribution including a density deposition on zero Schmid-factor systems [37]. Both,
cross-slip and glissile reactions are expected to affect the interaction between the respective glide
systems or to feed into new glide systems. Both processes therefore need to be accounted for
as mechanisms for dislocation density transport between slip systems in future continuum for-485

mulations. Furthermore, the shortcoming of both formulations applied here is the inability to
represent the interaction mechanisms in the form of physical reactions or immobile structures
and therefore contrasts with the idea of a largely immobile forest density. This suggests a dis-
cussion of the necessity to account for density immobilization and annihilation in dislocation
based continuum models and the review of the assumption in the current formulation, that all490

dislocations are mobile.

5. Conclusion

In the present paper we analyze two commonly used flow stress formulations for a dislocation-
density based continuum formulation of plasticity. Different combinations of possible interac-
tions between slip systems are compared. As a central aspect, we address the question which495

level of homogenization is reasonable for the continuum modeling of dislocation interaction at
intersections of slip systems. In this context, the impact of varying crystal orientation as well as
homogeneously and inhomogeneously distributed dislocation density is analyzed.

The outcome of the present study is that averaging over all interaction types is a reasonable
simplification for interaction stresses in high symmetry systems with reasonably homogeneous500

density distribution. For systems dominated by collinear interactions, an averaging of all inter-
actions to one parameter is not sufficient. As soon as the stress or the density is inhomogeneous
between slip systems, the collinear interaction enforces the density concentration on specific slip
systems.

Thus, the key difference between the Taylor interaction stress and the interaction matrix is,505

that the Taylor term enables dislocation motion with respect to the Schmid stresses whereas
the interaction matrix distinguishes dislocation mobility according to Schmid stress as well as
density inhomogeneities between collinear systems. The latter yields a significantly different
density evolution on slip systems with similar Schmid factors. This is in agreement with DDD
findings in the literature.510

However, this intrinsic impact of the collinear interaction is reduced again if boundary or
interfacial conditions inhibit a relaxation on particular slip systems. This has been shown for an
example system.
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